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This paper develops an approach for the integration of GPS, inertial measurements from
accelerometers and gyros, and differential wheel speed sensors for land vehicle navigation.
Incorporating differential wheel speed sensor information into land vehicle navigation pro-
vides a solution for eliminating large errors caused by vehicle motions while also reducing
errors from sideslip. Extended Kalman and Unscented filtering algorithms are designed
with a six degree of freedom model. In order to incorporate differential wheel speed infor-
mation properly, the effective wheel radius must also be estimated as part of the overall
estimation approach. Simulation results show the performance of the filters for cases of
GPS/INS with and without the wheel speed sensor.

I. Introduction

The Global Positioning System (GPS) combined with an Inertial Navigation System (INS) has been
extensively executed for position determination in vehicle navigation.! GPS alone, with the use of a single
receiver, can be used to find absolute position up to within a radius of 10 meters.? Alternate variations,
such as Differential GPS (DGPS), which uses a fixed base station, and the Wide Area Augmentation System
(WAAS) may allow the position to be found within a meter.®> Even with this high level of precision, a
land vehicle cannot use a GPS receiver alone to continuously find position. To compute position using a
GPS receiver a signal from at least four satellites must be available for long enough to receive the encoded
information.* This transmitted signal is at a frequency of 1.575 GHz, which is too high to pass through
or bend around obstacles such as dense foliage, rugged terrain, tunnels, under bridges or in an urban
environment with tall buildings. Due to these obstacles, additional navigation aids are required for most
land vehicle navigation applications. Exceptions to this exist for certain land vehicle applications such as
autonomous farm vehicles® because satellite signals are not impeded in open fields. As of this writing a GPS
receiver costs between $50 and $500 depending on the measurement update rate, which is typically between
1 to 10 Hz.?

Navigation with sensors that do not measure absolute position of a vehicle is collectively referred to as
dead-reckoning.* Because dead-reckoning sensors do not measure an absolute position they have errors from
sensor drift that grow without bound if not used in conjunction with an absolute position measurement. An
example of a dead-reckoning sensor is an INS consisting of gyros and accelerometers. In this paper another
dead-reckoning sensor involving differential wheel speed measurements is considered for land navigation.
The use of dead-reckoning may be described as a flywheel to keep accurate position measurements for short
term GPS outages and to smooth the low update rate of GPS. Over long periods of time GPS is required to
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calibrate the dead-reckoning sensor drift. The fusion of GPS and dead-reckoning sensors counter limitations
that exist in each, creating an advantage to using them in conjunction.

With the advent of less expensive INS sensors, especially Micro-Electrical Mechanical Systems (MEMS),
it is now a reality to use these sensors for land vehicle navigation applications. These less expensive sensors
do not perform as well as high-accuracy sensors in terms of drift and white-noise measurement errors, but
are compensated for when combined with GPS.6 The INS sensors considered in the present research include
accelerometers and rate gyroscopes. Currently inexpensive MEMS accelerometers and gyros cost less than
$30, with update rates on the order of 100 Hz.3

The rear wheel speed sensors incorporated into the present research provides measurements of the vehicle’s
yaw rate and the velocity in the vehicle’s heading direction. Wheel speed sensors currently exist as part of an
Anti-lock Brake System (ABS), which is a standard feature on many present day land vehicles.” The wheel
speed sensor integration into navigation systems to find position has been studied by Kubo and Gao.®? In
this previous work two conditions must be met in order for the integration of the wheel speed sensor to
produce valid results; the vehicle must operate on a flat road and no side slip may occur.? These conditions
do not always hold, such as the large side slip that exists when a vehicle travels on a bumpy surface or
off-road. Note that side-slip is also a function of yaw rate, speed, and vehicle weight distribution. Side
slip occurs instantaneously, and is not easily modeled. Much research has been conducted into creating
approximations for modeling side slip.>>'® Another method used to avoid the errors caused by side slip is
to detect it and use an adaptive estimation algorithm that bypasses the wheel speed measurement when an
unacceptable level occurs. An additional error source is created from pressure variations in the tire. This
may be accounted for by including each wheel radius as a state variable. Without this, large errors occur
when the rear wheel radii vary, such as the case of using a spare tire where the wheel radius may change
over 5 cm.!!

In navigation the most common method of integrating GPS and INS has been with an Extended Kalman
Filter (EKF).12 A well-known drawback of the EKF is that if the errors are not within the linear region,
the filter may diverge. This is especially relevant with GPS/INS integration due to unknown attitude and
inertial sensor calibration parameters a priori. One aspect of the EKF algorithm design is the method of how
a measurement is processed, which may be categorized in two categories; loosely or tightly coupled.® Tightly
coupled refers to when the measurement is directly used in the filter as it is provided by the sensor. Loosely
coupled uses an estimated value of a current state in the filter that is found from the sensor output. The
loose-tight coupling distinction is independent for each measurement used in the filter. As for a GPS sensor
a tightly coupled configuration allows for position information to be provided with a minimum of only three
satellite signals but also requires knowledge of variables used in the tracking loops that may not be readily
available.® In the present research the GPS measurement is integrated into the EKF using a loosely coupled
approach, in which a minimum of four GPS satellite signals must be available. This requires independent
position estimates from GPS to be used in the EKF as measurements. Alternately, the differential wheel
speed sensor measurements are used in a tightly coupled manner. This allows for no pre-processing of the
measurements from the wheel speed sensors to be preformed and has been proven an effective approach by
Carlson.!!

