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ABSTRACT

This paper derives an approach to combine estimates andiaoses for decentralized attitude estimation using
a quaternion parameterization. The approach is based arotlagiance intersection method, which is modified to
maintain quaternion normalization in the combination pss A practical simulation result is provided where local
extended Kalman filters are used on two star trackers, eactingiwith common gyro measurements. The covariance

intersection approach is shown to provide more accuraiteaiss than either of the local filters.

INTRODUCTION

Decentralized estimation is an important topic in a datéofusystem composed of several processing nodes. The
key to a decentralized approach is that even though commtimiclinks may exist between some of the nodes,
none of the nodes has knowledge about the overall networddgp [1]. This has the advantage of not relying on a
common communication system, which upon failure can cwese/hole node structure to also be inoperable. Another
advantage of decentralized estimation is that nodes caly basadded or deleted in the network without requiring
drastic changes to the overall topology. The main disadendf decentralized estimation is that since some of the
nodes may be using redundant information, their respestate estimates may be correlated and the fusion process
cannot assume independence.

A practical and modern-day example of a decentralized esitim approach involves a spacecraft system that has
two “quaternion-out” star trackers, each running an exéenidalman filter using common gyro measurements. The
state vector involves the overall spacecraft attitude amd biases. The star observations between the two trackers

are clearly independent processes, but since each filtercosemon gyro measurements, correlations will exist. The
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correlations are automatically accounted for in the caliboih of the Kalman gain through the cross-correlation deva
ance terms when a single centralized filter is processingtalobservations and gyro measurements simultaneously.
However, maintaining cross covariances is not possiblelecantralized system where estimates using redundant data
are combined. When naively combining information from eliént nodes of a decentralized system, the combined
covariance can actually underestimate the actual ernoesstimation terms, for unbiased estimates, consistenstsex
when the combined covariance is greater or equal to the iemaw of the actual errors. A consistency problem exists

when this condition is not met.

An elegant solution to the consistency problem for decéné@ systems is the covariance intersection (CI) ap-
proach [2]. The authors of this work describe the approadaimgua geometric interpretation of the Kalman filter,
considering the covariance ellipses of a two-dimensidiaé s/ector. When the cross covariance is known exactly, the
fused estimate’s covariance always lies within the intfea of the individual covariances. The form of the estienat
and covariance is identical to the standard Kalman filterinelependence is given and generalizes to a colored-
noise Kalman filter [3] when there are known nonzero crossetations. When the cross covariance is unknown, a

consistent estimate still exists when the covariance seslthe intersection region.
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Figure 1. Shape of Various Covariance Ellipses

Figure 1 shows an example of the CI process. In this figurenttiigidual, i.e. the decentralized, covariance ellipses
are shown by the solid lines. The centralized solution, Wh&cthe optimal solution, produces an ellipse that is
within the intersection of the individual ones. The CI saatproduces an ellipse that always passes through the
intersection. Note that a family of solutions is possibeshown in Figure 1, and one can be chosen by minimizing
the expected errors by some means, such as minimizing e dradeterminant of the combined covariance matrix.
In the CI approach a scalar weighted average of the covariaratrices is used. When combining two estimates,

only a one-dimensional search is required versus one thalvies the whole parameter space in the matrix weighted



case. Fortunately, the standard Cl approach is found to tialpin the trace minimization sense, even in the general
weighted case [4]. The Cl is however conservative in thagiiter ellipsoid is larger than the true one. The largest
ellipsoid algorithm [5] avoids this by creating the largeliipsoid that will fit within the intersection of the covarices,

which is always more optimistic than the ClI algorithm [5,160f consistency is yet to be established for this approach.

For spacecraft attitude estimation, the four-dimensigoaternion [7] is the attitude parameterization of choare f
several reasons: 1) itis free of singularities, 2) thewattmatrix is quadratic in the quaternion components, attae3)
kinematics equations is bilinear and an analytic solutiasts for the propagation. However, since a four-dimeraion
vector is used to describe three dimensions, the quatecoimponents cannot be independent of each other, which
is shown by the fact that the quaternion must have unit norhis [Bads to problems when attempting to average a
set of quaternions, which is further compounded by the 2:ppimgy of the rotation group. Reference [8] presents
an approach for determining the average norm-preserviatequion from a set of weighted quaternions, which is
accomplished by performing an eigenvalue/eigenvectarm@osition of a matrix composed of the given quaternions
and weights. Independence is inherently implied in thetsmiu In this paper, the quaternion averaging algorithm
is extended to handle appended state vectors. In partieuteaw Cl combination approach is derived that preserves
guaternion normalization during the solution process. @édmc idea is to perform the Cl operation over the nonlinear
manifold of the unit sphere.

