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Abstract

In this paper, a real-time predictive filter is
derived for nonlinear systems. This provides a
method of determining optimal state estimates in the
presence of significant error in the assumed
(nominal) model. The new real-time nonlinear filter
determines (i.e., “predicts”) the optimal model error
trajectory so that the measurement-minus-estimate
covariance  statistically = matches the known
measurement-minus-truth covariance. The optimal
model error is found by using a one-time step ahead
control approach. Also, since the continuous model
is used to determine state estimates, the filter avoids
discrete state jumps, as opposed to the extended
Kalman filter.

Introduction

Many linear control systems require full state
knowledge (such as the LQR). But most systems
have sensors which cannot measure all states (e.g.,
spacecraft sensors measure body positions which
must be converted to an attitude for control
purposes). An essential feature of most control
systems involves an algorithm which is used to both
estimate unmeasured states and to filter noisy
measurements. Since pointing errors are a
combination of both control and estimation errors,
the robustness of each component must be addressed
to insure proper pointing.

Conventional filter methods, such as the Kalman
filter [1], have proven been to be extremely useful in
a wide range of applications, including: noise
reduction of signals, trajectory tracking of moving
objects, and in the control of linear or nonlinear
systems. The essential feature of the Kalman filter is
the utilization of state-space formulations for the
system model. Errors in the dynamic system model
are treated as “process noise,” since system models
are not usually improved or updated during the
estimation process. The process noise is essentially
used to “shift” the emphasis from the model to the
measurements.
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The Kalman filter satisfies an optimality
criterion which minimizes the trace of the covariance
of the estimate error between the system model
responses and actual measurements.  Statistical
properties of the process noise and measurement
error are used to determine an “optimal” filter design.
Therefore, model characteristics are combined with
sequential measurements in order to obtain state
estimates which meliorate both the measurements
and model responses.

In the Kalman filter, the errors in the system
model are assumed to be represented by a zero-mean
Gaussian noise process with known covariance.
However, in actual practice the noise covariance is
usually determined by an ad hoc and/or heuristic
estimation approach which may result in sub-
optimal filter designs.  Other applications also
determine a steady-state gain directly, which may
even produce unstable filter designs [2]. Also, in
many cases such as nonlinearities in the actual
system responses or non-stationary processes, the
assumption of a Gaussian model error process can
lead to severely degraded state estimates.

In addition to nonlinear model errors, the actual
assumed model may be nonlinear (e.g., three-
dimensional kinematic and dynamic equations [3]).
The filtering problem for nonlinear systems is
considerably more difficult and admits a wider
variety of solutions than does the linear problem [4].
The extended Kalman filter is a widely used
algorithm for nonlinear estimation and filtering [5].
The essential feature of this algorithm is the
utilization of a first-order Taylor series expansion of
the model and output system equations. The
extended Kalman filter retains the linear calculation
of the covariance and gain matrices, and it updates
the state estimate using a linear function of the
measurement residual; however, it uses the original
nonlinear equations for state propagation and in the
output system equation [5]. But, the model error
statistics are still assumed to be represented by a
zero-mean Gaussian noise process.



A new approach for performing optimal state
estimation in the presence of significant model error
has been developed by Mook and Junkins [6]. This
algorithm, called the Minimum Model Error (MME)
estimator, unlike most filter and smoother algorithms,
does not assume that the model error is represented
by a Gaussian process. Instead, the model error is
determined during the MME estimation process. The
algorithm determines the corrections added to the
assumed model such that the model and corrections
yield an accurate representation of the system
behavior. This is accomplished by solving system
optimality conditions and an output error covariance
constraint. Therefore, accurate state estimates can be
determined without the use of precise system
representations in the assumed model. Also, the
MME estimator can be applied to systems with
nonlinear models. The MME estimates are
determined from a solution of a two-point-boundary-
value-problem  ([6-7]). Therefore, the MME
estimator is a batch (off-line) estimator which must
utilize post-experiment measurements.

The filter algorithm developed in this paper can
be implemented in real-time (as can the Kalman
filter). However, the algorithm is not limited to
Gaussian noise characteristics for the model error.
Essentially, this new algorithm combines the good
qualities of both the Kalman filter (i.e., a real-time
estimator) and the MME estimator (i.e., determines
actual model error trajectories). The new algorithm
is based on a predictive tracking scheme first
introduced by Lu [8]. Although the problem shown
in [8] is solved from a control standpoint, the
algorithm developed in this paper is reformulated as
a filter and estimator with a stochastic measurement
process. Therefore, the new algorithm is known as a
predictive filter. ~ The advantages of the new
algorithm include: (i) the model error is assumed
unknown and is estimated as part of the solution, (ii)
the model error may take any form (even nonlinear),
and (iii) the algorithm can be implemented on-line to
both filter noisy measurements and estimate state
trajectories.

