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This paper presents a framework for the second-order divided-difference filter using a
generalized complex-step derivative approximation. For first derivatives the complex-step
approach does not suffer substraction cancelation errors as in standard numerical finite-
difference approaches. Therefore, since an arbitrarily small step size can be chosen, the
complex-step method can achieve near analytical accuracy. However, for second derivatives
straight implementation of the complex-step approach does suffer from roundoff errors.
Therefore, an arbitrarily small step size cannot be chosen. Previous work expanded upon
the standard complex-step approach to provide a wider range of accuracy for both the first
and second derivative approximations. The new extensions can allow the use of one step
size to provide optimal accuracy for both derivative approximations, which are used in the
divided-difference filter in order to improve its accuracy. Simulation results are provided
to show the performance of the new complex-step approximations on the divided-difference
filter.

I. Introduction

Filtering algorithms, such as the extended Kalman filter! (EKF), the Unscented Kalman filter? (UKF)
and Particle filters>? (PFs), are commonly used to both estimate unmeasurable states and filter noisy
measurements. The EKF and UKF assume that the process noise and measurement noise are represented
by zero-mean Gaussian white-noise processes. Even if this is true, both filters only provide approximate
solutions when the state and/or measurement models are nonlinear, since the posterior density function is
most often non-Gaussian. The EKF typically works well only in the region where the first-order Taylor-
series linearization adequately approximates the non-Gaussian probability density function (pdf). The UKF
falls into the category of filters that do not require linearizations of the state dynamics propagation and
measurement model equations.® Reference 6 further classifies these filters collectively as “Linear Regression
Kalman filters,” since they all fall into the category of filters that linearize the statistics of the nonlinear
models instead of the nonlinear models themselves. While finding the Jacobian and Hessian matrices are
not needed, these filters attempt to capture the statistics of transformations via finite-difference equations.
However, these filters still fall into the general category of the Kalman filter that updates the propagated
states linearly as a function of the difference between estimated measurements and actual measurements.

The UKF works on the premise that with a fixed number of parameters it should be easier to approximate
a Gaussian distribution than to approximate an arbitrary nonlinear function. This in essence can provide
higher-order moments for the computation of the posterior function without the need to calculate jacobian
matrices as required in the EKF. Still, the standard form of the EKF has remained the most popular method
for nonlinear estimation to this day, and other designs are investigated only when the performance of this
standard form is not sufficient. The Divided-Difference Filter (DDF) uses divided-difference approximations
of derivatives based on Stirling’s interpolation formula.” In comparison with the EKF, the DDF results in a
similar mean, but a different posterior covariance. The DDF uses techniques based on similar principles to
those of the UKF. As stated in Ref. 8, the DDF and the UKF simply retain a different subset of cross-terms
in the higher-order expansions. The DDF has a smaller absolute error in the fourth-order term and also
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guarantees positive semi-definiteness of the posterior covariance, while the UKF may result in a non-positive
semi-definite covariance. The second-order Divided-Difference (DD2) filter from Ref. 5 is a more generalized
version of the UKF that offers the same mean estimation accuracy. However, the covariance estimation is
more accurate in the DD2 filter from more accurate treatment of the Gaussian statistics. Also, the DD2
filter operates at the square-root level.

This paper deals with complex-step approximations of derivatives for use in the DDF. Using complex
numbers for computational purposes is often intentionally avoided because the nonintuitive nature of this
domain. However, this perception should not handicap our ability to seek better solutions to the problems
associated with traditional (real-valued) finite-difference approaches. Many physical world phenomena actu-
ally have their roots in the complex domain.” As an aside we note that some interesting historical notes on
the discovery and acceptance of the complex variable can also be found in this reference. A brief introduction
of complex variable could be found on Ref. 10, pp. 1108-1109. The complex-step derivative approximation
(CSDA) can be used to determine first derivatives in a relatively easy way, while providing near analytic
accuracy. Early work on obtaining derivatives via a complex-step approximation in order to improve over-
all accuracy is shown by Lyness and Moler,'! as well as Lyness.” Various recent papers reintroduce the
complex-step approach to the engineering community.!> ' The advantages of the complex-step approxi-
mation approach over a standard finite difference include: 1) the Jacobian approximation is not subject to
subtractive cancelations inherent in roundoff errors, 2) it can be used on discontinuous functions, and 3) it
is easy to implement in a black-box manner, thereby making it applicable to general nonlinear functions. In
this paper, the first and second-order finite differences used in derivation of the DD2 filter will be replaced
with complex-step derivative approximations and thus generalizes it to the complex domain.