The organization of this paper is as follows. First, the Qdraach is summarized and then re-derived from a loss-
function point of view. Next, a Cl approach that fuses estemanto a single quaternion and other quantities is defived
which maintains normalization of the fused quaternion. A& root version is also derived that provides a better
conditioned approach from a numerical viewpoint. Finalgnulation results for the single quaternion case are shown
using a two star-tracker system, with each tracker incafogy common gyro measurements in their decentralized

nodes.

COVARIANCE INTERSECTION

This section summarizes the Cl approach (see [2] for moraildgtwhich is rooted in the concept of Gaussian
intersection [9]. Consider two estimate-covariance pdus P, } and{b, P, }. The true values of each are denoted
with an overbar, with?,, = E{aa”}, P,, = E{ab”}andP,;, = E{bb”}, wherea £ a—aandb £ b—b, which
are the state errors arief - } is the expectation operator. It is assumed that the estiniata andb are consistent, so
thatP,, — P,, > 0 andPy, — Py, > 0. This means thaP,, — P,, and Py, — P, are positive semi-definite matrices.

A consistent estimate formed by fusiagandb is given by

Pl =wP +(1—w)P,* (1a)

c=wP.Pla+(l—w)P.Py'b (1b)



wherew € [0, 1] is a scalar weight. The requirement forensures that the covarianée. > 0, P,, > P.., and
Py, > P... Reference [2] proves that the estimatis consistent for alP,, andw. ThatisP.. — P.. > 0 whereP,. =
E{ceT} with ¢ £ ¢ —e. The weight can be found using a simple optimization schévaerinimizes the trace or the
determinant ofP... The trace and the determinantBf. characterize the size of the Gaussian uncertainty ellipsoi
associated withP... In two-dimensional cases, the former is approximatelypprtonal to the squared perimeter
of the ellipse and the latter is proportional to the squared af the ellipse. Consider the identity(det P..) =
tr(log Pe.), wheretr is the matrix trace operator. Using the fact that the loparifunction is monotonic, it can be
seen that minimizing the determinant 8f. is equivalent to minimizing the trace of the matrix loganitiof P,., not

to minimizing the trace oF,.. Minimizing the trace or the determinant Bf. is a convex optimization problem. This

means that the cost function has only one local optimum iofthe range of0, 1], which is also the global optimum.

L oss Function Point of View

The CI solution can be determined from a loss function pointi@v. The usefulness of this perspective will be

made clear in the next section. Consider minimizing theofeilhg loss function:
J(c) =w(c—a)T Pl (c—a) + (1 —w)(c —b) Pyl (c D) )

The loss function is identical to that of fusing two uncoatel estimates with dilated covariandgs /w and Py, /(1 —

w), respectively. Minimizing Eq. (2) with respect¢aesults in
wic—a)'Pl +(1-w)(c-b)TP,'=0 (3)
Taking the transpose and rearranging yields
(WP + (1 —w)Py'| c=wP,la+ (1 —w)Py,'b (4)

Using the definition of... from Eq. (1a) we obtaik = P..[wP,,'a + (1 — w) P, ' b], which is identical to Eq. (1b).
Note that whenw = 0.5 the loss function is equivalent to maximum likelihood esttion with the assumed indepen-

dence property applied.

Fusion of Multiple Estimates

It is straightforward to apply the ClI approach to fuse midtipstimates. The CI algorithm closely resembles

an electrical resistance calculation within a parallehéscture. Given a set of estimates{x;,xs,...,x,} and



associated covariancé®,, P, ..., P, }, a consistent estimate of the fused estimate and covarisugeen by

= Xn:wipi71 (5a)
i=1

C=Pe Y wiP'X; (5b)
=1
where the weights satisfy"" , w; = 1 andw; € [0,1]. The weightsv; can be found by minimizing the trace or the
determinant ofP.. subject to the aforementioned constraints. The boundechizpation problem is convex and may

be solved efficiently using, for example, CVX, the MATLAB sweare for disciplined convex programming [10].