The organization of this paper proceeds as
follows. First, the basic equations and concepts used
for the filter development are reviewed. Then, a
predictive filter is derived for nonlinear systems.
This approach determines optimal state estimates in
real-time by minimizing a quadratic cost function
consisting of a measurement residual term and a
model error term.  Then, the concept of the
covariance constraint is introduced for determining
the optimal model error weighting matrix. Finally,
conclusions are summarized for the new algorithm.

Nonlinear Predictive Filter

Preliminaries

In this section, the nonlinear predictive filter
algorithm is derived. This development is based
upon the duality which exists between the predictive
controller for nonlinear systems by Lu [8] and a
general estimation problem. In the nonlinear
predictive filter it is assumed that the state and output
estimates are given by a preliminary model and a to-
be-determined model error vector, given by

3()=1(E0)+6(20)4()  (a)

3 (1) =c(2(1)) (1b)

where 1 eR" is sufficiently differentiable,
%(r)eR"is  the  state  estimate  vector,
d(t)e R?represents the model error vector,
G(i(t)):R" — R™4is the model-error distribution
matrix, g(;_% (t)) € R™ is the measurement vector, and

p(t)eR™ is the estimated output vector. State-

observable discrete measurements are assumed for
Equation (1b) in the following form

7o=e(xn)+ v )

where 7, € R™ is the measurement vector at time 7y,

g(tk) is the true state vector, and v, €R"

represents the measurement noise vector which is
assumed to be a zero-mean, Gaussian white-noise
distributed process with

E{v}=0 (3a)
E{v vT}=R5 (3b)
Zk =l kl
where R is a mxm positive-definite measurement

covariance matrix.

A Taylor series expansion of the output estimate
in Equation (1b) is given by

3+ ar)= () +2(3(c). Ar)+ A(a0)S (2(1))d (1) (4)

where the i row of g()_%(t),At) is given by

Pi Atk i
7 (&(1).60) = > = -1 () (5)

k=1
where p;, i=1,2,...,m, is the lowest order of the

derivative of ¢;(%(¢)) in which any component of



d (t) first appears due to successive differentiation
and substitution for )Tcl-(t) on the right side.

L_]; (c;)isa k™ order Lie derivative, defined by

LI}(C[):c[ fork=0

o (e (6)
L’}(cl.)=f§—A(c’)f for k=1
L

A(At)is a mxm diagonal matrix with elements

given by

Atpi
Ay =—— |

i =" i=1,2,....m 7
l'.

S()_?(t)) is a mxq matrix with each i row given
by

s {te [ @ ot [ @]

i=12,....m
where the Lie derivative with respect to g;in
Equation (8) is defined by

o (q)
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Nonlinear Filtering

A cost functional consisting of the weighted sum
square of the measurement-minus-estimate residuals
plus the weighted sum square of the model correction
term is minimized, given by

J(g(t)):%gT(t)Wg(t)Jr
%{Z(HAt)—J_?(HAt)}T R {2(r+At)—3_3(t+At)}
(10)

where W is a ¢gxq matrix. Also, a constant

sampling rate is assumed so that )7(1+At)z)7k.

Substituting Equation (4) into (10), and minimizing
Equation (10) with respect to d(r) leads to the

following model error solution
-1
a(0)={[a(a)s(@)] & A0S (5) |

[A(A)S(2)] R [2(3.80) - p(e+a0)+ 5(1)]

where j(z+Ar) the measurement sampled at a

(11)

constant interval (Az). By using the matrix inversion

lemma [9], the model error in Equation (11) can be
re-written as

d(1)=-k()[A(a)s(2)] &

(12)
<[ 2(8.00)= (14 80)+ 5(1)

where
k()= (1-[A (03]
{A(At)S(@)W1[A(At)s(§)]T+R}_l (13)
[A(an)s(3)] 7]

Equation (11) or (12) is used in Equation (la) to
perform a nonlinear propagation of the state
estimates to time?#,, then the measurement is

processed at time #;,; to find the new d(7)
in[tk,tk +1], and then the state estimates are

propagated to time#;, ;. The matrix W serves to

weight the amount of model error added to correct
the assumed model in Equation (1). As W
decreases, more model error is added to correct the
model, so that the estimates more closely follow the
measurements. As W increases, less model error is
added, so that the estimates more closely follow the
propagated model.