The organization of this paper is as follows. First, the complex-step approximation to the derivative is
reviewed for both the first and second-order derivatives. Then, the generalized complex-step approximation
is summarized for both the scalar and vector cases. Next, the approximations are used to approximate
the mean and covariance of a stochastic function, followed by the second-order approximation. Then, the
second-order complex divided-difference filter is shown. Finally, simulation comparisons are made between
the standard DD2 and new CSDA filters.

II. Complex-Step Approximation to the Derivative

In this section the complex-step approximation is shown. First, the derivative approximation of a scalar
variable is summarized, followed by an extension to the second derivative. Then, approximations for multi-
variable functions are presented for the Jacobian and Hessian matrices. Numerical finite difference approxi-
mations for any order derivative can be obtained by Cauchy’s integral formula!”

1) = g [ LS e )

2w

This function can be approximated by

f(n)(z) ~ nl nil M (2)

mh o el

where h is the step size and ¢ is the imaginary unit, v/—1. For example, when n =1, m =2

’

£e) = 53 [#e+ 1) = 5o = ) (3)

We can see that this formula involves a substraction that would introduce near cancelation errors when the
step size becomes too small.

II.A. First Derivative

The derivation of the complex-step derivative approximation is accomplished by approximating a nonlinear

function with a complex variable using a Taylor’s series expansion:'®
’ h2 " h3 3 h4 4
f@+ih) = (@) +ihf (@) = 5 f (@) = igp [P @) + D (@) + -+ (4)
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Taking only the imaginary parts of both sides gives

S{r@+in} =nf @) - /0@ + - 5)
Dividing by h and rearranging yields

, 39 f(x +ih) 2 O(h*) =0

f(x):\s{#}_kh_'@ T... (6)

Terms with order h? or higher can be ignored since the interval h can be chosen up to machine precision.
Thus, to within first-order the complex-step derivative approximation is given by

, 9 flx+ih) 2
f(z)= {f} s Birunc(h) = %f@)(‘f) (7)

where Fiunc(h) denotes the truncation error. Note that this solution is not a function of differences, which
ultimately provides better accuracy than a standard finite difference.

Point of Diminishing Return

Log Error

Log Step Size

Figure 1. Finite Difference Error Versus Step Size

II.B. Second Derivative

In order to derive a second derivative approximation, the real components of Eq. (4) are taken, which gives

h2 " ) h4 @
Solving for f" (z) yields
" 2! . 2!h2
f'@) = gz @ = R{se i} ] + SO+ (9)
Analogous to the approach shown before, we truncate up to the second-order approximation to obtain
() = 2 (@) - w{r@+m}] . Fuwneh) = ) 10)
h?2 ) runc 12

As with Cauchy’s formula, we can see that this formula involves a substraction that may introduce machine
cancelation errors when the step size is too small. Hence, this approach is subject to roundoff errors for small
step sizes since difference errors arise, as shown by the classic plot in Figure 1. As the step size increases
the accuracy decreases due to truncation errors associated with not adequately approximating the true slope
at the point of interest. Decreasing the step size increases the accuracy, but only to an “optimum” point.
Any further decrease results in a degradation of the accuracy due to roundoff errors. Hence, a tradeoff
between truncation errors and roundoff exists. In fact, through numerous simulations, the complex-step
second-derivative approximation is markedly worse than a standard finite-difference approach.'®
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Figure 2. Various Complex Numbers

III. Generalized Complex-Step Approximations

III.A. Scalar Case

Reference 18 presents a generalization of the complex-step approach, which showed better performance
characteristics in the first and second-order approximations than the standard complex-step derivatives.
The basic idea involves a linearization about a general complex number, rather than i alone. The step size
for the difference and average operators are augmented with a unity magnitude complex number:

! (w + %e‘%h> —f (:C - %eeih) (11a)

wf () ; {f (:v + %eeih) +f (w — %e‘%hﬂ (11b)