ATTITUDE ESTIMATION VIA COVARIANCE INTERSECTION

In this section the Cl approach is extended to attitude estim. The objective is to fuse attitude estimates with
unknown correlations to yield a single quaternion estiméitis assumed that thé" state vector;, is composed of
a quaterniong;, and other quantitiedy;, such as gyro biases. A standard multiplicative quaterKiaiman filter is
employed, where the covariance matrix, denoted?hyis the reduced order form for the small half-attitude esror
and errors for the remaining quantities [11]. Clearly, Exh)(cannot be directly employed in this case because the
resulting quaternion will not be guaranteed to have unitmdror sake of simplicity, we assume that the covariance
(in the reduced order form) after the Cl update is given by(Bg), independent of the updated state estimate. The

optimal weights are then determined by minimizing the traicthe determinant of the covariance after the Cl update.

A method to average quaternions is presented in [8], whisbh sthows its relation to maximum likelihood estima-

tion. The loss function is given by

n

J(@) =Y a"Z(a) PpE" (ai)a (6)

i=1

subject to the constraint— q”'q = 0. The matrix=(q) is defined by

I3y
(@) 2 qal3x3 + [px] )
_pT

[1]

where p denotes the vector part of the quaternion gnds the scalar part, i.eg = [p” ¢4]7. The magnitude of
=7 (q;)q is the absolute value of the sine of the half-error angle T8le matrix?,,, is the3 x 3 covariance matrix
of the vector part of the error quaternion corresponding.to The solution approach uses a Lagrange multiplier
to handle the equality constraint. The average quatersigiven by finding the eigenvector corresponding to the

maximum eigenvalue of the matrix

==Y E(a) P E" (ai) ®)

i=1



A straightforward implementation of the quaternion avarggalgorithm cannot be applied to the problem with
appended state vectors, i.e. state vectors that includ#itj@a other than the quaternion. To overcome this issae th

following function is maximized:

J(Ax) = Zwl Ax] P Ax; (9)
i=1
where}"" | w; = 1,w; € [0,1] and
ny
K29 A a|F@al s P P (10)
b| m b —b; np ! Pl?;u Pbbi np

It has been assumed thHLF1 is nonsingular. Note that the vectbrcan be of any dimension, denoted hy. For
spacecraft attitude estimation applications with gyrbg vector may contain a combination of gyro biases, scale
factors and misalignment parameters. It is known tjaand —q, represent the same attitude. However, changing
q; (or q) to —q; (or —q) in Eq. (9) alters the value of (x) unlessPy, is a null matrix. Care therefore needs to be
taken in preparing the attitude data. The basic idea is te Blheq; point largely to the same direction (heggare

treated the same way as the line-of-sight vectors).

The quaternion constraint is handled using the method ofdrage multipliers. The appended objective function is

now

J(Ax) = ZwZAxTP LAX; + A1 —-q”q) (11)

i=1

The necessary conditions for maximization of Eq. (11) are

= —Qsz{q E(9;)Pap; + (b —bi) Py, } = 0 (12a)

9q —22%{(1 E(9,)Pgq, 27 (q;) + (b =) Py, E7(q;)} = 20q" =0 (12b)
oJ T

o 1-9'q=0 (12¢)

Expanding Eq. (12a), and taking the transpose and solving yeelds
b=8,'(d - Bl,a) (13)
where the following definitions have been used:

By £ Zwﬂ?bb“ d= Zwitpbbi bi, Bgp = Z wi=(0;)Pab, (14)
i=1

i=1 i=1



Substituting Eq. (13) into Eq. (12b) with similar manipudets yields

(Bgq — BBy, Bay + Muxa)d = ¢ — BBy, 'd (15)
where
By 2 wiE(0)PeET(0), 2 wiE(q,) Py, bi (16)
=1 =1

The definitions presented in Egs. (14) and (16) are formeh thatx can be expressed as

qu + Mixa qu q _ C (17)
Bﬁ B | | b d
subject to the constrairf’ q = 1. The matrix3 formed by the elements in Eq. (17) is
| Baa Bap| 4 >y wiS(4i)Paq, ET (a0) 27 wiS(ai) Pa, (18)
By, B >im wiP gy, T (ay) > i1 wiPob,
which is a positive semi-definite matrix. It is singular omiren all of theq, are identical.
From Eg. (15), define the following:
Z £ Byq — BpBy,' BY, (19a)
g£c—ByBy'd (19b)

Note that” is a positive semi-definite matrix. Maximizing the objeetfunction has now been reduced to the solution

of the following set of consistent Lagrange equations:

(Z+Maxa)a =9 (20a)

qq=1 (20b)

SOLUTION TO THE LAGRANGE EQUATIONS

The Lagrange equations in Eq. (20) have been studied in diet#his section two solutions are considered. One is
based on using a secular equation approach and the otheseid ba a quadratic eigenvalue approach. A square root

formulation is also derived to improve the numerical coiediing of the problem.