In addition to the EKF an Unscented Filter (UF) is considered in the present research. The UF essentially
provides derivative-free higher-order approximations by approximating a Gaussian distribution rather than
approximating an arbitrary nonlinear function as in the EKF.'® This provides several advantages over the
EKF; a lower expected error, use on non-differentiable functions, no Jacobian matrix calculation and validity
for higher order expansions.®

The organization of this paper is as follows. The various coordinate frames used in INS including
transformations between frames are discussed in Section II. Section IIT provides the background for the
attitude kinematics used in the estimation algorithm. The linearized equations are shown for the INS
equations along with the measurement models for the inertial sensors in Section IV. The differential wheel
speed sensor measurement model is defined in Section V. Section VI summarizes the states, measurements
and linearized equations used to propagate the states in the filters. The EKF and UF algorithms are then
defined in Sections VII and VIII. This leads to the simulation results and discussion of initial condition
errors in Section IX.
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II. Reference Frames

A. Earth-Centered-Inertial (ECI) Frame

The ECI frame is denoted by {il, ia, 13} and the vectors described in this frame have superscript I (e.g., r’.)
For the purpose of Earth based navigation this frame is considered inertial. This frame does not rotate with
respect to the stars and has an origin at the center of Earth. The i3 axis is aligned in the direction of Earth’s
North pole, the i; axis is aligned in the vernal equinox direction and the i axis completes the right handed
system.

B. Earth-Centered-Earth-Fixed (ECEF) Frame

The ECEF frame is denoted by {&;, &, &3} and vectors described in this frame have superscript E (e.g., r?.)
The ECEF frame has an origin at the center of Earth and is fixed to the Earth’s motion, rotating with the
Earth. For this frame é3 = ig, € is in the direction of Earth’s prime meridian and és completes the right
handed system. In this frame the €; and &5 axes are rotated by © from the ECI frame.

C. Transformation From ECI to ECEF

The transformation between the ECI and ECEF frame involves only a single-axis rotation about i3. This is
defined by

E
T cos® sin® 0| |z
= |—-sin® cos® 0| |y (1)
z 0 0 1 z

The angle © defines this transformation and can be found using the sidereal day. The solar The conversion
from Universal Time Coordinated (UTC) to Greenwhich Mean Sidereal Time (GMST) is given by Meeus.!*

D. Local North-East-Down (NED) Frame

The NED frame is denoted by {n,é, &} and vectors described in this frame have the superscript N (e.g.,
r’V.) This frame is used for local navigation due to the frame having an origin at the geodetic point of
interest and the frame forming a plane normal to the surface of the Earth. The d axis points to the center
of the Earth, the n axis points in the true North direction on Earth’s surface and & axis points true East
on Earth’s surface. This coordinate system also has the advantage of allowing the acceleration due to the
Earth’s gravity to be entirely in the d direction.

E. Transformation From ECEF to NED

This transformation can be described as the combination of first a rotation from the ECEF frame to an
East-North-Up (ENU) frame using latitude (A) and longitude (®), and then a simple change in axes from
the ENU to NED frames. This change in axes is described by n’V = &#NV &N = aFNU and dy = —afNU,
allowing for a right hand system with the third component in the down direction. This rotation from ECEF
to NED can be described with

—sinAcos® —sinAsin®  cos A
AY = —sin® cos @ 0 (2)
—cosAcos® —cosAsin® —sin\

F. Body Frame

The body frame is denoted by {51,52, 53} and is described by the superscript B (e.g., rP.) This frame is
fixed to and rotating with the body of interest.
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G. Transformation From NED to Body

This last transformation is found from a 3-2-1 Euler angle rotation from the body to the NED frame. This
rotation is defined by ¢, 8 and v, which are roll, pitch, and yaw, respectively. The following equation defines
this relationship, showing the attitude matrix from the body-frame to the NED frame:

cosfcosy —cospsiniy +singsinfcosy  sin¢siny + cos ¢ sin O cos Y
Ag = |cosfsiny cosycos¢g+singsinfsiny  —singcosy + cos@sinfsiny (3)
—sinf sin ¢ cos 6 cos ¢ cos 0

H. Geodetic Coordinate System (LLH)

Geodetic coordinates are the navigational coordinate system used by GPS to navigate on the surface of Earth.
Geodetic coordinates consist of latitude, longitude, and height (LLH), denoted as {\, ®, h}. Latitude is the
angle from the equator to the position of interest on Earth. Longitude is the angle measured from the prime
meridian around the Earth to the location. The height represents the difference from the Earth’s ellipsoid to
the location, which is also known as altitude. This ellipsoid is approximated in the World Geodetic System
1984 (WGS-84) model.*® Pertinent parameters for this model are shown in Table 1. These parameters
are used in the transformation of coordinate frames from ECEF to LLH and back. This transformation is
between different types of coordinate systems and thus has increased complexity from the attitude matrices
that give the other coordinate transformations in this section. The transformation from LLH to ECEF is
much simpler than the transformation from ECEF to LLH.

Table 1. WGS-84 Model Parameters

Parameter Value Description
a 6378137.0 m Earth ellipsoid semi-major axis
b 63563124.2 m Earth ellipsoid semi-minor axis
e 0.0818 Earth eccentricity
We 7.292115 x 1075 rad/sec Earth rotation rate

I. Transformation From LLH to ECEF

The conversion from LLH to ECEF coordinates begins with the calculation of IV, the length vector from the

center of Earth’s ellipsoid to the surface:'?