6f(x)

where 6 is the associated “angle” of departure from the positive real axis. Figure 2 shows the unity magnitude
complex number raised to various rational number powers with common denominator of 6, i.e. multiple of
15°. Let’s take a moment and revisit the Taylor series nominally at Z:

F() = $@) + P @)~ 2) + g @) — 2+ 5 fO@) w2 (12)

and a Taylor series with step size of +e%"h and —e?h:

F(@) = F@+ Ry = F@) + F @SR + oS @)

1 : 1 ” . (13a)
+ g.]0(3) (f)(eezh)3 + IJc(4) (a—j)(eezh)él .

fla) = f(x—e"h) = f() = f'(2)("h) + %f”(:@)(ef’ih)2

1 _ 1. _ (13b)

_ gf(g)(ﬂ_?)(eelh)g + z.]0(4)(57)(601}04 4.

A Taylor series expansion evaluates the derivative information of an analytical function at a precise point
and assumes these derivatives to remain valid around the vicinity of this point. For highly nonlinear functions,
the derivative calculations deviate quickly from the nominal point. Therefore, derivative information with
uniform performance across a region of interest should be used. This is achieved with derivatives derived
by using interpolation. Another advantage is that interpolations generally require only function evaluations
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and not analytical derivations. The Stirling interpolation'® is chosen to obtain the derivation information.
With the Stirling interpolation, an approximation of a nonlinear function can be expressed as

f(x) = f(z+e"ph)
p+1

=f(:v)+pu5f(w)+%p252f(w)+( : )u53f($)+%p2(p2—1)54
+ (p;%) 6 f(T) + - - (14)

Generally, —1 < p < 1 as for interpolation within the region of interest, between —h and +h. Concentrating
only on the first two derivative expansions gives

f@) = f(2) + fospa(@)(x — 2) + %fésm(f)(x - 7)? (15)

where flgpa(Z) and flgp4(Z) are the first and second complex-step derivative approximations without the
truncation error:

f(x+eh) — f(x —eh)

f/CSDA(x) = 2], (16a)
0 _ _ 0

Equation (15) is basically a Taylor series with derivatives replaced with CSDAs. Assuming f is analytic,
substituting Egs. (13) into Eqgs. (16) for Eq. (15) yields

f(@) + fespal@)(z —2) + fCSDA( )(z —7)?
= F@)+ F @)@~ ) + 5 @)~ )

+[O@E R + L@ ] )

i va@)( )(”h)® + !f(G)(w)(e‘”h)"‘Jr--} (z —)?

The first three terms on the right-hand-side of the equation are the first three terms of the Taylor series.
The choice of h has an influence only on the “remainder” terms and the optimal choice of h is explored in
Ref. 5 to be h? = 3 for a Gaussian distribution. Another variable to be manipulated to our advantage is the
0 value, which is related to the power of an imaginary number.

III.B. Vector Case

The scalar analysis is now extended to the multi-variable case, with x € R™. The two Stirling operators in
vector forms are simply

1 4 1 ,.
opf(x)=f (x—l— 5691h6p> —f <x - geelhsp) ; (18a)
_1 L i L i
wupf(x) = 5 f{x+ 3¢ he, | +f(x— 3¢ hey ||, (18b)

th «

where the subscript p emphasizes it is the p*™" “partial” operator with &, being the p™ column of a p x p

identity matrix (the p'" basis vector).
Let y = f(x) denote a nonlinear vector transformation. Its Taylor series can be expressed as

oo

y=f(x+ Ax) = Zi'
— P

= f(X) + Da.f + %Dﬁszr %DEIH--- (19)

5of 18

American Institute of Aeronautics and Astronautics



where

DR f= Awi—i—A:ci—i----—i-A:vipf(x) (20)
Azt 18:171 28:172 "8xn .
The first two operators are simply
D, f = iAm 0 f(x)|x=x (21a)
P 0w, B
p=1
DAmf = Z Z A:I;Z)qum f(X)|x:;( (21b)
p=1qg=1
or expressed with a Stirling interpolation:
~ 1
Daaf = oif ], [Azpppdp] £(X) (22a)
~ 1 n n n -
D2Azf = (ewh)g Z(A$P)26§ + Z Z Apr:Eq (/1’17517)(/1’11511) f(X) (22b)
p=1 p=1q=1,q#p
Restricting the series to second order gives
- 1 -
y ~ £(X) + Daof(X) + 5 DA, f(X) (23)

