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The design of controllers that can automatically compensate the effects of uncertain
disturbances in a system has become an important topic in modern control engineering.
The general theory of disturbance accommodating control provides a method for designing
feedback controllers which automatically detect and minimizes the effect of waveform-
structured disturbances. This approach has been applied on linear systems with small
modeling errors and uncertainties. Based on the disturbance accommodating control the-
ory, a control technique for nonlinear systems with time-varying modeling errors and un-
certainties is presented in this paper. This control approach exploits an Extended Kalman
Filter for the simultaneous estimation of the system states and the uncertain disturbances.
Validity of this control approach is verified by implementing the proposed technique on a
highly nonlinear wing-rock system. The simulation results indicated that the closed-loop
stability of the controlled system is extremely sensitive to the user selected process noise
covariance value. A Lyapunov stability analysis is conducted on a controlled linear system,
which reveals a lower bound requirement on the process noise covariance norm to facili-
tate the asymptotic stability of the closed-loop system. This lower bound on the process
noise covariance norm depends on the model uncertainties, external disturbances and the
amount of noise associated with the measurements.

I. Introduction

VERY real system has uncertainties, which include system parametric uncertainties, unmodeled dynamics
Eand external disturbances. Also, the available information from measurements, i.e. sensor outputs, usually
does not contain full state information and is most often corrupted by noise. The presence of uncertainty
and noise could obscure the development of a control law. Several robust control strategies have been
developed to keep the performance within acceptable ranges in the presence of uncertainty, e.g. Ho, Control,
u-Synthesis, Adaptive Control, etc. Each method has its own advantages and disadvantages.

In 1971 Johnson introduced a new technique for accommodating disturbance in a linear quadratic regula-
tor problem.! This new technique, known as the Disturbance Accommodating Control (DAC), is concerned
with the design of feedback controllers which can maintain set-point regulation or servo-tracking in the
face of uncertain external disturbance. There are three modes in which the disturbance accommodating
controller can operate; disturbance absorption mode, disturbance minimization mode, and disturbance uti-
lization mode.? The general formulation of DAC only considers disturbance functions which exhibit waveform
patterns over short intervals of time in contrast to noise type disturbances. Mathematical models of wave-
form structured disturbance can be easily developed since these types of disturbances are assumed to be the
output of a physical system whose inputs are sparsely populated sequences of impulses.

Adaptive controller design using disturbance accommodation techniques is first presented in Ref. 3. These
adaptive controllers can automatically compensate for uncertain plant-parameter perturbations as well as
external disturbance inputs. Design of an adaptive disturbance accommodating controller which utilizes
a full order Luenberger observer for disturbance estimation is presented in Ref. 4. This adaptive control
technique has been successfully applied to nonlinear systems by first linearizing the plant about a set point
and then computing the control law for the corresponding linear system. Adaptive controller for the rejection
of persistent disturbances for continuous and discrete systems is presented in Ref. 5. This control approach
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is based on developing adaptive laws for feedback gains that will ensure the asymptotic stability of the
closed-loop system. These adaptive controller formulations assume noise-free full state feedback, which is
highly unrealistic.

A technique for disturbance estimation and compensation which produces a control scheme that has zero
steady-state tracking error to finite-dimensional deterministic disturbance is presented in Ref. 6. The struc-
ture of the discrete-time disturbance estimator shown in Ref. 6 requires two separate suboptimal estimators.
Implementation of a discrete-time Kalman filter to estimate disturbance using sliding mode is presented in
Ref. 7. Both of these disturbance estimation techniques are limited to linear systems.

A nonlinear robust control approach known as the Model Error Control Synthesis (MECS), which miti-
gates the effects of model errors and external disturbance on a system by providing corrections to the nominal
control input is presented in Ref. 8. The MECS technique uses an estimator based on the predictive filter
approach for determining modeling errors and external disturbance inputs. The main advantage of MECS
approach over DAC is that the MECS approach does not assume any specific structure for the disturbance
process and the true state vector does not needed to be appended in MECS to estimate for the disturbance.
Recent research has shown that the existence of noise in the feedback loop can results in poor disturbance
predictions by the predictive filter and thus result in degradation of closed-loop system performance.

This paper presents a robust control approach for nonlinear systems based on the DAC theory. This
control scheme exploits an Extended Kalman Filter (EKF) for simultaneously estimating the system states
and the disturbance term from the noisy measurement signal. A control law is then developed based on the
estimated states and disturbance. The accuracy of Kalman filter estimates are directly related to the process
noise covariance and the measurement noise covariance values. The measurement noise covariance can easily
be determined based on the sensors while the process noise covariance behaves like a tuning parameter. The
main objective of this paper is to investigate the sensitivity of the closed-loop stability of a controlled system
to the process noise covariance.

The paper is organized as follows. First, the formulation of an EKF for the simultaneous estimation of
system states and disturbance is presented, followed by the implementation of the DAC method using the
EKF approach on a highly nonlinear wing rock system. A Lyapunov stability analysis is then conducted on
a linear system which utilizes a linear continuous-time Kalman filter for disturbance estimation. Lyapunov
stability analysis is concluded with the formulation of a lower bound requirement on the process noise
covariance norm in order for the controlled system to be asymptotically stable. A stability analysis is
then conducted on a linearized wing rock system which utilizes a linear continuous-time Kalman filter for
disturbance estimation. Finally, numerical simulation results which authenticate the Lyapunov stability
analysis are provided.

II. Disturbance Accommodating Controller for Nonlinear Systems:
An Extended Kalman Filter Approach

Most nonlinear control strategies require full state knowledge, but the available information from mea-
surements, i.e., sensor outputs, usually does not contain full state information and is often corrupted by
noise. Also, the uncertainties in system nonlinearities and the presence of external disturbance can further
complicate the implementation of a control scheme. Design methodology of a disturbance accommodating
controller which utilize an EKF for the simultaneous estimation of the system states and disturbance from
noisy measurement signal is presented in this section. This formulation is based on the idea that all the
system uncertainties can be lumped into an external disturbance term. Estimated disturbance can then
be used to make necessary corrections to the nominal control input to achieve robust performance in the
presence of uncertainties and disturbance.