Ne——— (4)

V1 —e2sin? A

The ECEF coordinates can now be directly calculated using the following equations and the parameters
from Table 1:

x = (N 4+ h)cosAcos® (5a)
y= (N +h)cosAsin® (5b)
2z =[N(1—e%) + h]sin\ (5¢)

J. Transformation From ECEF to LLH

The conversion back to LLH is more complicated and is shown in the closed form solution from Zhu'® using

the parameters of Table 1:
w=VaTER, =% m= (o) (6a)

a
n=[(1—e?)z/b)? i=—(21*+m+n)/2, E=12(1>-m —n) (6b)
q=(m+n—41%3/216 + mnl?, D = +/(2q — mnl?)mnl? (6¢)
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B=i/3—q+D—3/q—D (6d)

t=\/VB—F — (8+1)/2 - sign(m — n)y/(B—1)/2 (6e)
wy =w/(t+1), z1=(1—ebz/(t—1) (6f)

¢ = atan(z1/((1 - e*)wr)) (6g)

A = 2atan[(w — z)/y] (6h)

h=sign(t — 1+ 1)/ (w —w1)? + (2 — 21)? (61)

For completeness, for the special case of being located at one of the Earth’s poles, i.e. when w = 0, the
height and latitude must be calculated as follows:

h =sign(z)z — b, ¢ = sign(z)mw/2 (7)

III. Attitude Kinematics

This section summarizes the attitude kinematics that are used in the filter design. The attitude ma-
trix consists of (3 x 3) dependent components that map the rotation from one frame to another. The
attitude matrix can be parameterized using a smaller set of elements to represent the matrix. Methods
of parameterizations include Euler axis/angle rotations, Euler angles, quaternions, and the Gibbs vector.
The parameterization chosen is problem dependent based which method is most advantageous. Each of the
parameterizations are equivalent and may be converted between one another.'”

In this paper the quaternion is used extensively in the filter design due to the advantage of the existence
of no singularities, no transcendental functions, and because successive rotations may be taken by quaternion
multiplication. The attitude parameterization of the quaternion uses a four-dimensional vector which must
satisfy the constraint q”’q = 1. The quaternion is defined as q = [@7 q]T, where ¢ = [¢1 q2 ¢3]*. The
attitude matrix is related to the quaternion by the following equation:

Al@) == (@¥(q) o
in which
E(q) = [Q4I4X_4;F[Q><] . U(q) = lQ4I4XjQ;[QX]‘| o

The cross product matrix, [@x], is an operator defined as

0 —-a @
lex]=1g¢ 0 -—-q (10)
—q2 Q1 0

The attitude kinematics equation for the body to NED frame is given by

Ay = By 147 1)
The attitude kinematics equation for the NED to body frame is given by

A8 = A %) (12)

which is used to find the INS equations. From this, the quaternion kinematic relationship is given as

1 1
q= EZ(Q)Wg/N = 59(“’5/1\/)01 (13)
with
—[wB x] wB
QwE ) = B/N B/N (14)
o Lw%MT 0

Additionally the inverse quaternion is defined as

qlzyﬂ (15)
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IV. 1INS Equations

The inertial navigation equations used to propagate the states in the filters are defined in the NED
coordinate system and include the quaternion parameterization:

.
q= §Z(Q)‘*’J§/N (16a)
. UN
= 16b
Rh (16b)
. ’UE
dp——— " 16
(Ro + h)cos A (162)
h=—-uvp (16d)
. VE . UNUD
= [+ 2w, A 16
oN [(Rq>+h)cos)\+ welve sin +R,\+h+aN (16¢)
. VE . VEUD
N ) A 20, A 16f
Vg [(R<p+h)cos/\+ we] U sin +R<p+h+ WeUp COS A + ap (16f)
U2 U2
Op = L N _ _ QwevpcosA+g+ap (16g)

"Re+h Ra+h
The following equations define the Earth’s surface based on the latitude and longitude:

a(l —e?)

Ry = 17

A (1 — e2sin® \)3/2 (178)
a
Ra = 17b
® (1 — e2sin? \)1/2 (17b)
The local gravity can be calculated as

g = 9.780327(1 + 5.3924 x 10 3sin® A — 5.8 x 10 %sin? 2)\) a8)

— (3.0877 x 1075 — 4.4 x 107 ?sin® \)h + 7.2 x 10~ 1*p?

The inertial measurements used in this paper come from a 3-axis rate gyroscope and a 3-axis accelerome-
ter. When modeling both of these sensors a bias drift and white noise must be included to accurately depict
the sensor properties. The measurement model for the rate gyroscope is given by

‘DE/I = “’g/l + by + Ngv (19)

Bg = Ngu (20)

where by is the gyroscope bias, and 7y, and 74, are zero-mean Gaussian white-noise processes with spectral
densities respectively given by aguI3X3 and o_gv I3y 3. The measurement model for the accelerometer in body
coordinates is given as follows:

af =af + b, + 1 (21)

ba = TNau (22)

where b, is the accelerometer bias, and 74, and 71,, are zero-mean Gaussian white-noise processes with
spectral densities respectively given by 03UI3X3 and UZ,U,[3><3.