Secular Equation

First consider an eigenvalue decompositionZof= QV Q" whereV is a diagonal matrix of eigenvalueg, £
diag(dy,...,d4), andQ is the associated matrix of eigenvectors satisfyigQ = QQ7 = I. Substituting the

eigenvalue decomposition féf in Eq. (20a) and rearranging yields

QVQTq=-2QQ"q+g (21)

If Eq. (21) is pre-multiplied byQ@™ and defining the following x 1 vectors:

uzQ’q (22a)

a=Q%g (22b)

Then Eq. (20a) becomé&su = —\u + a. Becausé/ is diagonal we can now solve for each of thevalues:

a;
;= 23
U= ST (23)
Usingq = Qu, the normalization constraint becomes
4 a \2
T T i
q"g=u"u Z(&_H) (24)

i=1

Equation (24) represents an explicit secular functiok.iThe explicit secular function is &' degree polynomial in
A which must be solved. In [12] it is shown that the optimas the maximum real zero of Eq. (24). In order to solve

Eq. (24), a robust root finder is necessary. Ohgg, is determined, the quaternion and vediare determined by

d=(Z+ Amadaxs)"'0 (25a)

b=8,,'(d - BLa) (25b)
Note that the preceding approach is fundamentally the sartteadused in the extended QUEST algorithm [14].

When )\ is solved iteratively, a good initial guess is important émnvergence and computational efficiency. A
good approximate solution for can be found if the correlations between the quaternion dmer states are small,
i.e. By = >oi, wi 2(qi)Pg, is smaller than the other terms in Eqgs. (20). An approximaternion, denoted

by qapp is given by finding the eigenvector associated with the maxn eigenvalue of the matridt = —B,.



Pre-multiplying Eq. (20a) by, and solving forA gives the approximation

Aapp = qupg - qup Z dapp (26)

which can be used as a starting guess for the actualan iterative scheme. Note that because the quaternion and
its negative represent the same rotation, then Eq. (26)dheuwchecked using botlfpp, and—qapp to see which one
produces a higher value ofpp. In many cases)app = 0 is a good initial guess as well [15]. Other iterative schemes

can be found in [16-18].

Quadratic Eigenvalue Problem

Rather than solving an explicit secular functiomifithe Lagrange equations can be reduced to a quadratic eigen-
value problem (QEP) [12]. This is due to the fact that the hage equations are consistent (equality in the norm
constraint). If the Lagrange equations are inconsistapt@EP could still be used in order to define the spectrum for
which the solution lies. The QEP is well known because of ismyapplications to dynamic systems and structural
analysis [21]. In many cases one can then reduce the QEPdadestl eigenvalue problem (SEP), for which solution

techniques are well known. Begin by solving Eq. (20a)d@and substituting the result into Eq. (20b), which gives
9 (Z + Muxa) 2g=1 (27)

Define a new x 1 vectory as

Y £ (Z 4 Maxa) g (28)

Equation (27) can then be written @5~ = 1. Pre-multiplying Eq. (28) byZ + M4x4)? gives
(Z + Mixa)*y =9 (29)
Finally multiplying each side of Eq. (29) by unity using~ = 1 gives
(Z + Maxa)®y = 99" (30)

Equation (30) is the associated QEP for the Lagrange eqsatibEq. (20). Reference [12] goes through several
rigorous proofs to show that the maximum eigenvalue of tise@ated QEP is the unique solution for the Lagrange

equations. As stated, the QEP can be transformed into a SiERPelative ease. Define thiex 1 vectorn as

2 (Z+ Mixa)y (31)



Substitutingn into Eq. (30) and rearranging slightly yields

Zn—99"v = —An (32)

Rearranging Eq. (31) results in

Zy—m=—-\y (33)