Consider a discrete time nonlinear stochastic difference equation

xp = f(xp—1, Wp—1, Wi—1) (1)

with a measurement y, € R, i.e.,
Yi = h(xk, vi) (2)

where variables wj, and v represent the disturbance and measurement noise, respectively. They are assumed
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to be independent of each other, zero-mean, white and with normal probability distribution, i.e.

p(wi) ~ N(0,Qx),
p(vi) ~ N(0, Ry)

Based on the DAC theory,? the disturbance process can be modeled as

W1 = W(Xp—1,2Zk—1)

(4)

z2p = Z(Xp—1,2k—1) + Op—1

where zj represents the state vector of the disturbance process and o, represents a sequence of random
intensity and sparsely-spaced impulse functions, in other words the noise associated with disturbance process.
Now the following extended state vector Xy, is introduced:

X = l"’“ (5)

Zk

Combining Eqgs. (1) and (4), the aggregated stochastic difference equation can be expressed as

f(xp—1, Wp—1, Wr—1)

Xi =
Z(Xp—1,2K-1) + Or—1

1 =F(Xp-1,05-1,0%-1) (6)

and the measurement equation can be expressed as
Yk = H(Xk, Vk) (7)

In the EKF approach, after declaring an initial state estimate, X; , and error covariance matrix, P, the
Kalman gain can be calculated as

—1
Ky = P HE (HoPyHE + Ry 8)

where Hj is the Jacobian matrix of partial derivatives of H with respect to X; and Ry is the discrete-
time measurement noise covariance matrix. The superscripts — and + represent the predicted and updated
values, respectively. Having calculated the Kalman gain, the predicted state vector and covariance matrix
are updated using the equations

A+ g N —
Xy =X + Ki(Yr — Hi X)) (9)
Pt = (I — KyHy)P, (10)
After updating the predictions, the estimates are propagated to the next time-step using
&= ot
Xk-‘,—l = f(Xk , Uk, 0) (11)
Py = AP AL + WiQeW)E (12)

where Ay is the Jacobian matrix of partial derivatives of F with respect to Xj; and Wj represents the
Jacobian matrix of partial derivatives of F with respect to o.

Note that the updated extended state vector in Eq. (9) contains a numerical approximation to the
disturbance. This information can be used to correct the control input into the system using the relation®

up = ug — 2:71 (13)

where 1 represents the nominal control input and z ™ represents the updated states of the disturbance process.
There is a time delay present in this formulation because the measurement vector, Y, must be given before
the disturbance in the system can be updated using Eq. (9).
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III. Wing Rock Suppression of Slender Delta Wing

In this section, the implementation of the DAC approach using a discrete-time EKF to suppress the wing
rock motion of a slender delta wing is presented. More detailed formulation of this problem can be found in
Ref. 8. Wing rock represents a self-induced limit cycle oscillation in the presence of some initial disturbance
or asymmetry in the flow field. The primary causes of wing rock are the interactions between the forebody
and the wing vortices at high angle of attack.!® This has been verified using video-based experimental
investigation for wing rock of sharp-edged delta wings with leading-edge sweep angles of 70° and 80°.'" In
order to predict roll divergence as well as other characteristics in the oscillation, a highly nonlinear analytical
models of wing rock has been developed.!?

Wing rock can be controlled using numerous control schemes such as optimal control methods,'? adaptive
control using backstepping'* and variable structure adaptive control.'® One of the difficult aspects in the
control of wing rock motion is the extreme sensitivity to parameter variations. A slight change in system
parameter can drastically affect overall system performance. Disturbance inputs, which can adversely affect
closed system performance, were not considered in above control schemes. However, satisfactory wing rock
motion control can be achieved by the DAC approach presented here.

The wing rock equation of motion for slender delta wings is given by:'2

B(t) = p(t) (14)
p(t) = c1 + c2d(t) + c3p(t) + cal¢(t) |p(t) + cs|p(t)|p(t) + coult) + w(t) (15)
The measurement equation is:
y(t) = h(x(t),t) + v(t) (16)
= o(t) +v(t) (17)

The wing-rock system consist of two states, roll-angle (¢) and roll-angle rate (p). According to Eq. (17),
roll-angle is the only measurable state and roll-angle rate needs to be estimated from the noisy roll-angle
measurements. The control objective is to suppress an initial roll-angle of 30° within 2 seconds. A variable
structure controller (VSC) can be designed to achieve this requirement for a no disturbance, no noise, and
full state knowledge scenario. For VSC, the control law can be calculated as

(1) = — (€1 4+ 220(t) + esp(t) + &4l 6(1)lp(t) + &5 (Dl (1) )

“ (18)
(t) + 96(1)
)

1
+7{ — Up(t) — nsat
C6

where ¢; represents the assumed system parameters. The assumed values of system parameters, ¢;, for
i=1,2,...,6 are chosen for an angle of attack of 30° as follows:®

€1 =5,60 = —26.7,¢3 =0.765,¢4 = —2.9,¢5 = —2.5,¢6 = 0.75 (19)
In Eq. (18), ¥, 1, and p are design parameters and to meet the design goal, the following values are used:®
¥ =10,n=3,p=0.1 (20)

The saturation function, sat(-), is defined by

sat(z) = { z if 2] < 1 (21)

sgn(z) otherwise
where the signum function, sgn(-), is defined by

1 forz >0
sgn(z)=¢ 0 forz=0 (22)
—1 forxz <0
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Figure 1. System Response and Control Input for Variable Structure Controller

A plot of the system response and the control input obtained using the variable structure controller with
no disturbance and noise are given in Fig. 1. Clearly, the variable structure controller meets the desired
specifications when there is no noise and disturbance.