The measurement taken by the gyroscope cannot be directly used in the INS equations but can be
converted from the ECI frame to the NED using

‘*’g/l = “’g/N + w]%/[ (23)
where wg /N can be found from
wi/r = AN (Qwy, (24)
6 of 20

American Institute of Aeronautics and Astronautics



and “-’%/1 is defined as

vE
Ny Ny N Ccos A Ro+h
p— N v
Wy = Wg/r T WN/E = We 0 + | —&m (25)
o __vptan)
sin A B

The acceleration in the NED frame is related to the acceleration in the body-frame from the relationship

an
aV = |ap| = A3 (q)a” (26)
ap

Note that A% (q) is the matrix transpose of A% (q).

V. Wheel Speed Sensor Model

The model used to find the measurements for the speed of each of the rear wheels assumes the velocity
in heading direction of the vehicle is entirely in the first component of the fixed in the body frame, so that

201V,
vB=1 o0 (27)
0
where C; is a constant that defines the time increment in which the number of wheel rotations are to be

counted, and V}, is an interim variable which takes the average value of the left /right wheel speeds and radii
size. These variables are given by

™
C{=—— 28

"7 100 (sec) (282)

v, = TL|L| -;T‘R|R| (28b)

where r, and rg are the respective left and right wheel radii, and |L| and |R| are the respective left and right
wheel counts. Note that in the present research all wheel speeds measurements are found as the number
of rotations per 100 seconds as defined in Eq. (28a). Due to the wheel speeds being tightly coupled, the
wheel count per 100 seconds is the direct sensor measurement used in the filter and the wheel radii must be
included as states. The velocity is next converted to the NED frame using the attitude matrix calculated
from the quaternion:

vV = lug| = AR (@v” (29)

The wheel count sensors also give the additional information of the yaw rate based on the difference in wheel
rotation counts on the right and left side of the vehicle.

. L| —rg|R
=0, el ral

In this equation b = 1 (m) and is the half length of the vehicle’s rear axle. The yaw rate can be related to
the attitude of the vehicle by converting the rotation to the angular rate between the NED and body-frame
by using the attitude kinematics relationship. This relationship is

(30)

¢
6| =5 (6,000 (31a)
0
1 sin¢gtanf cos¢tanf
S7H$,0) = [0  cosg —sin¢ (31b)

0 singsecl cos¢psect
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Using this model the measurements for the wheel count on the left and right side can be determined:

|L| = 26(%{14]%(1,1)1)]\[+A]€(1,2)UE+AJ%(1,3)’UD}+ (sin ¢ sec @ wy + cos psecd ws) (32a)
1L

b
401TL

1
|R| = W{Aﬁ(l,l)’(ﬁv+AJ§[(1,2)UE+A]%(1,3)’UD}— (sin ¢ sec O wy + cos psec b w3) (32b)
1TR

b
4Cer

where AL (i, ) is the i-j*" element of AY.

VI. Estimation Vector, Measurement Vector and System Model

The estimation vector for this study has 18 states, representing attitude, position, velocity, inertial
sensor bias and wheel radii. When the alternate attitude parameterization of Euler angles are used, the four
quaternion states are represented in three angles such as in the results section of this paper. The following
vector displays these states:

T L2

vV

>
Il

b!]
b,

L

TR
The attitude matrix from the body to NED frame is represented by the four states of a quaternion param-
eterization, q. Position has three states and is given in geodetic coordinates, p = [\ ® h]T. Velocity also
consists of three states and is in the NED frame, vV. Both the rate gyroscope and accelerometer each have
three states representing the biases ,b, and b,. The left and right wheel radii are the two remaining states,

rr, and rg. Measurements for 17-state filter are given by

PGPS
=i
L
|R|

<h
Il

The system model is used by the filters for estimating the states from the measurements, predicting the
covariance of the filter and to demonstrate observability. For the combined GPS/INS/wheel speed sensor
the following equations represent the model used to propagate the states.

P VU
i = JE@6 (350)
A= N (35b)
Ry+h
[ — (35¢)
(Ro + h) cos A
h=—op (35d)
: Up . .2 OnOD
ON = —|—————— 4+ 2w |Vgsin\+ ——— +a 35€e
N [(Rq>+h)cos)\ Jos Ryx+h o (850)
: Up . . &+ Ugpilp . .
Vg = —|————— 4+ 2w |On sin A + = ~ + 2w Up cos A+ a 35f
o [(R<p+h)cos/\ Jon Ry +h b o (850)
~ 2 .2
Op = ve YN - —QweﬁEcosj\—i—g—i—dD (35¢)

" Ro+h Ra+h
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b, =

by = 0
FL=0
FR=0

(35h)
(351)
(35])
(35k)

A 15-state filter is also used that does not incorporate wheel speed measurements. Wheel radii are not

estimated in this filter. The state and measurement vectors for this filter is given by

p pcprs

X = VN s S’ = L:Jg/l
b, ab
b,

This filter is used to compare the results with and without wheel speed measurements.