Covariance Constraint

The gxg weighting matrix (/) in Equation

(11) can be determined on the basis that the
measurement-minus-estimate error covariance matrix
must match the measurement-minus-truth error
covariance matrix (see [6]). This condition is
referred to as the “covariance constraint,” shown as

N
Dle-gHe-g =r a9
k=0

where e is the sample mean of —J, and N is a

large number. A test for whiteness can be based
upon the autocorrelation function matrix of the
measurement residual [5]. The maximum likelihood
estimate of the m xm autocorrelation function matrix
for N samples is given by

N
1 T
Ch= D et (15)
i=k
A 95% confidence interval for whiteness using a
finite sample length is given by [5]
|piir| <1.96/ N2 (16)

where p;; corresponds to the diagonal elements

resulting by normalizing the autocorrelation matrix
by the zero-lag elements, given by
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If the confidence interval in Equation (16) and the
covariance constraint in Equation (14) are met, then
the weighting matrix is optimal. Therefore, the
proper balance between model error and
measurement residual has been achieved. If the
measurement residual covariance is higher than the
known measurement error covariance(R), then W

should be decreased to less penalize the model error.
Conversely, if the residual covariance is lower than
the known covariance, then W should be increased
so that less unmodeled dynamics are added to the
assumed system model.

The sample measurement covariance can be
determined from a recursive relationship given by
[10]

R =Ry

1 [ & _ N . (18a)
+m{m(€k+l -2 (e -2 )T —Rk}

_ _ 1 _
€1 =€k +_k+1(€k+1 -e;) (18b)

The covariance constraint is met when R, — R .

Even though the model error is determined by
Equation (11) or (12), it still involves stochastic
processes. Therefore, a covariance of the model
error can be derived. First, the covariance constraint
is re-written as

E{(&‘&)(Zw&f}ﬂ (19

Substituting Equation (2) into Equation (19), and
using

E{Zkzl{}=E{‘-’k2£}=E{2k‘—’£}=E{Xk21{}=0(20)
leads to
~ ~T) ~ AT _
E{Zkzk}—zkzk—R 21)

If Equation (14) is met, the process is stationary so
that

~ ~T n T
E{Zk+1J_/k+1 } _Zk+1Zk+1 =R (22)

For constant a sampling interval, Equation (22) is
equivalent to

E{)_?(t+At)2T(t+At)} =j(t+a0) 3T (1+ A1)+ R (23)

As long as the process remains stationary, Equation
(23) is valid even if the covariance constraint is not

satisfied.  Also, since the optimal model error
solution in Equation (11) is a function of the
stochastic measurement noise process, a test for the
whiteness of the “determined” model error can be
found by using the correlation function in Equations
(15)-(17), replacing e withd . If the model error is

sufficiently white, then the covariance of the model
error can also be determined using a recursive
formula shown in Equation (18), again replacing e

withd . Another form for the model error covariance

can be determined by using Equation (11), and
assuming that

E{)_‘;(t)gT (t+At)} = E{ v(t+ar)p" (t)} =0 (24a)
E{z()y" (e+ ) = E{ v(e+ar)2" (1)} = 0 24b)

which leads to

E{d(1)d" (1)} = M (1){(5() -3+ )

(25)
+g(t)>+ R}MT (1)

where

(g) = QQT for any a (26)

Therefore, the relative magnitude of the model error
can now be determined. In fact, if the determined
model error process is truly white, then the inverse of
the weighting matrix (W) can be shown to be the

maximum likelihood estimate of the model error.
Stability
Filter Stability

The effect of W on filter stability and
bandwidth can be determined by applying a discrete
error analysis. The filter residual is given by

e(t+At)=y(t+Ar)-p(t+) (27)
Substituting Equation (4) into Equation (27) leads to
e(t+Ar)=(t+Ar)-3()-z(%,Ar)+ A(r) (28)
where
A() =M (1) 2(%.A0) - F(e+A0)+ §(1) | (29)
A Taylor series expansion of the output measurement

is given by

J(t+Ar)= y(1)+b(1,A0) (30)
where the i row of b (1,At) is given by

g Atz e Atp‘ ~P;
By (1,0 = A3 (1) £ =3 (1) oot =3 (0,

N
;!

i=12,....m



Equation (27) can now be re-written as
e(t+At)=[1-M(t)]e(r)

+[1=m ()] B, A0) -2 (%, 8)

If S is square and full rank, then AS is also full

rank. AsW —0, thenM — 1, and(/-M)—0.