Now consider a case where “disturbance”and noise are present. Let’s assume that the uncertainties in
system parameters constitute for the disturbance. The noise is assumed to be zero-mean white noise with a
standard deviation of 0.0013°, i.e., the discrete-time measurement error covariance Ry = 5 x 107!2. Now an
EKF can be implemented to estimate the system states and the disturbance. First, the following extended
state vector is formed:

X(t) = | p(t) (23)

The aggregated continuous-time state equation can be expressed as

p(t)
X(t) = |&1+ @20(t) + Ep(t) + Eald(t)|p(t) + &5|p(t)|p(t) + Esti(t) — Goz(t) (24)
o(t)

where @(t) represents the nominal control input from Eq. (18) and o(t) as mentioned earlier, represents
the noise associated with the disturbance process. Notice that Eq. (24) assumes that there is no dynamics
associated with the disturbance process. After substituting Eq. (18) into Eq. (24), the Jacobian matrix of
partial derivatives of the aggregated state equation with respect to X(¢) can be calculated as

0 1 0
F=1-300 —40 -¢s
0 0 0

and the Jacobian matrix of partial derivatives of the aggregated state equation with respect to o(t) can be
calculated as

T
G=1lo o 1
Now the following 6 x 6 matrix, A is formed:
a=|7F GQG* At (25)
0 FT
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where At is the constant sampling interval and @ is the constant continuous-time process noise covariance.
The matrix exponential of A can be calculated as
-1
B |Bu Bl _|Bu 4y TQk (26)
0 By 0 A

where Ay is the state transition matrix of F' and Qy represents the quantity W,Q,W;I from Eq. (12).
According to Eq. (17), roll-angle is the only measurable state and therefore the Jacobian matrix Hj can be
computed as

Hk:{l 0 0]

The control objective is to suppress an initial roll-angle of 30° and therefore the initial extended state
estimates are given as

and the initial error covariance is selected as

(%) 0 0

8
Br=| 0 (o7 o
0 0 50

The relatively large third diagonal element represents the large uncertainty in initial disturbance prediction.
Knowing the initial error covariance matrix, the Kalman gain can be computed using Eq. (8). Now the initial
extended state estimates and the initial error covariance matrix can be updated using Egs. (9) and (10),
respectively. Using the updated state estimates the nominal control input can be calculated using Eq. (18)
and necessary corrections to the nominal control input can be made using Eq. (13). Using the assumed
system dynamics, the extended states can be propagated forward in time while the error covariance can be
propagated using the equation

iy = AP AT + (27)

A block diagram of the controlled system with EKF for state and disturbance estimation is given in Fig. 2.
Notice that the variable structure controller uses the updated states to calculate the nominal control input.

.

A

Figure 2. Disturbance Accommodating Controller with Extended Kalman Filter

IV. Simulation Results

Simulation results obtained by implementing the DAC scheme with discrete-time EKF in wing rock
suppression example are given in this section. Simulations are conducted for five different scenarios given
below:

1. No uncertainty/disturbance scenario

2. Disturbance from uncertainties in time-varying system parameters, i.e. ¢; = 5sin(15t), co = —26.7,
c3 = 0.765, cq = 3 cos(5t), ¢c5 = 10sin(10¢), and ¢ = 0.75

3. Disturbance from an increase in input value (¢g), i.e. ¢g = % X Cg
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4. Disturbance from a decrease in input value (cg), i.e. ¢g = % X Cg

5. Disturbance from both uncertainties in time-varying system parameters and an increase in input value
(cg), i.e. a combination of case 2 and 3.

In order to compare the system roll-angle response obtained, it is compared against the desired response
shown in Fig. 1(a). Also, the norm of the difference between the desired and actual system roll-angle response
is calculated to quantify the controller validation. Comparing the error norm along with the system response

plots and the control input plots will provide an accurate evaluation of the DAC approach using discrete-time
EKF.

The process noise covariance, (), is a tuning parameter and tuning ) to the optimal value will result
in the best possible disturbance predictions. First, for each disturbance scenario discussed earlier, multiple
simulations are conducted using different process noise covariance values. The optimal process noise covari-
ance value is selected to be the one that results in the lowest respective error norm. Given in Table 1 are the
different process noise covariance values and the corresponding error norm for all five scenarios. The results
shown in Table 1 indicate that the error norm reaches a steady value as the process noise covariance value
increases beyond 1.0 x 10'°. Also, as the covariance value decreases beyond 1.0, the error norm increases.
Based on data shown, one could see that for most disturbance scenarios, except for case one, the minimum
error norm is obtained when the covariance value is selected to be 1.0 x 10'°. The maximum error norm is
obtained when the covariance is less than 1.0 x 107'°. For each disturbance scenario, simulations are first
conducted using two different covariance values that correspond to the maximum and the minimum error
norms.

Table 1. Process Noise Covariance vs. Error Norm

Q Case 1 Case 2 Case 3 Case 4 | Case 5
1.0 x 10759 | 26.5050 | 320.4538 | 183.7198 | 41.7888 | 422.9094
1.0 x 1072° | 26.5050 | 320.4538 | 183.7198 | 41.7888 | 422.9094
1.0 x 10729 | 26.5050 | 320.4538 | 183.7198 | 41.7888 | 422.9094
1.0 x 1071 | 26.5050 | 320.4538 | 183.7198 | 41.7888 | 422.9094
1.0 x 10719 | 26.5064 | 320.4658 | 183.7199 | 41.7923 | 422.9089
1.0 x 10798 | 26.6393 | 321.6458 | 183.7184 | 42.1483 | 422.8575
1.0 x 10796 | 53.2364 | 355.1636 | 208.1468 | 88.7171 | 414.1562
1.0 x 1079 | 115.3542 | 357.3103 | 278.1453 | 152.7620 | 423.0938
1.0 x 1079 | 136.2656 | 273.8644 | 257.8684 | 103.5785 | 338.7352
1.0 x 1079 | 84.8338 | 163.1424 | 188.8328 | 25.1979 | 225.2172
1.0 x 10792 | 15.3385 | 53.2804 | 112.0110 | 3.6850 | 128.4052
1.0 x 1079 0.0818 6.8449 27.6116 2.7049 44.4345
1.0 x 10790 0.0371 5.9245 1.2822 2.2401 4.3847
1.0 x 10101 0.0459 5.3450 1.1603 1.8852 3.8556
1.0 x 10102 0.0676 4.2923 0.9572 1.5142 2.9880
1.0 x 10103 0.2541 2.9710 0.7420 1.2139 2.0179
1.0 x 10794 0.2652 2.2734 0.6021 1.1684 1.3735
1.0 x 1079° 0.2282 2.2227 0.5845 1.1601 1.3261
1.0 x 10797 0.2233 2.2196 0.5825 1.1591 1.3251
1.0 x 10710 0.2233 2.2195 0.5825 1.1591 1.3251
1.0 x 1071° 0.2245 2.2150 0.5817 1.1580 1.3219
1.0 x 10720 0.2840 2.8222 0.7413 1.4823 1.7648
1.0 x 1012 0.2840 2.8222 0.7413 1.4823 1.7648
1.0 x 10130 0.2840 2.8222 0.7413 1.4823 1.7648
1.0 x 101100 | 0.2840 2.8222 0.7413 1.4823 1.7648
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A. Simulation Results for Case 1