2

Equation (23) is just one of the many multi-variable extensions of the Taylor series.'®

IV. Approximation of Mean and Covariance

IV.A. Truth Quantities

The estimated mean and error covariance will be compared to the “true” mean and error covariance for
performance comparison. The true mean and error covariance are simply

x = B{x} (24a)

P, = B{[x — x][x — x]T} (24b)

where E denotes expectation. Additionally, the true mean after the nonlinear transformation, and its error
covariance and the cross covariance need to be determined:

yr = E{ff(x)} (25a)
Pyyr = E{[f(x) - yr][f(x) - y7]"} (25b)
Pryr = E{[x - x][f(x) - yr|"} (25¢)

IV.B. Statistical Decoupling

Equation (23) is one of the many multi-variable extensions using an interpolation approximation. Other
extensions can be derived by using a linear transform of the original vector:

z=S5"'x (26)
and the new nonlinear transformation,
f(z) = £(Sz) = f(x) (27)
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The Taylor series expansion for Eq. (27) is simply
_ . 1 ~o -
~ f(z) + Da.f(z) + 5DQAzf(z) (28)

Since Eq. (26) is just a linear constant transformation, the Taylor series expansions in Egs. (23) and (28)
are the same. However, this is not true with interpolation in place of the derivatives. For example, consider
the first-order partial part of the Taylor series,

1

M [Z Axp,upcsp
p=1

1 ¢ o i o i
= 57, Z Az, [f(x + ehe,) + f(x — e he,)]
—1

Daf(%) = f(x)

(29a)

~ ~ 1 ~
DAzf(Z) = m f(Z)

Z Azpppdyp
p=1
1

~ 2e®h Z Azp F(Z +¢hey) +£(z — ewhsp)}
o (29D)

= Qell'eh Z Azp {f (S[z + e hey)) + £ (Sz — ehey)) }

p=1

n
= ﬁ z; S~'Az, [f (x+¢€“hsp) + £ (x— e“hs)) }
p=

where s, is the p*® column of S. It is apparent from Eqgs. (29) that Eq. (23) will be different than Eq. (28).

Any square symmetric positive-definite matrix can be decomposed into two triangular matrices, each equal
to the transpose of the other, P = SS7. This is called the Cholesky decomposition and the decomposed
matrix is referred as the Cholesky factor, S. Many other decomposition schemes exist, but the Cholesky
decomposition is proved to be a computationally more efficient. One particularly useful transformation of x
is by using the Cholesky factor of the state error-covariance matrix (P, = S,ST) to stochastically decouple
x and z,

z=25'x (30)
so that elements of z are now mutually independent from each other and has unity variance with itself,
E{z—z|z—2"}=1 |, z =E{z} (31)
or
Az ~ N(0,1) (32)

with Az = z — z; notice that the symmetrically distributed z translates their zero mean distribution. The
advantage of this decoupling will be made clear in the subsequent analysis with z instead of x directly.

Conversion back to x upon completion of analysis is trivial. Also, during these analysis, f(z) is defined
vz € R™.

V. Second-Order Approximation

The second-order polynomial approximation of the true nonlinear transformation is simply

- 1~
~ f(Z) + Da.f+ EDQAzf

=f(z)+ e; - <Z Azpup5p> f(z)

ewh ZAZ,, 252+Z Z Az Azg(p1p0,) (11g0,) | £(2) (33)

p=1g=1,q#p
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and its estimated quantity, y = E{y}:
I P 1 - 22\ 5
y=F {f(z) + ()2 (;(Azp) 6p> f(z)}

~E@) + 5 2 > 5 )

2(ei0h)2 =
- 1 "o . - , n o -
= @) + 5 ; [f(z +eifhe,) + F(z — ewhep)} - ot ®
ei@ 2 _ 7~ n ~ ) N ]
= %f@) + Q(eileh)z Z {f(i +¢he,) +f(z — ewhep)]
(ewh)Q Ly 1 - = i0 < i0
= o)+ gy ; [f(x + ePhs,p) + F(x — e¥hsy )] (34)

From Eq. (33), notice that f(z) is a deterministic term, thus instead of y, y — f(z) could be used in derivation
of the covariance for y as this would simplify the intermediate analysis:

Pyr=E {[y —E{y}lly-E {y}]T}
=E{yly"} -E{}E{y}"
—e{ly -ty i@} - ely-i@}e{y @} (35)
This leaves the estimate covariance as
Py = E { Dot L0AH] [t + 08T T}

T
e ] e~ SR R
—E {DAZf + 5Dng} E {DAzf + 5D‘izf}

_E { [DAzf]D[BAzf]T} +4E { [Dngﬁf)ng] T} ~1E {Dng}i (D38} (36)

Note that all odd moments in Eq. (36) evaluate to zero due to the symmetric distribution of elements in z
and they are uncorrelated with each other. Given the length of the individual analysis, each of the term [,
0 and O will be evaluated separately. The p'" moment of and element of z is denoted as op. Also, as from
Eq. (31), the second moment of each z element is unity:

0 E { [Da.f] [msz}

By [Dacd] [Pact] "} = éAzpupspﬂz)] pzn‘;Azpupépf(Z)r
= o X k@] [ o]
_ 4(ei10h)2 ,i [z + chey)| [z + ehey)]
= s X [ )] [ ) )

where s, , is the p'' column of the square Cholesky factor from Eq. (30).
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i 1T mn T
O E { {Dizf} {Dizf} } consists of three kinds of terms, Vp, Vq, p # q,

E { [(Azp)%gf] [(Azpyagf' T} - '55%} [55%] oy (382)

) ATY  po AT
E{{(Azp)zéfjf} [(Azq)%gf_ }_ _512,f} [53@ o2 (38h)
E{{Aszzqupéqupéqf} [Aszzq,up(Sq,up(Sqf:T} = :,up5p,uq5qﬂ {,upcsp,uq(sqf]TUg (38¢)

. . AT
0 E {Dizf} E {Dizf} consists of two kinds of terms, Vp, Vq, p # q,

E {(Azp)%pf} E {(Azp)Qapf}T - [55?} [55%} o2 (39a)
E {(Azp)%pf} E {(Azq)%qf}T - [53?} [53%} o2 (39h)

Terms in Egs. (38b) and (39b) cancel each other. Terms in Eq. (39b) will be discarded from analysis
for the reason explained in Ref. 7. Basically they do not constitute to better filter accuracy, while they
are computationally expensive to calculate. The Stirling operators portion from Egs. (38a) and (39a) are
expanded as

[513?(2)} [53%(2)} f [?(z +eihe,) — F(z — eiehep)} [f‘(z +eihe,) — F(z — ewhsp)r
= [f(x + €“hs,,p) — f(x — ¢Phs, )] [F(x +ePhs, ;) — f(x — ewhswm)}T (40)

Again, 09 = 1 from the way z is generated. If the distribution is Gaussian, then o4 = h? and h? = 3; for the
analysis refer to §3.3 of Ref. 7. Finally P,, becomes

n

1 _ i = i = 4 e i T
Py, = 2(eh)? Z [f(x +e ehsz,p) —f(x—e ehsxyp)} [f(x +e ‘ghsxyp) —f(x—e ehsz_’p)}
p=1
(0 1S (g5 4 o, £(x — cih 26(x)] [£(x + ¢h £(x — cih 26(x)] "
RETEOAE p; [£(x + ehsyp) + F(x — ehs, ) — 2£(%)] [E(x + ePhsyp) + (% — ehs, ) — 2f(%)]
(41)
Similarly, the cross-covariance can be derived as
Poy =E{[x -x]ly -y]"}
Fre > Lo Foy L M2 ’
= E{[8.42] | /(2) + Daut + 5 DA — f(2) - 3E {DAzf}
T
—E {[SxAz] [DAzf} }
IR < i < i T
~ 2eh z; [s0.p) [£(x + € hssp) — £(x — € hsy )] (42)
=

again, odd moments evaluated to zero.

VI. Second-Order Complex Divided-Difference Filter

This section summarizes the algorithm for a second-order complex-step filter based on the DD2 filter. For
the resemblance with the DD2 filter, the interested reader is again referred to Ref. 7 for complete derivations.
The filter starts off with initializations of states, process noise covariance, measurement covariance and states
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error covariance. The filter then enters into the measurement update and propagation loop until the last
available measurement. The measurement update is sometimes referred as the a posteriori update while
propagation is also called the a priori update or time update. Common notations are superscript “+”
which denotes updated values, “—” which denotes propagated values and “k” which denotes time index. A
computationally efficient Cholesky square factor is used to maintain (and update if necessary) the covariances
at the square-root level. A Householder triangulation is used as an efficient way to maintain the square
Cholesky factor for the rectangular matrix.