This approaches a deadbeat response for the filter
dynamics. AsW — o0, thenM — 0,

and(/—M)— 1. This yields a filter response with

(32)

eigenvalues approaching the unit circle. As long as
the covariance matrix is positive, the eigenvalues of
the filter will lie within the unit circle. Therefore, the
filter remains contractive [11]. Also, the matrix

[[—M(t)} defines how the actual error at (7+At)

is reduced from the predicted error by d (¢) , given by
e(t+At)=[1-M (1) ]é(t+Ar) 33)

where
e(t+rar)=g(t+ar)-p(r)-z(x,ar)  (34)

which is the predicted measurement residual at
t+ At assumingd =0.

In order to study the effects of system
observability and numerical difficulties, consider the
case whereq=3, W=wl, A=A1, andR=r1.

Then, the matrix inverse in Equation (11) can be
written as

{[AS]T RIAS+ W}_l —{(v=a)1+C} (39)

where
2
_ AT (36a)
r
A2
o= ;tr(s S) (36b)
v=w+0o (36¢)

By the Cayley-Hamilton theorem, any meromorphic
function of C can be expressed as a quadratic in C
[11], yielding

((v-0)1+c)™ :%(a1+ﬂC+C2) (37)

where
a=1v-c*+k (38a)
p=—(v+o) (38b)
y=(v-o)a+A (38¢)

k = tr(adjC) (38d)

A =Ljdet(STS) (38¢)

r

If the system is unobservable then, ST is not full
rank. However, the filter can compensate for this by
adding more model correction. It can be shown that
the filter remains stable as long as

(v—O')a+A>O (39)

If STS is not full rank, then A =0, which leads to
the following condition

22 (T
v>—tr(S S) (40)

2r
Therefore, the filter remains contractive as long
asw> 0. This condition is always met, but Equation
(40) can be used to help determine any numerical
difficulties (i.e., large values of o may produce
numerical difficulties). One possible solution is to
make r as large as possible. However, then w will
be adjusted to meet the covariance constraint, so that
the numerical difficulties remain. Another solution
to this problem is to use smaller sampling interval,
but this may not be possible. Another solution is to
utilize a “U—D?” factorization of Equation (13),
given by

K=UDUT 41)
where U is a ¢xg¢q unitary upper triangular matrix,
and D isa gxgq diagonal matrix. The matrix K (r)

can be processed by the i scalar measurement

using [12]
2 g—1.T -1
o 2w sw
k()= AR )
Aijsi W s + 13
Using Equation (41) leads to
-1.T -1
r_ e LA ]
UiDiUi :W - (43)

2 Ty—1
isi WS+

which is used to propagate the state estimates for
each scalar measurement.

Case 1. Let p; =1 for both the state and output
systems. Equations (5), (7) and (8) reduce to

z=AtH(Z)f (%) (44a)
Py
H(3)= ﬁ% (44b)

A=A1 (44c)



S=H(%)G(x) (44d)

Therefore, the model error trajectory in Equation (12)
is given by

d=-af1-w'6" 1" z(1)H G|
(45)

xPGTHT R {5(1)= 5 (¢ + A1)+ AcH £}
where

-1
2(0)=|HGw G H +aR[ T @6)

Case 2. Consider the following system

9_21 = zl (21:122) (47a)
5=/, (%)+Gy(2,)d (47b)
P=c(%) (47¢)

with p; =2. Equation (47a) usually defines the
kinematics, and Equation (47b) usually defines the

dynamics. Equations (5), (7) and (8) now become

z=ALY
1 1
a2\ oLy . OL (48a)
+— , X0 |+ —
2 | oz, fl(ﬁl xz) 0%, L2 2%}
1 _ Jdc A dc .
Ly 25_;6111 (51’52)+5_;62£2 (£;) (48b)
A=A1 (48¢)
oL
Ly N
s=—2G,(zx 48d
522 2 (—2) (48d)
Conclusions

In this paper, a predictive filter was presented for
nonlinear systems. The optimal model error is found
by using a one-time step ahead control approach.
Advantages of the new algorithm over the extended
Kalman filter include: (i) the model error is assumed
unknown and is estimated as part of the solution, (ii)
the model error may take any form (even nonlinear),
and (iii) the model error is used to propagate a
continuous model which avoids discrete jumps in the
state estimate.
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