Given in Fig. 3 are the system responses obtained by implementing the DAC approach with discrete-time
EKF on the wing rock example using two different process noise covariance values. The results shown
in Fig. 3 indicate that the closed-loop system is unstable if the process noise covariance is selected to be
1.00 x 107, The overall system performance is very similar to the desired performance if the process noise
covariance is selected to be 1.00 x 10%°,

30 : . 0.5 ; . .
Nominal ' Nominal
— EKF: Q=1e-15 - — EKF: Q=1e-15
- - EKF: Q=1e15 Y- - - EKF: Q=1e15
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o i
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L (]
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. o
0 St e
; ; ; ; ; 05 ; ; ; ; ;
0 0.5 1 15 2 2.5 3 0 0.5 1 15 2 25 3
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(a) System Response(Roll Angle) (b) System Response(Roll Angle rate)

Figure 3. System Response for Case 1.

The estimated disturbances for both process noise covariance values are given in Fig. 4(a). Since case one
investigates the no uncertainty/disturbance scenario, the true disturbance is close to zero, but the estimated
disturbance is highly noisy if the process noise covariance is selected to be 1.00 x 101, The control inputs or
the aileron deflections are shown in Fig. 4(b). The control input for process noise covariance, @ = 1.00 x 101®,
is highly noisy. On the other hand, the control input for process noise covariance, @ = 1.00 x 10~'°, is noise
free but it is much different from the nominal control input.

6 ; : : 20 : :
— EKF: Q=1e-15 v Nominal
4 - - EKF: Q=1el5 || 15F — EKF: Q=1e-15|1
| '.‘“‘ - - EKF: Q=1el5

Disturbance
Aileron (deg)

-6 i i i i i i i i i i
0 0.5 1 15 2 25 3 0 0.5 1 15 2 25 3
Time (sec) Time (sec)

(a) Disturbance (b) Control Input

Figure 4. Disturbance and Control Input for Case 1.

B. Simulation Results for Case 2

Figure 5 compares the system responses obtained from the DAC approach with discrete-time EKF to the
desired response for the case two disturbance scenario. Figures 5(a) and 5(b) indicates that the the closed-
loop system is unstable if the process noise covariance is selected to be 1.00 x 10715,

The estimated disturbances for both process noise covariance values are given in Fig. 6(a). Since case
two involves time varying system parameters, the estimated disturbance is also time varying. The estimated
disturbance is highly noisy if the process noise covariance is selected to be 1.00 x 10'®. The control inputs
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Figure 5. System Response for Case 2.

or the aileron deflections for both process noise covariance values are shown in Fig. 6(b). The control input
for process noise covariance, @ = 1.00 x 10'°, is also highly noisy.
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Figure 6. Disturbance and Control Input for Case 2.

C. Simulation Results for Case 3

In case 3, the DAC approach with a discrete-time EKF is implemented on a system where the disturbance
is induced by an increase in the input value (¢g). Given in Fig. 7 are the system responses obtained by
implementing the DAC approach with a discrete-time EKF on the wing rock example using two different
process noise covariance values. The results shown in Fig. 7 indicate that the closed-loop system is unstable
if the process noise covariance is selected to be 1.00 x 10~!%. The overall system performance is very similar
to the desired performance if the process noise covariance is selected to be 1.00 x 10'°.

The estimated disturbances for both process noise covariance values are given in Fig. 8(a). The estimated
disturbance is highly noisy if the process noise covariance is selected to be 1.00 x 10'®. The control inputs
are shown in Fig. 8(b). The control input for process noise covariance, @ = 1.00 x 10'®, is highly noisy. On
the other hand, the control input for process noise covariance, Q = 1.00 x 107!, is noise free but it is much
different from the nominal control input.

D. Simulation Results for Case 4

In case 4, the DAC approach with a discrete-time EKF is implemented on a system where the disturbance
is induced by a decrease in the input value (cg). Figure 9 compares the system responses obtained from the
DAC approach with a discrete-time EKF to the desired response for two different process noise covariance
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Figure 7. System Response for Case 3.
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Figure 8. Disturbance and Control Input for Case 3.
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values. Figures 9(a) and 9(b) indicates that the the closed-loop system is unstable if the process noise
covariance is selected to be 1.00 x 10715,
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Figure 9. System Response for Case 4.

The estimated disturbances for both process noise covariance values are given in Fig. 10(a). The results
indicate that the estimated disturbance is highly noisy if the process noise covariance is selected to be
1.00 x 10'®. The control inputs or the aileron deflections are shown in Fig. 10(b). The control input for
process noise covariance, @ = 1.00 x 10'°, is highly noisy. The control input for process noise covariance,
Q = 1.00 x 107!, is noise free but it is much different from the nominal control input.
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Figure 10. Disturbance and Control Input for Case 4.

E. Simulation Results for Case 5

Given in Fig. 11 are the system response obtained by implementing the DAC approach with single EKF
on the wing rock example using two different process noise covariance values for case 5. The results shown
in Fig. 11 indicate that the closed-loop system is unstable if the process noise covariance is selected to be
1.00 x 107, The overall system performance is very similar to the desired performance if the process noise
covariance is selected to be 1.00 x 10%°,

The estimated disturbances for both process noise covariance values are given in Fig. 12(a). The estimated
disturbance is highly noisy if the process noise covariance is selected to be 1.00 x 10*°. The control inputs or
the aileron deflections are shown in Fig. 12(b). The control input for process noise covariance, Q = 1.00x 10,
is highly noisy.

The simulation results obtained for all five disturbance scenarios indicate that the close-loop system is
unstable for small values of process noise covariance. The results also indicate that the DAC approach with
a discrete-time EKF approach results in a desired roll-angle response but noisy disturbance estimation and
control input if the process noise covariance is selected to be 1.00 x 10'®, which corresponds to the minimum
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Figure 11. System Response for Case 5.
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Figure 12. Disturbance and Control Input for Case 5.

error norm. This clearly shows that the performance of the DAC approach with a discrete-time EKF depends
on the process noise covariance value and best performance is obtained when the covariance is tuned to an
optimal value.