VI..1. Dynamical and Measurement Models

1. The system dynamics and measurement model are modeled as

x(k + 1) = fx(k), u(k), v(k)], v(k) ~ N[v(k), Q(k)] (43)
y(k) = glx(k), w(k)], w(k) ~ Nw(k), R(k)] (44)

where v(k) and w(k) are i.i.d. (independent & identically distributed) random noise with given means
and covariances, and u(k) is a known input vector.

VI..2. Initialization

1. Initialize the states, error covariance
x(0)=%,, P (0)=F (45)

2. Cholesky decomposition of the process noise covariance, measurement noise covariance and error co-
variance:

Q(k) = Su(k)Sy (k),  R(k) = Su(k)Sq (k) (46)
P~ (k) =S, (k)S;T(k),  PT(k)=SS(k)SH" (k) (47)

VI..3. Measurement Update

1. Given x~ (k), S, (k) , w(k), 0 and h, compute the following quantities:

S () = 5 (% () + e hsg (1), w(h)] — g% (K) — s (), w(k)]) (182)
{2 (0) = Yo R () + s (1), w(R)] + g% () — € s () (k) )
~ 2gli (k) w(k)}
S0 = [s0T k) siak) o s )] SETm = [sQTk) sak) o sPa k)]
(48¢)
S () = 5 {81%(B), W (R) + e (1)] — g% (B), w(k) — s (4]} (154)
(k) = Vs el (9,00 + el () + g (0w~ hsag 0]
~ 2glic (k). w(k)]}
SO0 = [sak) som)  sinum]s SRR = [sOit) sEok) - s, k)
(48f)

where n, and n,, are the dimension of the state and measurement noise, respectively, s (k) denotes
the ¢ column of S (k), si¥p (k) and s{2, (k) denote the p™ column of S5~ (k) and S{2~(k),
respectively, s, 4(k) denotes the ¢** column of S,,(k), and s&g;(k) and sy(ﬁz_,)(k) denote the p** column
of Sfﬁu)*(k) and Sg(,%,)*(k), respectively.
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2. Compute the output estimate

eie 2 — Ny — 1N
() = e = g (), i)

+ graye 2 B () € hs (1), ()] + B (8) = € hss (1), (1)
p=1

N

> gk (k) w(k) + e’ hsy (k)] + g[& (k), w(k) — ¢“hsy (k)] (49)
p=1

1
+ 2(e??h)?

3. Perform a Householder Triangulation
suk) = {[ Sy sfk) sEk) SB[} (50)
where H{-} denotes the Householder Triangulation operation.

4. Calculate the Kalman gain

Poy(k) = Sy (k)S;7 (k) (51)
K (k) = Puy (k) [S,(k)ST (k)] (52)

where 5,7 (k) = [ S0 s20) | -
5. Calculate the updates
(k) =% (k) + K(R)[F (k) — 5~ (k)] (53)
Sty =H{[ S7(k) ~ KMSE™ (k) KE)SE(R) KRSE™ (k) KRSE (k) |} 64)

6. If the error covariance matrix is desired, it can be computed via PT = S S+7T or

PH(k) = [55(0) ~ K)SD-0)] 8500~ KISR0 + [Kms-)] [Kkysi-)]

+ [Ks@=)] [Kms@-m)] " + [Kms@-w)] [Kms@-w] (55)

