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RELATIVE ATTITUDE DETERMINATION USING MULTIPLE
CONSTRAINTS

Richard Linares! Yang Chengf, and John L. Crassidis?

In this paper a relative attitude determination solutioma éérmation of two vehi-
cles with multiple constraints is shown. The solution fog tielative attitude be-
tween the two vehicles is obtained only using line-of-sigleasurements between
them and common (unknown) objects observed by both vehi€les constraints
used in the solution are formed from triangles on the vediseovations. Multiple
constraints are used for each object and the solution isrtash Wahba problem
formulation. Simulation runs are shown that study the penfnce of the new
approach.

INTRODUCTION

Using a set of line-of-sight (LOS) observations betweericlek in a three-vehicle formation has
been shown to offer a deterministic relative attitude sofuyt which is not possible if each vehicle
is considered separately. The observability of this nedadittitude solution depends on both vehicle
geometry and sensor location. It is well known that the rote&round a unit vector is unobservable
when that unit vector is the only observation used for atétdetermination. Referendeshows
that having only one LOS set between each of the individuaicles provides sufficient information
to determine all relative attitudes in a three-vehicle eyst An unobservable case arises when all
vectors are in the same plane, e.g. they form a triangle.r@ste2 extends the previous result to a
two-vehicle formation with a common observed object, wtiah be another vehicle or a landmark,
by applying a parametric constraint to the attitude sotuti@his constraint is based on assuming
that a triangle set of observations is given. In the work dieRmncel this issue causes problems in
the solution, while in Referenc2this constraint is forced to be true and hence relieves tisangr
difficulties. This results in a deterministic solution fdwetrelative attitude with no ambiguity and
no observability issues.

The triangle scenario does reflect a realistic physicahstn. For example, this occurs naturally
when two Unmanned Aerial Vehicles (UAVS) have a common LO@/ben them and measure some
common object other than each other, which forms a trianfl€O&® observations. It is important
to note that no information on the location of the object tpuiead in the solution, only the fact that
both vehiclesobserve the common object. This constitutes a significant depaiframa standard
navigation or attitude approaches that ksewn objects or landmarks. The triangle constraint is
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used to determine a solution, however, only one common blgemonsidered and in many cases
there may be more available. For example in a formation flgicgnario there may be more than
three spacecraft in the formation. In this paper the satypieesented in Referen@as extended to
multiple common observer objects.
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Figurel. Vehicle Formation

PROBLEM STATEMENT

Noting Figurel, the case of multiple vehicles in relative formation flightdonsidered. The
relative attitude from thé3; frame to the3; frame is sought. Both vehicles measure a LOS from
itself to the other vehicles in the formation as well as a LOSwo common objects, which are
shown as two spacecraft in Figute labeled as common object 1 and common object 2. In the
case of a formation of spacecraft the distance between theenee object and the vehicle may
be comparable to the distance between the two frames. Thnertife parallax issue needs to be
resolved by an origin transformation. This typically regsi associated range information which
introduces more error into the algorithim Here it is assumed that parallel beams between the
vehicles exist, so that range information is not requiredr éxample, for a laser communication
system a feedback device can be employed to ensure paedigldare given in realtime. The LOS
vectors between vehicles are denotedrasndw, as shown in Figurd. The LOS observation
vectors used in this paper are denoted by the following, esstby Figure2:

e The vectorw; is the vector from thé, vehicle frame to thds; vehicle frame expressed in
B, coordinates.

e The vectorv, is the vector from thés, vehicle frame to thés; vehicle frame expressed By
coordinates. Note that in actual practice the negativeeféttor is measured by the sensor,
as shown by Figuré.



e The vectorws is the vector from thé3, vehicle frame to the common object 1 expressed in
B, coordinates.

e The vectorv, is the vector from thés; vehicle frame to the common object 1 expressed in
B coordinates.

e The vectorws is the vector from thé3, vehicle frame to the common object 2 expressed in
B, coordinates.

e The vectorvs is the vector from thés; vehicle frame to the common object 2 expressed in
B coordinates.

The observationsv; andv; can be related to each other through the attitude matrix mgpp
Wi = Agfvl 1)

It is well known that using a single pair of LOS vectors betwége two vehicles does not provide
enough information for a complete three-axis relativaatt solution. In particular to determine the
full attitude the rotation angle about the LOS direction trhesdetermined. Consider the following
property of the attitude matrix:A% " wo)T A5 v, = w] A% AP v, — w] ABv,, which means
that the attitude matrix preserves the angle between \&ecibis allows us to writd = nggj Vo,
whered is the cosine of the angle between the two LOS vectors to timeramn object and we denote
Agj as justA. In Referencd this angle is determined from two LOS vectors measured othttee
vehicle in the three-vehicle formation. This requires ameekOS vector between the two vehicles
and the third vehicle, which is not required in RefereBctn Referenc& a geometric constraint is
used instead of requiring additional measurement to be fmadethird vehicle.