F. Simulation Results using Optimal Process Noise Covariance Value

From trial and error, the optimal process noise covariance value is selected to be 10.00 for all cases except
for case 1. For case 1, the optimal process noise covariance is selected to be 1.00. Given in Fig. 13 are the
simulation results obtained from the DAC approach with a discrete-time EKF using the optimal process
noise covariance for no disturbance scenario. Figure 13(a) indicates that the system response obtained is
identical to the desired response and the control input shown in Fig. 13(b) is noise free. In order to further
analyze the results obtained from the DAC approach with a discrete-time EKF, a Monte Carlo simulation is
implemented using the optimal process noise covariance value. The results of the Monte Carlo simulations
are given in Table 2. The results indicate that the average error norm attained from implementing the DAC
approach with a discrete-time EKF is 0.0493 for the no disturbance case.

Given in Fig. 14 are the simulation results obtained using the DAC approach with a discrete-time EKF
with the optimal process noise covariance for case 2. Figure 14(a) indicates that the system roll-angle
response obtained is identical to the desired response and the control input shown in Fig. 14(b) is noise free.
The estimated disturbance shown in Fig. 14(c) is also noise free.

Figures 15, 16, and 17 contain the simulation results obtained from the DAC approach with a discrete-time
EKF using the optimal process noise covariance for the disturbance scenarios 3, 4, and 5, respectively. Fig-
ures 15(a), 16(a), and 17(a) indicate that the system responses obtained are identical to the desired response.
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Table 2. Monte Carlo Simulation Results: Process Noise Covariance vs. Error Norm

Case 1 Case 2 Case 3 Case 4 Case 5
Q=10x10°] Q=1.0x10" | Q=1.0x10°" | Q =1.0x10° | Q = 1.0 x 10%
0.0654 5.2964 1.1622 1.9639 3.8849
0.0267 5.3098 1.1671 1.9584 3.8593
0.0597 5.3368 1.1769 2.0203 3.8323
0.0472 5.3067 1.1887 1.9446 3.8800
0.0403 5.3170 1.1464 2.0157 3.9276
0.0949 5.3039 1.1804 1.9590 3.8313
0.0393 5.3224 1.1730 1.9687 3.8665
0.0693 5.3226 1.1735 1.9257 3.8457
0.0363 5.3431 1.1571 1.9666 3.8720
0.0340 5.3293 1.1755 1.9608 3.8408
0.0403 5.3178 1.1774 1.9371 3.8409
0.0254 5.3074 1.1405 1.9490 3.8331
0.0655 5.3365 1.1765 1.9745 3.8194
0.0352 5.2900 1.1563 1.9378 3.8548
0.0466 5.2899 1.1706 1.9394 3.8797
0.0530 5.3383 1.1612 1.9777 3.8912
0.0487 5.2674 1.1602 1.9727 3.8517
0.0836 5.3543 1.1364 1.9269 3.8508
0.0387 5.3106 1.1460 1.9711 3.8604
0.0324 5.3604 1.1520 1.9213 3.8397
0.0534 5.3220 1.1640 1.9070 3.8849
0.0813 5.3198 1.2066 1.9355 3.8883
0.0512 5.2755 1.2239 2.0173 3.8947
0.0221 5.3077 1.1922 2.0037 3.8757
0.0410 5.3303 1.1617 1.9824 3.8750
Avg: 0.0493 Avg: 5.3166 Avg: 1.1691 Avg: 1.9615 Avg: 3.8632
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Figure 13. Case 1: System Response, Control Input, and Estimated Disturbance for Q = 1.00 x 10190
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Figure 14. Case 2: System Response, Control Input, and Estimated Disturbance for Q = 1.00 x 10101

The control input signals obtained are without noise. The estimated disturbance shown in Fig. 15(c), 16(c),
and 17(c) are also noise free.

The simulation results obtained for all five disturbance scenarios indicate that the closed-loop system
is unstable for small values of process noise covariance. This due to the fact that when a small process
noise covariance value is selected, the EKF assumes there is no uncertainties associated with the assumed
system model and the disturbance accommodating controller reduce down to just the nominal controller.
The results also indicate that the DAC approach with a discrete-time EKF results in the desired roll-angle
response but noisy disturbance estimation and control input if the process noise covariance is selected to be
1.00 x 10'°. Selecting a very large process noise covariance value will compel the EKF to completely rely
upon the measurement signal and therefore the noise associated with the measurement signal directly gets
transmitted to the estimates. There results clearly illustrate that the performance of the DAC approach with
a discrete-time EKF depends on the process noise covariance value and the best performance is obtained
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Figure 15. Case 3: System Response, Control Input, and Estimated Disturbance for Q = 1.00 x 10101

14 of 25

American Institute of Aeronautics and Astronautics



40 15 6
—— MECS without noise —— MECS without noise
- - -EKF: Q=lel - - -EKF: Q=lel
30 10 : 4 : : :
§ > @
j=3}
T 20 g 5 g
[) ~ ©
2 5 E
< S 2
= 10 2 0 a
3 < o
['4
0 -5
0
-10 -10
0 0.5 1 15 2 25 3 0 0.5 1 15 2 25 3 0 0.5 1 15 2 25 3
Time (sec) Time (sec) Time (sec)
(a) Roll-Angle (b) Aileron Deflection (c) Estimated Disturbance

Figure 16. Case 4: System Response, Control Input, and Estimated Disturbance for Q = 1.00 x 10101
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Figure 17. Case 5: System Response, Control Input, and Estimated Disturbance for Q = 1.00 x 10101

when the covariance is tuned to an optimal value. Notice that the optimal process noise covariance value is
indicative of how well one knows the uncertainties and the external disturbance associated with the system.
The simulation results also indicate that after tuning the process noise covariance value to 10.00, the DAC
approach with a discrete-time EKF successfully estimates the disturbance even in the presence of noise. The
main disadvantage of using the EKF in the DAC approach for disturbance prediction is that the stability
of closed-loop system depends on the process noise covariance value. To further investigate the influence
of process noise covariance on the stability, a closed-loop Lyapunov stability analysis is conducted in next
section.