Table 2. Extended Kalman Filter for GPS/INS/Wheel Speed Sensor Estimation

Initialize X(tog) = Xo
P(ty) = P
Gain Ky =P, HI'H P, HI + Ri]™*
Update P =1 — KpHy P,

A% = Ki[pr — D]
ap =4y +32(a,)q
IA)Z_ = pk + Apk
vk = vk —|—AAN+

Propagation cbg/N = &:E/, —b, - Aﬁ(fl)wﬁ/i

aB =aP — b,
p=f,(p,v")
vV =f,(p,vN) +aV
P=FP+ PFT + GQG™T

VII. Extended Kalman Filter Design

(36)

The 17-state EKF estimation algorithm for the GPS/INS/wheel speed sensor combination is summarized
in Table 2. This design uses the GPS position measurements loosely coupled and the wheel speed sensor
measurements tightly coupled. The state-error, process noise vector and process noise covariance matrix
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used in the EKF estimation algorithm are defined as

se ]
Ap
Ay Ngv 02, I3x3  Ozx3 O3x3 O3x3
Ax=|Ab,|, w= Ngu Q= O3x3 0o, I3x3 203><3 03x3 (37)
Ab. Nav 03x3 O03x3  07,I3x3  O3x3
A ¢ TNau 03x3 03x3 O3x3 02, I3x3
L
_ATR_

where da is the incremental attitude error.®

The sensitivity matrix for the EKF is defined as the partial derivatives of the states related to the
measurements, given by
O3xs  GBEEE (5.5 Ogug Oxs Osxi Osxt
He= 9L 0,5 2L 0,5 0153 IH 2L (38)

515 Or ok ol
R R R R
Sa O1x3  zyw Oixz Oixs 3 5

The partial derivatives of the position in ECEF coordinates with respect to the position in geodetic coordi-
nates are found from a covariance mapping between these two coordinate systems, given by Ref. 6:

9 %—J;\[cos)\cosé—(N—l—h)sin)\cos(I) —(N 4+ h)cosAsin® cosAcos®P
;;ECEF — %—J/\\[ cos Asin® — (N + h)sin Asin & (N +h)cosAcos® cosAsin® (39)
o %_];\I(l _62) sin A + [N(l _62)+h] CcoS A\ 0 sin A

where
ON ae?sin \ cos A\

N (1 — e2sin? \)3/2

The partial derivatives with respect to each of the states in this matrix are found for the left wheel from the
wheel count measurement equation. A perturbation approach is used to approximate the partial derivatives
for components of the attitude matrix.'® This approach uses Eq. (41) to find the partial derivatives directly
from attitude matrix components as opposed to taking partial derivatives of the Euler angle components
from Eq. (3):

(40)

VB
S AR @y (a1)

Using this approach the partial derivatives are

oL b

9% 10, (cos ¢psec B wy — sin psecd ws) (42a)
olL| = (sin ¢ sec O tan O wy + cos psec f tan fws) — ! (A¥ (3, D)on + AT (3,2)ve + AR (3,3)vp)
ol 4Chry, 204 N N\ N\

(42b)
ar| _ 1 (AR (2,1)vn + AR (2,2)vp + AR (2,3)up) (42c)
a’lﬁ QClTL NS N NS

I|L| alLl  9IL| 9IL
O[5 g 9] e
oLl _A¥(L) oL AN(L2) Ol AN(LY) 20
(%N - QClTL ’ aUE N 2017‘[, ’ (9’UD - 2017‘[,
oL alLl  alL| dIL
2 -[g g g )
9|L| -1 N N N —b .
.~ 303 (Ay(1, D)oy + Ag(1,2)vp + A (1,3)vp) + W(smd)sec Owy + cos ¢ sec Hws) (42g)
L L
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oLl _,

O (42h)
Similarly the partial derivatives for the right wheel are
%f;' = 451(;]% (cos ¢ sec Bws — sin ¢ sec Bws) (43a)
I|R| -b . 1 B B B
26 — iCirn (sin ¢ sec 0 tan wy + cos ¢ sec @ tan Ows) — m(AN(?), Don + Ax(3,2)vp + Ax(3,3)vp)
(43b)
I|R| 1 B B B
v = 50 (AN (2, 1)y + AN(2,2)ve + Ax(2,3)vp) (43c)
OIR| _Torl alrl aIR
LSRR (50
olr| _ AF(L1) olr| _ A§(1,2) o|r| _ AF(L.3) (43¢)
(%N - 2017‘3 ’ (9’UE - 2017‘3 ’ (%D - 2017‘1?,
IR AIR| B|R| IR
2 [ g g )
ulid S (AN (1, Doy + A (1,2)vp + AR (1,3)vp) + L(sin¢sec9w + cospseclws)  (43g)
orr  2C171% NAS TN B AJTE BAS 27D 2C171%, 2 3
(?:j =0 (43h)
The error dynamics for the EKF propagation are given as
Ax = FAx + Gw (44)

of which the F' and GG matrices are defined as

[Fii Fio Fiz —Isxs Osxs Oixz Oixs)
O3x3  Foa  Fog  Ozxz  Oszxz O1x3z O1xs
F31  F3»  Fzz3  0O3x3  F35 0Oi1x3z Oixs
F = 103x3 03x3 03x3 03x3 03x3 O1x3 O1x3 (45)
O3x3 0O3x3 03x3 0O3x3 Osx3z O1xz Oixs
O3x1 O3x1 0O3x1  O3x1 Osx1 O 0

103x1 03x1 0O3x1  Oszx1  Osx1 0 0 |

[—Isxs Osxs  Osxsz  Osxs)
O3x3  0O3x3  Osx3z  Osxs
O3x3  O3zxz —AN(Q) O3xs

G = 03x3 JIsxs  Osxz  Osxs (46)

O3x3  Osxs  Osxsz  I3xs3

O1x3  Oi1xz  Oixz  Oixs

01x3  O1x3 O1x3 01x3]