Defining the vecto€ = [y7 n7]T allows Egs. (32) and (33) to be written as

=7 lyxa
E=X = At=X¢ (34)

9’ -Z
Equation (34) is an SEP arid, &) are an associated right eigenpaithfBecause we have an augmenged1 vector
&, there will be 8 eigenpairs. This is consistent with the ltissef the secular equation. However, it is well known that
solving an eigenvalue problem is numerically better canadéd than finding roots of a polynomial in general. Again
the correct value foi is the largest real eigenvalue. After determining the lsrgégenvalue, Eq. (25) can be used
directly to findg andb. Note that determination of the fused covariaitgis done prior to determination gfandb,

and has no effect other than the weightio the CI algorithm.

Square Root Formulation of Cl

For most data fusion applications it is not unexpected tiag} vectors are close to each other. When this occurs
numerical problems may arise for the inverseé Bf+ Amaxl4x4). TO alleviate this problem a square root formulation
is derived in this section based on the techniques in [22§t EDnsider that the error-state vectox; can be written

as

T
=" (a; (i) O3xn,
Ax & (@)a| _ |=(ai)  Osx q (35)
b_bl Oan4 I’ﬂ,bX’ﬂ,b b_bl
Using the definition fox from Eq. (10) and defining
0
Zi é 4x 1 (363.)
b;
Z(q;)  Oaxn
v, A (a:) 4xny (36b)

Onb><3 Inb X1y

10



allows the objective function in Eq. (9) to be written as
sz —2)" U, P70l (x - z;) (37)

Define the following positive semi-definite matriyy; £ wi\IJiPi‘lllfiT. Becausé@V; is positive semi-definite we
can compute its matrix square rootlag = C!'C;. The matrix square root is assisted noting thgtis symmetric.
Computing the eigenvalue decomposition®f givesW; = Q,;X2Q7, where¥; is a diagonal matrix of the singular
values ofC;. This immediately gives

C; =2:QF (38)

Distributing C; into Eq. (37), the objective function is
=Y (Cix—Ciz)" (Cix - Ciz:) (39)
=1

which can be written as

J(X) = — (Sx—2)" (Sx — z) — 12 (40)
for somesS, z andr.

The proof of this relationship is now shown. The summatioEdn (39) can be rewritten as

S - - 1,2

Cl 0121
n T Cy Y2
— Z (ClX — CiZi) (ClX — CiZi) = — ) X — . (41)
=1 . .
Ch Cnz,

Lo Lo

where||-||, denotes the 2-norm. Note for any vecyowe have||y||§ = yTy. Now suppose we have a matfikxsuch
thatU”U = I. The 2-norm of the vector is unaffected by multiplication witi/, so||Uy||§ = ||y||§. Now consider

the followingn(n, 4+ 4) x (n, + 5) matrixg:

Ol 0121

N CQ CQZQ
N (42)

1Cn Cnzn

A QR decomposition ofj results in am(n;, + 5) x (n, + 5) orthogonal matrix) and an upper triangular matriX

11



partitioned as

(nb+4) 1
S z| (npy+4)
R= ' (43)
0 r 1
whereS is upper triangular. Hence,
— - — - 0,2
Cl 0121
2 2
Co C22p S z S z
J(x) =— X — =—|Q X — = - X — (44)
: : 0 r 0 r
2 2
Cy, Cnz,

L L=

The last equality follows from the fact th@” Q = Iy, +5)x (ny+5)- EQuation (44) can also be written ds=
—(Sx — z)T (Sx —z) — r2. Once again the quaternion norm constraint is handled ukagnethod of Lagrange

multipliers. Here the constraint is defined as

) O4xn
NGl IR IV xIIx =1 (45)

Onb x4 Onb Xnp

which is equivalent to Eq. (12c). The appended objectivetion is
J(X) = — (Sx—2)" (8x —2) —r? + A(1 — x"I,x) (46)

Taking the partial derivatives results in the following ditions to maximize the objective function:

ag_ix) D (STS+ M) x=8"z (47a)
OJX) p.
ok X Igx =1 (47b)

The solution for the square root approach hinges on the letyd that the two representations of the objective
function, Egs. (46) and (11) must be equivalent. It therofed that their respective necessary conditions, Egs. (47)

and (12) must also be equivalent. Therefore,

B=STS (483)
C

=87z (48b)
d

12



In what follows we will relate certain quantities of the sgaaioot approach with the standard approach shown

previously. First, the following is defined:

4 ny
S, S, 4
steg=|T T (49)
0 S| ™

The matrixZ can be written in terms of the partitions 8fas
Z71 = 8q Sk + SauSh, (50)

The vectorg can be written as

9= Z[Sqq Sq)z (51)

This is proven by first recalling from our previous derivatibatg as well asz, Syq, Sqb, Sts, @andz are independent of
. With this knowledge we set = 0. Solving Eq. (20a) directly yield§ = Z~'g, whereq is the optimal quaternion
estimate to the unconstrained problem. If we consider EZ). i#the unconstrained case then we have S~z
Substituting Eqg. (49) yields

[Sqq Sqp) Z

— (52)
[0 Sbb] Z

T« Q

Comparing top block of Eq. (52) wit§ = Z~'g yields Eq. (51). From Eq. (50), we can writes"" = M7 M where
M =[Sy Sp]T. The QR decomposition af/ givesM = QR. with QT'Q the identity matrix and?. an upper
triangular matrix. Then,

Z7'=RTQTQR. = RTR, (53)

For the secular equation-based approach, the eigenvateeng@sition ofZ is needed. From the singular value
decomposition ofz_

R;'=QxvT (54)

whereX. £ diag(oy, 09, 03, 04), we have the eigenvalue decompositiorfZof

Z=RI'R" = QxqQ" (55)

SubstitutingZ = Q¥?Q7 into Eq. (51) gives = Q¥?Q7 [Syq Se] 2. From Eq. (22b)

a= QTQ =22Q" [Sqq Sgv] 2 (56)

13



Givenaand the values af; £ o2, one can now solve the secular equation, Eq. (24)\fdnce the the optimal value

of \ is determined, the optimalis computed using
x=(87S+AL,) " 8"z (57)

from Eq. (47a). The matrix inverse can be computed effioyems! follows. Definez £ STS + A\I,. WhenZ is
symmetric, positive definite, it can be characterized by al&@ky factorizatiorZ = £7 £, whereL is defined by four

rank-one Cholesky updates [23]8fwith the four update vectors being the columns of

sign(A) /| A Taxa

Onb x4

After the Cholesky updates then the optimas computed as
x=L"1718Tz (58)

The square-root formulation presented in the precedintpseccan be summarized as follows:
1. Form the matrixg using Eq. (42).

2. ComputeS andz based on th€) R decomposition ofj.

3. ComputeS = S~ and partition as in Eq. (49).

4. ComputeR, using aQ R decomposition ofS,, qu]T.

5. ComputeR, > andU from a singular value decomposition & *. (The matrices can also be computed from

the singular value decomposition Bf .)
6. Computea from Eq. (56) and; = o2 from .
7. Solve the secular equation, Eq. (24) jfor
8. Computel based on four rank-one Cholesky updates of
9. Compute the optimad using Eq. (58).

The matrix inverse of or R, needs to be replaced by the Penrose-Moore pseudo-inveeseSadr R, is singular.

14



Practical ssues

All the approaches are derived under the assumptior{ f1at\nmax/) is nonsingular and that the optimal quaternion
satisfiesqy = (Z + Amaxlaxa) 8. When(Z + Amaxl) is singular, which occurs whekmax = —\Z;,, where\Z;, is
the minimum eigenvalue of, the optimal quaternion may take a more complex form.

Defineq = (Z — A%,,11x4)'g, wheret denotes the Penrose-Moore pseudo-inverse. Because> —\Z;[14],

|lall < |lql|. The following observations help determine the optimaltgurdon [15]:

1. 1f1 = |lq| > 1, then max > —A\%, must be true. TherefordZ + Amaxlix4) iS nonsingular andy =

min

(Z + )\maxI4><4)71g-
2. Ifl = ||lg|| = 1, thenAmax = — A2, (Z + Amaxlaxa) is singular, andy = q.

3. 1fl = ||la]| < 1, thenAmax = —AZ;,, (Z + Amaxlax4) iS singular, andy = q + t, wheret is a vector in the null
space ofZ of which the magnitude equalél — /2. Note that in this case the solution is non-unique because of

the ambiguity in the sign of.