V. Lyapunov Stability Analysis

Simulation results shown in previous section indicate that the stability of a closed-loop system utilizing
DAC approach with discrete-time EKF depends on the process noise covariance value. In order to further
investigate this phenomenon, a Lyapunov stability analysis is conducted on a linear system which uses the
DAC approach with linear continuous-time Kalman filter.

Consider a simple first order system of the following form

T =ar+bu—+w
(28)
Yy =cr+v

where z is the system state, u is the control input and y represents the system output. The variables w
and v represent the external disturbance and the measurement noise, respectively. They are assumed to be
independent of each other, zero-mean, white and with normal probability distribution, i.e.

(29)
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The assumed model of the above system is

T = AT, + b + dp,
(30)
Ym = CT +

where a,, and b,, are assumed system parameters. The disturbance term, d,,, compensate for the external
disturbance and the model uncertainties, i.e.

dm, = (a — Q)T + (b — bpy)u + w (31)
Now construct an extended state vector, z,, = [, dm]T, and assume zero dynamics for the disturbance
term, i.e.
T | _ | am 1| |zm n bm wt 0 (32)
dpm 0 O |dn 0 o

where o is assumed to be zero mean white noise associated with the disturbance process. The above equation,
Eq. (32), can be written in terms of the appended state vector, z,,, as

Zom = FynZp, + Bpu + w,, (33)
The assumed output equation can also be written in terms of the appended state vector, z,,, as
Ym = |:C Ojl Zm + U (34)

Now append the disturbance term, d,,, to the true system state, x, and let z = [z d,,]7. The true system
equation, Eq. (28), can be written in terms of the appended state vector, z, as

& _|a 0] | = + b wt w (35)
dm 0 Of |dmn 0 o
or in more compact form as
z=Fz+Bu+w (36)
The measured output equation can be written as
y:|:c O:|Z—|—’U (37)

Though the disturbance term in unknown, assuming the process noise, w,,,, and the measurement noise, v,
possess certain stochastic properties, an optimal estimator such as a Kalman filter can be implemented in
the feedback loop to estimate the system state and the disturbance term from the noisy measurements. The
estimator dynamics can be written as

%= Fpa+ Bnu+ K[y — 9] (38)

where K is the Kalman gain and § = ¢ is the estimated output. Let H = [¢ 0], then y = Hz 4+ v and
y = Hz. Now the estimator can be rewritten as

2=Fnz+ Byu+KH[z—2]+v (39)

The control objective is to obtain asymptotic stability for the plant, and it is possible by implementing a
control law of the form

1 T
L A E} Lzm] (40)
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where k,, is the feedback gain and k,, > a,,. While the feedback gain, k,,, guarantees that the system is
asymptotically stable, the second gain, ﬁ, ensures the complete cancelation of the disturbance term which
is compensating for the external disturbance and the model uncertainties.

After substituting the control law, Eq. (40), into the plant dynamics, Eqgs. (36) and (39) can be written
as

z=Fz+ BSz+w (41)
2=Fpnz+ B,Sz+ KHz —2]+v (42)

Let z = z — 2, then the asymptotic stability of this control scheme is assured if z asymptotically approaches
zero, i.e., tlim z(t) = 0. The error dynamics is defined as
— 00

Z=%2-12
=Fz+BSz+w—F,2—B,,Sz2— KH[z— 2] — Vv
=(F-F,)z+F,(z—2)+(B—Bm)Sz— KHz—2z]+w-—vV
=AFz+ F,,z+ ABSz— KHzZ+w — v

Without lose of generality, the two zero mean white nose terms w and v can be combined into one term, v.
After substituting for the Kalman gain, K = PHTR™', the error dynamics can be rewritten as

z=|[F,, — PH'"R™'H|z + AFz+ ABSz+v (43)

the matrix P is the error covariance matrix and the covariance equation for a linear continuous-time Kalman
filter is
P(t) = F,, P(t) + P(t)F,," — PO)HTR™'HP(t) + Q (44)

where R is the measurement noise covariance and @ is the process noise covariance, i.e.

p(w) ~ N(0,Q),

(45)
p(v) ~ N(0, R)
Now consider the following candidate Lyapunov function:
Vi[a(t)] = 2" ()P~ (t)z(t) (46)
Since P(t)P~Y(t) = I, the time derivative of P(t)P~1(t) is 0, i.e.
d . .
= {P(t)P’l(t)} = P()P~L(t) + P()P~1(t) = 0 (47)
Solving the above equation for P~1(t) gives
P (t) = =P () P(H)P(1) (48)
=P Yt)F, - FLP7'(t) + H'R'H — P~ (t)QP (1) (49)

Now the time derivative of Eq. (46) can be written as
Viz(t) =2"P 2+ 2" P 'z +2" P 'z
=22"P1z2+2"P 2
— 277 p1 [[Fm — PH'R™'H)z + AFz+ ABS% + u} +
zT[—}rﬂaﬂal—Eﬁfflu)+fﬂ7r4H>-P*%ﬂQP*%ﬂ}z
After some algebraic manipulations, V[z(t)] can be written as

Viz(t)) = -z H'R™'Hz + 22" P~ 'AFz 4 22" P"'ABS# + 22" P~'v — 2" P~1QP 'z (50)
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For asymptotic stability V[Z(t)] must be negative definite. Notice that the terms 2l HT R~'Hz and 2 P~'QP~ 'z
are positive definite. In reality, the measurement noise covariance, R, can easily be determined based on the
sensor accuracies. Now if the process noise covariance, @, selected so that zZ P~1QP 'z can compensate
for all the positive terms in Eq. (50), then V[z(t)] is guaranteed to be negative definite. That is, in order for
V[z(t)] to be strictly negative, the following inequality must hold.