Reference? uses the fact that in the measurement geometry considdneasurement vectors
lie on a common plane, then a planar constraint is appliedlt@ $or unknown rotation angle. First
the LOS vector between the two frames can be aligned thronghital rotation, then a rotation
angle about this direction can be found such that when théion is applied the angle between
the measurements add upstoor the vectors lie on a common plane. The third referencecbbje
in the formation doesn’t need to communicate its LOS obsems to the other two vehicles for
the solution of their relative attitude. Therefore a verypdul conclusion can be made from this
observation: choice of the common third object in the foromais arbitrary and can be any common
reference point, with unknown position, when the geomelriondition is applied. In the present
work with is extended for multiple common objects.

The constraint that the observation vectors constitutdeie of a triangle, or they lie on a com-
mon plane, is first applied to common object 1. The planar tcaim$ for common object 1 can be
simply written a9) = wi [w; x]Avs. This equation is basically a condition that all the obstoves
are perpendicular to a vector which is perpendicular to amydbservations. To determine the full
attitude between th8; and3; frames using one common object, the attitude matrix mustfgat
the following equations:

w1 = Avy (2a)
0 = wi [wix]Avy (2b)
Since only common object 1 is considered in E2).dnly one constraint equation is written. In the

case where both common objects are considered two constuations can be written for both
common object 1 and common object 2.



An equivalent approach for expressing the constraint esldefining two vectorss, andrs,
that are both perpendicular to the plane. These two veatoiabject 1 can be written as

5 = 2L (3a)
[[wa > wi |

ry = Y2XIVL (3b)
[va X vi]]

Then by aligning these vectors the attitude matrix can beesol The following are now defined:
s; = wy andr; = vy. The equation relating; andr; is given by
s1 = Ary (4a)
So = AI‘2 (4b)

wheres; andr; are equal tow; andvy, respectively. To illustrate that solving for the attituide
Eq. @) is equivalent to solving Eq2], consider the two equivalent forms of EGb}:

0 = ([wyx]wa)T Avy (5a)
0= ([vix]va)T ATwy (5b)
Then noting thaky = [wyx|wy, ry = [vyX]ve, ra L vy, andss L wy the following relation is
given:
(Arg)T Avy = rT AT Avy = rlvy =0 (6a)
(ATso)T ATwy = sT AATwy = slwy =0 (6b)
Solving for the attitude in Eq4 is equivalent to solving Eq2j, but by writing the constraint in the

latter form, this solution can now be extended to multiplenomon objects. The following relation
is given for common object 2:

55 = L3XIW1 (7a)
[ws x wil|
r3 = [vax]vi (7b)
[vs x vi]
The relative attitude determination problem from the fatioragiven in Figurel is given by
s; = Ary (8a)
So = AI‘2 (8b)
S3 = AI‘3 (8C)
The general problem when there exists more the two commatishis given by
wy, = Avy (9a)
w;, =Av;, fori=2,...,n (9b)

Here thew,; andv, vectors are the LOS observations made for thhecommon objects. For the case
of Reference a deterministic solution is possible since the number ohomins exactly matches
the number of pieces of information. However, for the casmoltiple constraints this is not true
and therefore no exact solutions exist. Hence, the optiolatisn must be found by minimizing a
cost function. In this case each equation can not be satestiactly and therefore error is allowed
in each equation which relaxes the planar constraint butym®s the least amount of attitude error.



SENSOR MODEL

Line-of-sight observations between multiple vehicles barobtained using standard light-beam
and focal-plane-detector (FPD) technology. One such sy&edhe vision-based navigation (VIS-
NAV) system? which consists of a position sensing diode as the focal plamecaptures incident
light from a beacon omitted from a neighboring vehicle frorhieth a LOS vector can be deter-
mined. The light source is such that the system can achidgetise vision. This sensor has the
advantage of having a small size and a very wide field-of-(le®@V). Another system for obtain-
ing LOS information between vehicles can be based on lasamumication hardwar®. The use
of laser communication devices has increased in recens ygat the accuracy of the LOS infor-
mation obtained from these devices is comparable to the XISsystem. LOS observations to
the common object can be obtained through standard camasemttiracking technology. All of the
aforementioned LOS observations can be modeled using tiseissodel shown in this section.