The components of the F' matrix are

B N B(a 8w%/1 B 8“)1]\\7,/1
Fiy=—[(@g,r —bg)x], Fiz = -Ayx(q) op |va7 Fi3 = —-Ax(aq) Y ‘p (47a)
Fp = %W’ b3 = %\p (47b)
Fy = —AR(@)[a"x], Fzp = %’fwm I3 = g:—N’ﬁ,\”zN’ Fs = —AR(q) (47¢)
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In these components the partial derivatives for position are

__uNn_ __ORx 0 ——uN
op (Rx+h)% O (Rx+h)?
Y _ | _wve sec>\2 IR + vg sec A tan \ 0 —-lE sec>\2
op (Ro+h)? OA Ro+h (Ro—+h)?
0 0 0
1
op T 0)\ 0
ovN 0 Roth U
0 0 -1
and the partial derivatives for velocity are given by
9N Yii. 0 Yis 9N Zi Zi2 Zi3
op Yo1 0 Yas|, VN Zo1 Za2 Za3
Y31 0 Yas Z31 Zzz 0
where 2 sec® A 2 A OR OR
V7, sec V7, tan o UNUD A
Yy = —-Z E — 2w, Ae =
U T Reth (Reth)? on CWUVECOSAT R TR o
Vi v% tan A __ugup
BT (Ro +h)2 (Rx+ h)?
2
VEUN Sec* N vgun tan X ORs vpvp ORe .
Yo, = - 2w, A — 2w, A
21 Ro + h (R@—i—h)? N + 2weU N COS (R<1>+h)2 B\ WeUp S
vy tan A + vp
Yo3 = — _
23 'UE[ (Ro +1)%) }
U2 ach U2 8RA 39
Y31 = £ N 2wevp sin A + =
N Re+ )2 0N | (Radh)Z on & WevBSmAt oY
V2 V2 dg
Yaq = B N ~J
B Reth)? | (Both)Z 0N
and e tan A
VD VE tan . UN
7] = ———— Zig = ——————— + 2w, sin A\ Zig = ——
11 Rt b 12 Ro 11 + 2we sin 12 Rt h
2ug tan A . vp + Uy tan A VE
Zo1 = ————— + 2w, sin A, Jog = ——— Z93 = ———— + 2w, oS A
21 Rq)_’_h—l-wsm 29 Ro + h 23 Rq)_i_h—l-wcos
2un 2ug
3 = ——"— = — — 2w, A
31 Rt h 32 Ro il We COS

with the partial derivatives for local gravity given by

(48)

(51a)

(51b)

(51c)

(51d)

(51e)

(51f)

(52a)
(52b)

(52¢)

)
a_i = 9.780327[1.06048 x 10~ ?sin Acos A — 4.64 x 10~ °(sin A cos® A — sin® Acos \)] 4 8.8 x 10~ ?h sin A cos A

9
8—}’; =—-3.0877x 1075+ 4.4 x 107 ?sin® A + 1.44 x 10713

In the estimation algorithm the assumed measurements for position from the GPS are modeled by

Pk = Pk + Vi

(53a)
(53b)

(54)

where vy is a zero-mean Gaussian noise process with covariance Ry. The filter is first initialized with a
known state (the bias initial conditions for the gyro and accelerometer are usually assumed zero) and the
error-covariance matrix. The first three diagonal elements of the error-covariance matrix correspond to the
attitude errors. Then, the Kalman gain is computed using the measurement-error covariance Rj and the
sensitivity matrix. The state error-covariance follows the standard EKF update. The position, velocity,
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bias and wheel radius states also follow the standard EKF additive correction while the attitude error-state
update is computed using a multiplicative update.'® The updated quaternion is re-normalized by brute
force. The propagation equations follow the standard EKF model.
The P equation for the propagation of the covariance can be approximated by using discrete time prop-
agation given by
Py = OBl ) + O (55)
In this equation Qy is the discrete time covariance matrix and ®j is the transition matrix. These can be
numerically solved for by using Moler and Van Loon.'® In this procedure the following (2n x 2n) matrix if

first found:

_ T
A= OF Ggf At (56)
From A the matrix exponential is computed:
B— A= |Bu Bzl _ |Bu o, O (57)
| 0 Ba 0 or

From this equation the state transition matrix can be found from
®, = B, (58)

and process noise covariance found from

Q = P41 B2 (59)

VIII. Unscented Filter Design

The filter presented is from Wan,?° derived for discrete-time nonlinear equations, in which the system
model is given as

X1 = f(xg, k) + wg (60a)
y =h(xg, k) + v (60b)

A continuous-time model can be written using Eq. (60a) with an appropriate numerical integration scheme.
It is assumed that wj and vy are zero-mean Gaussian noise processes with covariance given by 9y and Ry

respectively. First the Kalman filter update equation is rewritten as?!
X =%, + Koy, (61a)
Pl =P, + Ky PYUK} (61Db)
where vy, is the innovations process given by
Uk =Yk — Vi (62a)
=yr —h(x, k) (62b)

The covariance of vy, is defined as P”. The gain K} is next found:
Ky, = PPY(PPY)t (63)

where P,Y is the cross-correlation covariance between %, and y, .
The propagation equations begin with the calculation of the sigma points:

o < 2n columns from £ /P + Q, (64a)

xk(0) = X (64Db)
Xi+1(1) = ok (i) + % (64c)
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Note that there are now a total of 2n sets of sigma points o, from the positive and negative square roots.
Each set of sigma points is evaluated through

Xk+1(1) = £xi (i), k] (65)