VI..4. Propagation
1. Calculate the following quantities
1

st (k) = S (k) + enst (k) uk),v(k)] — £[x1 (k) — s} (k),u(k), v(k)]} (56a)
st (k) = \/(ewgzzw‘h?; — U LRRE (k) + €hs), (k) u(k), v (k)] + F[&F (k) — e?hs), (), u(k), ¥ (k)]
— 2f[%" (k), u(k), v(k)]}
(56b)
SO = [s05ky sWEw) o sDEm], S@rm) = [sQTk) Pk - SEL k)]
(56¢)
s (k) = 2;9 {0 (), k), v (k) + €¥hisy o (k)] = £157 (), u(k), v (k) — e hso,q(k)]} (56d)
sy (k) = \/(ewgz;e_h?ﬁ — [T (), u(k), (k) + €7y g (k)] + 15T (k), u(k), (k) — €¥hs, (k)]
- 2f[§<+ (k)v u(k)v ‘_’(k)]}
(56e)
SOHm) = [sWTk) sWEy - sSWEm], SDFE) = [SDTw sDik) - s
(56¢)
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where n, is the dimension of the process noise, s; (k) denotes the ¢ column of S;f (k), s&Q; (k) and
S%);Z(k) denote the p*™® column of Sg(ca)Jr(k) and Sﬁ”(kz), respectively, s, ,(k) denotes the ¢'" column

of S,(k), and silv);(k) and sg),;g (k) denote the p'!' column of S&)Jr(k) and Sg”(k), respectively.
2. Propagate the states

L (€Ph)? —ngy —ny

Xk+l - (ewh)2 f[)A(Jr(k)vu(k)vv(k)]

+ S ; (et () + e s, (k) u(k), V()] + EKH (k) — e”hst, (k) u(k), v (b)
+ e 2 (), 0. ¥(06) + €hs, ()] + £ (1), ). 9(8) = B, (0] (57)

3. The propagation of .S, follows

Sote+1) =m{[ sWrky sWrw) 2Tk D) |} (58)
/5 >
r(t)
X2I('[)
Radar ¢ ¢ M i % (t)
T | Altitude
z !

Figure 3. Vertically Falling Body Example

VII. Performance Evaluation

This section presents some performance related figures to compare the performance of the standard DD2
and CSDA filters. The sample problem chosen for the comparison is Athan’s problem,?’ which involves
estimation of altitude, velocity and the ballistic coefficient of a vertically falling body, as shown in Figure 3.
The equations of motion of the system are given by

il (f) = —1‘2(f) (59&)
do(t) = —e™ 102 ()25 (t) (59b)
i3(t) =0 (59c¢)

where x1(t) is the altitude, z2(t) is the downward velocity, x3(t) is the constant ballistic coefficient and
a =5x 107" is a constant that’s relates air density with altitude. The range observation model is given by

ﬂkZ\/M2+(£C1)k—Z)2+Vk (60)

where v}, is the observation noise, and M and Z are constants. These parameters are given by M = 1 x 10°
and Z =1 x 10°. The variance of v, is given by 1 x 10%.

All simulations are run with a sampling interval of 1 sec with a total run time of 50 sec. Fifty Monte
Carlo runs are performed and their average is used for performance comparison. A 4*'-order Runge-Kutta
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Figure 4. Sample state estimates from DD2 and CSDA filters. Simulations performed with h? = 2, CSDA angle = 45°
and measurement variance R = 1 x 10%

integration routine is used to propagate the states between each sampling interval. A few variables that
are manipulated to assess the performance comparison include h?, the CSDA angle 6 and the measurement
covariance. Nominally, h? = /3 for a Gaussian distribution and the measurement covariance is 1 x 10* m?,
except when its influence on performance is being evaluated.

Figure 4 shows a sample of state estimation from both the DD2 and CSDA filters. The CSDA angle is
set to 90°. The simulation is run with measurement model covariance of 2 x 10* m? instead of the “nominal”
value of 1 x 10* m2. Figures 5-9 show the performance comparison between DD2 and CSDA filter. Figure
5 compares the total absolute between the two filters but subsequent figures compare them in terms of
percentage. For Figs. 5 and 6, the CSDA angle of 45° is used since it has same magnitude for both the real
and imaginary components. In these figures, h? is increased from 1 until one of the filter becomes unstable.
This is also a way to evaluate the Gaussianity of the system. Then in Fig. 7, the CSDA angle is varied from
0° (which is essentially standard DD2 filter) to 180° to look for the most suitable angle. Next in Fig. 8,
different h? values are tested again. Finally in Fig. 9, the measurement covariance is slowly increased from
1 x 10* m? to the point of an unstable filter condition. The absolute error is first used as a performance
measure to gauge range of performance. This is the total error over the 50 sec filter run averaging from 50
Monte Carlo simulations. Later, only the percentage difference is used to more accurately present the relative
performance change. The DD2 results are first used as a performance base for each of the comparisons.