27" PT'AFz+22" P'ABSz2+ 22" P~ 'v <z"P'QP 'z (51)
The above inequality can be written in a more stricter form as
212" P AFz+ 2" P ABSz+ 2" P~ lv|| < 2" PT'QP 'z (52)
Using the triangle inequality, the LHS of Eq. (52) can be written as

2zF P1AFz+ 2" PYABSz 4+ 2" P~ w| < 227 ||| P Y| AF)| || 2|+

T e . . (53)
202" PH I ABIISz + 2112”112~ [l
Also the RHS of Eq. (52) can be written as
12" P=tQP~ta| < |lz" || Pl QUIIP |z (54)
Notice that if Eq. (52) is true, then the following inequality holds
2271 PH I AF |1zl + 21127 [P~ IIABINSINZ] + 20127 ([P~ {[lv] < (55)
(2 1P @7 1 21
Equation (55) can be rewritten as
2| AF ||zl + 21 AB[ISIlizll + 2l < QNP 1z (56)

From Eq. (56), the necessary condition for the asymptotic stability of the disturbance accommodation control
strategy with Kalman filter can be expressed as

1Rl = [2HAFIIIIZH +2|AB[lISlzl +2lw | 1P~ zl)~ (57)

Notice that if there is no model uncertainties, external disturbance and measurement noise, then [|AF|| =
|AB]|| = ||lv|| = 0 and the above inequality reduce down to ||Q]|| > 0.

VI. Verification of Lyapunov Analysis

A detailed investigation of the above Lyapunov stability proof through numerical simulation is given in
this section. First the nonlinear wing-rock system given in Eqgs. (14) and (15) is simplified into the following

linear system
ol |0 1
P c2 c3

Notice that for simplicity, external disturbance is not considered here. The assumed model of the above

system is given as
Om| |0 1
DPm C2 C3

In order to be consistent with previous notations, the assumed system parameters are indicated as ¢, €3,
and Gg. Suppose there is no measurement noise, now the true measurement and the assumed measurement
equations are given as

¢
p

+| | u (58)

C6

0

Co

Pm
Pm

+ | |u+ (59)

dm

y=9¢ (60)
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Let the extended state vector, z,, = [¢m Pm dm]?, now the assumed extended system equation can be
written as
Pm 0 1 0] [¢m 0 0
Pm| = |C2 C3 1| |pm| T |G| ut |0 (62)
dy, 0 0 0 |dn 0 o

where o, the noise associated with the disturbance process, assumed to have the following stochastic prop-
erties

p(o) ~ N(0,q), (63)
Equation (62), can be written in terms of the appended state vector, z,,, as

Zom, = Fp 2y + Bou + Go (64)

Now append the disturbance term, d,,, to the true system states and let z = [¢ p d,,]T. The true system
equation, Eq. (58), can be written in terms of the appended state vector, z, as

b 0 1 0f||o 0 0
pl|=1|cz ez Of | p|+|cg|lut |0 (65)
dm 0 0 0] |dn 0
or in more compact form as
z=Fz+ Bu+ Go (66)
The measured output equation can be written as
y=1 0 0]z (67)

The estimator equation can be written as
2 = Fpa+ Bu+ KH(z — 2] (68)

where K is the Kalman gain and H = [1 0 0]. Notice that after linearizing, the variable structure controller
can be reduced down to a simple PD controller of the form

a=[i, &l M (69)

p
where B
hp=—2 -0
Ce PCe
and B
kq = = + 2 + 1

c6 Ce  pPCe
The total control input, which include the nominal controller together with the control correction can be
expressed as

uz[kp ka _L} ; = Sz (70)
dm

Ce

After substituting the control law into Eqgs. (66) and (68), the closed-loop system in state-space can be
written as

¢ 0 1 0 0 0 b
p ca ey cekyp ceka || Pp
o=k 0 —k 1 0[] (71)
P k2 0 ca+cekp —ka C3+coka —1 p
. ks 0 —ks 0 0 ] Ldn
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Note that the closed-loop system given above is time varying since the Kalman gain, K = [k; ko k3], is
time varying. Calculation of the Kalman gain requires the propagation of the 3 x 3 error covariance matrix,
P(t), using the continuous-time matrix differential Riccati equation given in Eq. (44). Fortunately, since
the system given in Eq. (66) is time-invariant, the error covariance, P(t), reaches a steady-state value very
quickly. This steady state P(t) is the solution to the continuous-time matrix algebraic Riccati equation given
below:

F,P+ PF,” —PHTR'HP+Q =0 (72)

Now the steady state Kalman gain can be calculated using the equation K = PHTR™!. If the time-varying
gain in Eq. (71) is replaced with the steady-state gain, then the resulting system is time-invariant and the
stability of this time-invariant system can easily be verified by calculating the closed loop poles.

For simulation purposes, the true system parameters are selected to be

co = —26.7, ¢3 =0.765, and ¢ = 0.75 (73)
and the assumed system parameters are
C2 = —26.73, ¢3 =0.76503, and ¢g = 0.7573 (74)

where [ is a scalar parameter which introduces uncertainties into the assumed system model. Using the
assumed system parameters the feedback controller gain can be calculated as

_ | 26.78=300  0.7658+40 1
S= 0.7583 0.758 _0.75[1} (75)

Since there is no measurement noise, a small value is assigned to the measurement noise covariance, i.e.

R=10x10"%
The initial conditions are selected to be
¢ G
P 0
o= 1%
D 0
dpm 0

The scalar variable 3 is selected to be 2.0, thus the assumed system parameters are twice that of the true
system parameters. For the first simulation, the process noise covariance value is selected to be 0.01 and
the simulation results are shown in Fig. 18. Figure 18 indicate that the closed-loop system is unstable for
selected values of () and R.
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Figure 18. Linear System Response: Q =1x 1072 and R=1x 10~°

In order to verify whether the results shown in Fig. 18 is consistent with the Lyapunov analysis, the
lower bound on the norm of @ required for stability is calculated using Eq. (57) and it is given in Fig. 19(a).
Also, the difference between the actual Q norm and the lower bound on @) norm required for stability is
calculated, Fig. 19(b). This difference, called the “stability indicator”, must be positive at all times in order
for the inequality given in Eq. (57) to be true. Figure 19(a) indicates that in order for the inequality given
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Figure 19. Lyapunov Analysis: Q =1x 1072 and R=1x 10"°

in Eq. (57) to be satisfied, the process noise covariance norm must be greater than 0.04. Since @ is selected
to be 0.01, which is less than the required @ norm for stability, the inequality given in Eq. (57) is often
violated as indicated by the negative values shown in Fig. 19(b).