The sigma points are combined to find the predicted mean for the state estimate by using a weighted sum

of xx+1(7), given by
2n

X1 = Z WP X1 () (66)
i=0
This predicted mean is now used to find the predicted covariance:

2n
i1 = 2 W Dt (1) = Kl (1) = %y 7 + Qu (67)
i=0
The mean observation is given as
2n
s = 2 Wi i (i) (68)
i=0
where
Yrt1(#) = Bxh41(), k + 1] (69)
The output covariance is given as
2n
P = W kg1 (1) = I v (6) = )™ (70)
i=0

The innovations covariance can simply be found by

et = P,f};l + Ryt (71)
Lastly the cross-correlation matrix is found from
2n
Pty =D Wi Do (i) = %l (i) = 9, )" (72)
i=0

The parameters required in this algorithm are next discussed. The parameter v is given by the following
equation in which X is a composite scaling parameter:

y=vn+A (73a)

A=a*(n+kK)—n (73b)

In this equation « is a constant which determines the spread of the sigma points and is set to a small
positive number between, 1 x 107% < a < 1. The scalar s is chosen to be K = n — 3 which minimizes

mean-squared-error to fourth order.
The weights used in the covariance calculations are found from

A

Wmea.n — 74
0 n—+ A (742)
Wy = A +(1—-a®+p) (74Db)
n—+ A
1
1% W ICESYA i ,2,...,3 (74c)

Similarly to the EKF the Unscented filter requires the calculation of the discrete time state transition matrix
and covariance noise matrix to add the process noise in the filter. This requires that the F' and G matrix be
calculated. The equation used to calculate the process noise is as follows:

O(ALQrPT (At) + Qr = Qi (75)
This equation is known as the discrete time Sylvester equation and is solved with a Bartels-Stewert numerical

algorithm.?2
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A. TUnscented Filter Design for GPS/INS/Wheel Speed Sensors

This section discusses deriving the UF for specific GPS/INS/wheel speed sensor application. The estimation

algorithm follows closely the UF filter description above, with a quaternion normalization procedure. When

the predicted quaternion mean is derived using the averaged sum of quaternions the resulting quaternion

may not have unit norm. This creates a situation in which the straightforward calculation in the UF is

undesirable for the quaternion. A three-component vector representing an attitude error is used instead.
To begin the state vector is defined as

08, Xis(z)
! X5 (i)
p+ Xy (i)
xk(0) =% = | by [, xx()=|x)°(0) (76)
b, X (i)
"L Xi- (1)
| 7R | L (4)

where 5%: is a generalized Rodrigues error-vector,?? used in propagating and update of the nominal quater-
nion. Because the three-dimensional attitude is unconstrained, the resulting overall covariance matrix is a
17 x 17 matrix. The three components of the vector xx(i) are defined in Eq. (64) as x3°(7). To describe x§°
a new quaternion is generated by multiplying an error quaternion by the current estimate:

a; (0) =aq; (77a)
ai (i) =éa; (i) @ & (77b)

where dq; (i) = [5Q:T(i) 5qZF,CT(i)} represented by?3

—allx@® @)1 + f1/ £+ (1 = a?) | x@* ()2
5qfT (i) = . \/ — L i=1,2..34 (782)
F2 4 [ @]
dof (i) = [ a+6¢fT (DX (), i=1,2,...,34 (78D)
The parameter a = 1 and the scale factor f = 2(a+1). This sets x2° to give the standard vector of modified
Rodrigues error parameters. Equation (77a) requires that the x$°(0) be set to zero. This is due to the reset

of the attitude error after the update, which is used to move information from one part of the attitude to
another.?* Next the updated quaternions are propagated forward using Eq. (35a), with

I 1 .. .
q(i) = 55(Q)w§/1v(2) (79)
with the estimates of the angular rates given by
g /n(i) = @5 - x"(i)] — Ax[a(@)] Ny i=0,1,...,34 (80)
where x%s is formed from the gyro bias sigma points. The propagated error quaternions are computed using
8q, (i) = @1 () @ [, (0)] 7", i=0,2,..,34 (81)
Note that dq,,,(0) is the identity quaternion. The propagated quaternion is computed using??
X251(0) =0 (82)
6o, (@
X354 (i) = PR R Y (83)
a+ 5q4k+1

T
with dq, (i) = 69,;?1 (i) Oqy, ., (z)} . With this the predicted covariance can be computed:
A = 9a,,; @4, (0) (84)
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—al| 381, |2+ £1/12 + (1 @)llos ], 12
72+ 10T P
doi =1~ [“+5q4k+1]5sk+1 (86)

+
6q4k+1 -

IX. Simulation Results

In this section results are shown for a simulation run that estimates a moving land vehicle’s attitude,
position, velocity, rear wheel radii, and biases for the gyro/accelerometer inertial sensors. The total time of
each simulation is 5 minutes with a measurement update rate of 0.5 seconds. The gyro and accelerometer
noise parameters are og, = 2.9089 x 10~7 rad/secl/Q7 Ogu = 9.1989 x 10~7 rad/sec3/2, Ogav = 9.8100 X 10-°
m/sec3/ 2 and 04, = 6.0000 x 107° m/sec5/ 2 respectfully. The vehicle position is described in geodetic
coordinates, with an initial position located in Buffalo, NY at Ay = 42.7167 degrees, &7 = 78.8667 degrees
and height above sea level, hy = 150 meters. The velocity of the vehicle is given in the NED frame, with
initially the vehicle being at rest. The initial quaternion of the vehicle is found using the attitude matrix
from the NED to body-frame. The GPS constellation® uses GPS week 137 at a time of applicability of
61440.000 seconds. The number of available satellites is computed using a 15 degree elevation cutoff angle.
The filter requires a minimum of 4 satellites with the loose coupling method used in the filter design. A
greater number of satellite signals received results in greater precision of the position measurement. Clock-
bias drift is modeled using a random walk process and GPS measurements are found using white-noise errors
with a standard deviation of 5 meters.