Figure 4 gives the first glance into behavior of the DD2 and CSDA filters. It clearly shows that the
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Figure 5. Absolute error, varying h?. Simulations performed with CSDA angle = 45° and measurement variance

R =1 x 10%.

CSDA filter is better in both position and velocity estimates. At about 10 seconds into simulation the system
experiences the lowest observability and thus is most challenging for the filters. Physically, this occurs when
the object is on the same horizontal level as the radar. The CSDA filter consistently outperforms the DD2
filter during this low observability period. This indicates that the CSDA is able to better capture the system
nonlinearity. However, Fig. 4(c) does not show a clear advantage for estimation of the ballistic coefficient.
The total absolute error in the ballistic coefficient estimation in almost every case favors the DD2 filter.
Though it is merely by a small percentage margin as shown in subsequent runs. The DD2 filter shows more
abrupt movement in estimating the ballistic coefficient, which is more smooth for the CSDA filter.

Figure 5 evaluates the effect of h? in the form of total estimation error of each state. Figure 6 shows
the same information but as a percentage change based on the first DD2 results. From now onwards, the
percentage change will be used as relative performance index. A value of h?> = v/3 is optimal for Gaussian
systems, but obviously our nonlinear system is not be very Gaussian. In reference to Fig. 6, low h? values
work better for both filters. At h? = 1, both filters exhibit the best possible performance characteristics for
position and velocity estimation. Conversely, estimation error of ballistic coefficient is minimized at h? = 2.
Estimation error in the ballistic coefficient for CSDA filter, however, bottoms at h? = 1 and increases with
increasing h?. For these reasons, h? = 2 embodies a good compromise for all three states and this will be
used for succeeding runs. The DD2 filter becomes unstable at h% beyond 9, but the CSDA filter is still able
to give reasonable estimates. Moreover, the performance deteriorates much slower than the DD2 filter, once
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Figure 6. Percentage of error, varying h?. Simulations performed with CSDA angle = 45° and measurement variance
R=1x 10%.

again showing the robustness of the CSDA filter.

The optimal angle for the CSDA filter is now examined. Figure 7 shows the effect of different angles from
0° (this reduces down to just plain DD2 filter) to 180°. It clearly reveals that 90° is the most optimal angle,
which means using just a purely imaginary number, i. At this angle, the position estimate is improved by
over 5% while the velocity estimate is improved impressively by over 12%. The less than 0.7% deterioration
of the ballistic coeflicient estimate is negligible compared to the vast performance gained in both position
and velocity estimate. Thus e?°°?h or just ik should be used as the step size. It is important to note that
this angle is “optimal” only for this particular estimation problem. Other problems may require different
values for this angle.

The effect of h? with the optimal CSDA angle is now shown. Figure 8 shows that the sensitivity of the
newly improved CSDA filter to various h? is significantly reduced. The CSDA has so far shown to be more
robust than DD2 filter in almost every measure. The last test is the influence of measurement noise. The
measurement noise is slowly increased until the filters become unstable. From Fig. 9, the DD2 filter becomes
unstable with measurement variance, R, greater than 3 x 10%, however, it takes R to be greater than 6 x 10*
to make the CSDA filter unstable. Figures 9(a) and 9(b) show the “terminal” position and velocity estimates
of the CSDA filter are still within the limit of operation for the DD2 filter, however, the ballistic coefficient
estimate for the CSDA filter at R = 6 x 10% is evidently higher than the limit of DD2 filter. Thus it is
speculated that the failure of CSDA filter beyond R = 6 x 10* may be due to unreasonably accuracy in the
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ballistic coefficient estimate.

VIII. Conclusion

In this paper, the first and second-order CSDAs were used in substitution of the first and second-order
central divided (finite) difference formulae in the derivation of the DD2 filter. The analysis shows that it is as
easy as substituting h in central divided-difference formulae with one involving a unity magnitude complex
number, e?’h. This method generalized the DD2 filter with a complex step size. Assessments were carried
out to determine suitable values for h?> and CSDA angle. Also, the robustness of the CSDA was shown
with higher measurement noise. All measures favor the CSDA filter. These proved the robustness of CSDA
filter in the face of high nonlinearity. The square-root level filtering of the DD2 and CSDA filters may also
provide numerical stability advantages in handling extremely small variables or states with large magnitude
differences among them.
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