A second simulation is conducted using a process noise covariance of 100. System response and the
estimated disturbance obtained for the second simulation are shown in Fig. 20. The system roll angle
response given in Fig. 20(a) indicates that the given disturbance accommodating control strategy is able to
suppress the initial roll angle of 30° within one second. Also note that the system roll angle rate given in
Fig. 20(b) and the estimated disturbance given in Fig. 20(c) also vanish after one second.
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Figure 20. Linear System Response: Q =1 x 102 and R=1 x 10~°

Given in Fig. 21 are the lower bound on the norm of ) required for stability and the stability indicator.
Figure 21(a) indicates that for Lyapunov stability, the process noise covariance norm must be greater than
2.5. Since @ is selected to be 100, which is greater than the required @ norm for stability, the inequality
given in Eq. (57) is always satisfied as indicated by the positive values shown in Fig. 21(b). These simulation
results authenticate the validity of the Lyapunov stability analysis shown earlier.

In order to further investigate the sensitivity of the process noise covariance to the closed-loop system
stability, additional simulations are conducted using three different measurement noise covariance values,
(1.0 x 1078, 1.0 x 1073, and 1.0 x 10%). The process noise covariance @ is selected to vary from 1 x 10710
to 1 x 1012, Based on the Q selected, different steady-state error covariance matrices are calculated using
the continuous-time matrix algebraic Riccati equation given in Eq. (72). The steady-state error covariance
matrix is then used to calculate the steady-state Kalman gain and the poles of the closed-loop system given
in Eq. (71).

Given in Fig. 22 are the system closed-loop poles and the stability indicator for the first simulation where
R is selected to be 1.0 x 1073, Figure 22(a) shows the migration of the closed-loop system poles from the
unstable region to the stable region as @ increases from 1 x 10710 to 1 x 10*2. Given in Fig. 22(b) is
the stability indicator which identify the process noise covariance values that do not satisfy the Lyapunov
stability requirement given in Eq. (57). Figure 22(b) shows that for process noise covariance values less than
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Figure 21. Lyapunov Analysis: Q =1 x 102 and R =1 x 10~°

1.0, the inequality given in Eq. (57) is violated and therefore the system is unstable as shown in Fig. 22(a).
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Figure 22. Closed-Loop Stability Analysis: Q = [1 x 1071°...1x 10%?] and R=1 x 1073

For the second simulation, the measurement noise covariance value is selected to be 1.0 x 103. Given in
Fig. 23 are the system closed-loop poles and the stability indicator for the second simulation. Figure 23(a)
shows that the closed-loop system is unstable for any values of @ between 1 x 107'° and 1 x 1072, The
consistent negative values given in Fig. 23(b) supports this results. This instability is due to the fact that
as R increases, the first term in Eq. (50), z" HT R—'H#z, approaches zero and therefore a large values of Q is
required to assure Eq. (50) is negative definite. In order to investigate this phenomenon, more simulations
are conducted using the same measurement noise covariance value, but this time @ is selected to vary from
1 x 10° to 1 x 108,

Given in Fig. 24 are the system closed-loop poles and the stability indicator for the simulation where
R is selected to be 1.0 x 1073 and the @Q is selected to vary from 1 x 10° to 1 x 108. Figure 24(a) shows
the migration of the closed-loop system poles from the unstable region to the stable region as () increases
from 1 x 10° to 1 x 108. Given in Fig. 24(b) is the stability indicator which shows that, for process noise
covariance values less than 7 x 10, the inequality given in Eq. (57) is violated and therefore the system is
unstable as shown in Fig. 24(a).

For the third simulation, the measurement noise covariance value is selected to be 1.0 x 1078, Given in
Fig. 25 are the system closed-loop poles and the stability indicator for the third simulation. Figure 25(a)
shows that the major portion of closed-loop system poles are in stable region. This is consistent with the
positive stability indicator values attained for small process noise covariance values as shown in Fig. 25(b).

The numerical simulations shown in this section authenticate the Lyapunov stability analysis given in
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previous section. As revealed by the Lyapunov analysis, the closed-loop system stability is guaranteed only
if the norm of process noise covariance value is greater then a certain lower bound. This lower bound on the
process noise covariance norm is directly proportional to the model uncertainty and external disturbance
while inversely proportional to the measurement noise covariance norm. Knowledge of this lower bound
on process noise covariance can help to design an efficient disturbance accommodating controller using a
Kalman filter.

VII. Conclusion

Disturbance can arise from system uncertainties and external undesirable inputs. The effective accommo-
dation of these unmeasurable, persistently-acting disturbances is an important consideration in the design of
virtually all control systems. A disturbance accommodating controller for nonlinear systems which utilizes
an extended Kalman filter was presented in this paper. In this approach a control scheme is not explicitly
derived, rather, existing control techniques are combined with a Kalman filter to determine the disturbance
corrections which are used to update the nominal control input itself. Some advantages of this control ap-
proach include: the determined disturbance is a natural by-product of the state estimation, and it easily
handles time-varying disturbances. One of the disadvantages of using the proposed disturbance accommo-
dating control approach is that the stability of the controlled system using this technique is highly sensitive
to the user selected process noise covariance value. The simulation results indicated that the closed-loop
system is unstable for small values of process noise covariance. This due to the fact that when a small process
noise covariance value is selected, the Kalman filter assumes there is no uncertainties associated with the
assumed system model, thus minimizing the disturbance corrections to the nominal control input. Therefore
the disturbance accommodating controller reduces down to just the nominal controller. Selecting a very
large process noise covariance value will compel the EKF to completely rely upon the measurement signal.
Therefore the noise associated with the measurement signal directly gets transmitted to the estimates. This
could result in noisy control signal which could lead to problems such as chattering and controller saturation.
The Lyapunov stability analysis conducted on a linear system, which utilizes the disturbance accommodating
control approach with a linear Kalman filter, revealed that the asymptotic stability of the closed-loop system
is guaranteed only if the norm of process noise covariance value is greater then a certain lower bound. This
lower bound on the process noise covariance norm depends on the model uncertainties, external disturbances
and the amount of noise associated with the measurements. Knowledge of this lower bound on process noise
covariance can help to design efficient disturbance accommodating controllers.
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