When (Z + Amaxlax4) is singular, Eq. (58) cannot be used to compuitbecause the Cholesky decomposition
or the four rank-one Cholesky updates require f#at- A\maxlsx4) be positive-definite (nonsingular). In this case,
(STS + /\Iq)T STz can still be computed robustly (but less efficiently), foample, based on the singular value

decomposition of.

STAR TRACKER SIMULATION RESULTS

In this section results using two star trackers with gyr@assirown. The spacecraft is assumed to be in low-Earth
orbit with zero inclination. The trackers are pointed5 degrees facing away from the Earth. Each tracker is assumed
to have an 8 degree field-of-view and can observe stars domagmitude 6 with a maximum of 10 stars at any time.
The +45 degree (north) tracker observations are corrupted witb-mezan Gaussian white noise using a standard
deviation of 3.5 arc-sec, while the45 degree (south) tracker observations have noise with aatdmigviation of 35
arc-sec. A sampling interval of 1 second is assumed for dreogiservations and gyro measurements. Each tracker is
running its own extended Kalman filter using a common gyrdaieof the Kalman filter employed can be found in
[3]. The estimated quantities are the spacecraft’s attiattl three gyro biases, ixe= [q” b”]”.

The Cl algorithm was used as previously derived. The weighi&s found using a simple 1-D bounded optimization
routine to minimize the trace df,.. as defined in Eq. (1a). It was found that minimizing the trat&Q provides
superior results to minimizing the determinantfof., see Figure 2(a). Minimizing the sum of the diagonal element
squared was also investigated but found to yield no impr@rraver minimizingtr(P,..). The weights associated

with minimizing the tr(°..) can be seen in Figure 2(b). During the transient stage, tiest@nate relies more on the
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north tracker, which is more accurate than the south tradethe filter converges each filter's estimate is weighted

nearly equally.

The estimated error results can be seen in Figure 3. FigajesBows theo attitude bounds for the north only,
south only and global filters as compared to the CI solutidre global filter represents a centralized extended Kalman
filter which processes all available star and gyro measungsn€learly, the Cl bounds are lower than either tracker
alone but greater then that of the centralized filter. Thawsalation results confirm that the Cl approach is somewhat
conservative in the computation of the fused covariance 3-axis attitude errors and respectdeebounds can be
seenin Figure 3(b). The results from the secular equatgoriéhm are juxtaposed with those from the QEP and square

root algorithms. All three results lie on top of one anothad are indistinguishable without increased magnification.

Simulations are also run assuming that both star trackess thee same noise standard deviation of 3.5 arc-sec.
With this simulation, each of the quaternion estimates beélinearly identical. This simulation case is done in order
to test the numerical properties of the proposed algoritHfigure 4 shows the estimation results. The Cl algorithm
now weights the results from each filter almost equally. Alsote the rather large improvement in the attitude
bounds obtained by fusing the two estimates as opposed todhe subtle improvement when the noise parameters
were unequal. Plots of the 3-axis attitude errors show tesohsistent with the previous simulation. Again the three
algorithms yield identical results. In the numericallyfaifilt simulation it was noted that often the maximum value
of A contained an insignificant imaginary compondﬁt((lO*ﬁ) or less). When this occurred only the real parof
was used. The benefit of the square root algorithm becameeppiuring the difficult case simulation through the
number of warnings issues by MATLAB. The secular equaticth@&P algorithms had difficulty in the inversion of

the nearly singulatZ + A\I4.4) matrix, a problem not encountered within the square roairétgm.
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CONCLUSIONS

A challenge for fusing estimates from multiple sources oéaantralized system arises from the correlation of the
estimates. Tracking the correlation of the estimates mainipeactical or impossible in certain applications. The
Cl method is a simple yet effective approach for fusing npldtiestimates of unknown correlation. It guarantees
that the updated estimate is consistent, although the &stitends to be conservative. When applied to attitude
estimation using quaternions, the Cl method involves sgha quadratic programming problem with one quadratic
equality constraint that the attitude quaternion must havigy norm. A Lagrange multiplier was used to augment
the objective function with the equality constraint. Thdusion is obtained by solving the secular equation or a
guadratic eigenvalue problem. A square root formulatiothefsecular equation-based approach was also derived.
The star tracker simulation results illustrated the effectess of the CI method for attitude quaternion estimation
with common gyro measurements. In particular results sdalvat the fused estimates are possible that maintain

guaternion normalization.
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