The land vehicle follows a track shown in Fig 1. The vehicle begins at rest oriented 60 degrees East of
North on a flat surface. For 20 seconds the vehicle accelerates in the heading direction at 1.0 m/sec?. After
accelerating the vehicle reaches a velocity of approximately 45 MPH and remains constant for the duration
of the simulation. After 0.75 miles the vehicle makes a 90 degree turn, with a roll angle of 1.5 degrees. The
vehicle now travels 1.5 miles and again turns 90 degrees. Next the vehicle continues 1 mile and then pitches
up to 3 degrees for 20 seconds before leveling back off to flat. The vehicle travels along in this manner,
pitching down on the opposite side with the same pattern until reaching the origin position. From this
vehicle path information the true states at each time step are found and measured quantities are simulated.

Down (m)

—2000

1000

- -1000 0
East (m) _5000 -4000 -3000 —2000

North (m)

Figure 1. Path Traveled in Vehicle Simulation

The initial conditions for the filter are chosen to simulate road vehicle initial errors. The initial errors
chosen mainly stress the EKF, testing the robustness of the filter design. In the EKF the initial covariance
matrix is diagonal, with each component representing the square of the expected value of the error in each
state. For each filter the initial variance of the attitude is set to a 30 bound of 15 degrees and initial error
values of 7 degrees for the attitude angles. The initial position was set to the true longitude, latitude and
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height. The variance for the geodetic angles was set to (1 x 107%)? rad? and the variance for the height is
(20/3)% m2. The initial variance for the velocity for North and East are set to (200/3)? m?/sec? and in the
down direction, (10/3)? m?/sec?. The initial gyro and accelerometer biases are set to zero. The variance of
the gyro biases are set to a 30 bound of 30 degrees per hour and the accelerometer biases bounded by 0.005
m/sec?. The UF uses parameters of « =1, 3 =2 and k = —3.

The results of this study compare the use of GPS/INS alone, i.e. the 15-state filter, to the case of GPS/INS
with the wheel speed sensors, i.e. the 17-state filter, using both an EKF and UF estimation algorithm. This
produces four sets of estimates which are compared for error convergence and robustness. Each estimation
run is conducted using the same covariance, initial conditions and set of measurements. The results for
the EKF attitude, position and gyro biases are shown in Fig. 2. The attitude results from Fig. 2(a) and
Fig. 2(b) show the 30 bounds for the yaw component converges to a steady value within 10 seconds when
the wheel speed sensors are used, over 20 times faster than when GPS/INS is used alone. For the case
of only GPS/INS the yaw state is the least observable and with the addition of the wheel speed sensors
this limitation is compensated. Additionally from the EKF attitude results the pitch component converges
slightly faster and the roll is unaffected by the addition of the wheel speed sensors. The UF results for the
states of attitude, position and gyro biases are shown in Fig. 3. The UF attitude filter results from Fig. 3(a)
and Fig. 3(b) show the same pattern as the EKF results but with slower convergence overall. In the position
results for the EKF comparing Fig. 3(a) and Fig. 3(b), shown is slightly faster initial convergence in all states
with the addition of the wheel speed sensors but convergence to a steady 3¢ error bound value in the same
amount of time for both cases. For the case of position the UF produces very similar results to the EKF as
shown in Fig. 3(c) and Fig. 3(d).

From the results it seems the EKF provides overall faster convergence as well as having the benefit
of requiring less computational power than the UF. This is true for very small initial state errors, but
when testing for filter robustness the UF can handle far larger errors before the error diverges outside the
30 bounds. When the filters are stressed from increasing initial state errors for the attitude components,
especially in yaw, the 15-state EKF could handle much higher initial errors than the 17-state EKF before
the estimates diverged. Errors as small as 3 degrees in yaw caused the corresponding error to drift beyond
the 30 bounds. This is seen in Fig. 2(b) for the 17-state EKF yaw component results for when the yaw
initial error was set to 7 degrees. For the same initial error values in the 17-state UF from Fig. 3(b) the
errors remain within the 30 bounds. The UF is more robust in handling these initial attitude errors, with
similar robustness results in both the 15- and 17-state UF. This indicates that the 17-state UF provides the
advantage of faster convergence from the addition of the wheel speed sensors and does not have the decreased
robustness as in the 17-state EKF.

X. Conclusion

This paper formulated an estimation algorithm by fusing sensor data from GPS, INS and wheel speed
sensors for use in land vehicle navigation applications. Filter results for an EKF and UF were compared for
cases of GPS/INS alone and with the addition of wheel speed sensors. Results show faster convergence with
the addition of the wheel speed sensors for yaw, pitch and position in both types of filters. The robustness
of the EKF with the use of the wheel speed sensors was found to be limited for large initial state errors.
The UF filter provides increased performance for cases with large initial state errors along with the faster
convergence from the addition of wheel speed sensors to the GPS/INS at the cost of increased computational
time.
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