The measurement can be expressed as coordinates in thelaoal denoted by and 5. The
focal plane coordinates can be written ig & 1 vectorm = [o S]7 and the measurement model
follows

m=m-+ w,, (10)

A typical noise model used to describe the uncertamaty,, in the focal-plane coordinate measure-
ments is given as

W~ N (0, RFOCAL) (11a)

FOCAL _ o’ (14 daz)z (daB)®
K 14+ d(@+82) | (daB)?  (1+dp?)° (110)

whereo? is the variance of the measurement errors associatedovatid 3, andd is on the order

of 1. The covariance for the focal plane measurements is e@ifumof the true values and this
covariance realistically increases as the distance frarbtiresight increases. The measurement
error associated with the focal plane measurements resudtsor in the measured LOS vector. A
general sensor LOS observation can be expressed in unitrfeotn given by

(0%
b= 1 |5 (12)

VTl

where f denotes the focal length. The LOS observation has two indbge parameters and j.
Therefore in the presence of random noise in these parasrteet OS vector still must maintain
a unit norm. Although the LOS measurement noise must lie erutht sphere the measurement
noise can be approximated as additive noise, given by

b=b+wv (13)
with

v~N (0,9Q) (14)
wherewv is assumed to be a Gaussian random vector with zero mean eadacel). Reference

5 has shown that the probability density for unit vector measients lies on a sphere and can
accurately be approximated by a density on a plane tangeheteector for a small FOV sensors.



This approximation is known as the QUEST measurement nfodlich characterizes the LOS
noise process resulting from the focal plane model as

Q=E{vv’} =0? (L343 —bb’) (15)

It is clear that this is only valid for a small FOV in which a tgmt plane closely approximates the
surface of a unit sphere. For wide FOV sensors, a more aecur@asurement covariance is shown
in References. This formulation employs a first-order Taylor series agpration about the focal-
plane axes. The partial derivative operator is used to lipexpand the focal-plane covariance in
Eq. (L1), given by (forf = 1)

10
b 1 1
Jza—:— 0 1 —ﬁme (16)
om  \/1+a2+5% ) o 1+a*+5
Then the wide-FOV covariance model is given by
Q= J RFOALTT (17)

If a small FOV model is valid, then Eq1{) can still be used, but is nearly identical to E45).
For both equations is a3 x 3 covariance matrix for a unit vector measurement with twaeind
pendent parameters and therefore must be singular. A rpramcovariance matrix for the LOS
measurements can be obtained by a rank-one updé&te to

Qnew = Q + %trace(Q) bb” (18)

which can be used without loss in generality to developualtiterror covariance expressidns.
Equation 17) represents the covariance for the LOS measurements mrésgiective body frame

shown in Figure. Replacingb with respective true vectors ahdwith respective measured vectors,
the measurement models are summarized by

W1 =Wi + Uy, Upi~N (0, Ry,) (19a)

Wi = W; + Uyi, Uwi~N (0, Ry,) fori=2,....n (19b)
Vi=Vi+ vy, U~N(0,R,) (19¢)

Vi =V + Uy, Uu~N(0,Ry,) fori=2,....n (19d)

Since in practice each vehicle will have their own set of LO&surement devices, then the mea-
surements in EQ.19) can be assumed to be uncorrelated. This assumption wilkbd in the
attitude covariance derivation.

DETERMINISTIC CASE: ONE CONSTRAINT

This section summarizes the constrained attitude solulitmre details can be found in Reference
2. Considering the measurements shown in Figi® determine the full attitude between the
andB; frames the attitude matrix must satisfy the following meament equations:
w1 = Avy (203.)
d=wj Avy (20b)



Figure?2. Observation Geometry

It is assumed thalid| < 1; otherwise a solution will not exist. Here it is assumed tiwat LOS
vectorsvy; andw; are parallel. Also note that from FiguBmno observation information is required
from the third object to eitheB; or 55. Hence, no information such as position is required for this
object to determine the relative attitude. A solution fag #ititude satisfying Eq2() is discussed
in Referencer and will be utilized to form a solution for the constrainedlplem discussed here.
The solution for the rotation matrix that satisfies E2Q)(can be found by first finding a rotation
matrix that satisfies that first equation and then finding thgleathat one must rotate about the
reference direction to align the two remaining vectors stheth their dot product is equivalent to
that measured in the remaining frame in the formation. Tis¢ fatation can be found by rotating
about any direction by any angle, wheBe= R (n1, 0) is a general rotation about some axis rotation
that satisfies Eq20d. The choice of the initial rotation axis is arbitrary, héhe vector between
the two reference direction vectors is used and the rotadias follows:

(w1 +vi1)(wy +vp)T

B = — I 21
(1 +V,{W1) 3x3 ( )

wheren; = (w; + v1) andd = . This rotation matrix will align the LOS vectors betweenfres,
but the frames could still have some rotation about thisoresb therefore the angle about this axis
must be determined to solve the second equation. To do scettierw™ is first defined, which is
the vector produced after applying the rotatiBron the vectow,. This will allow us to determine
the second rotation needed to mapproperly to theB; frame withw* = B v,. Since the rotation
axis is thew, vector, this vector will be invariant under this transfotima and the solution to the
full attitude can be written ad = R (n2, 6) B.

Consider solving for the rotation angle using the planaist@amt, the constraint can be written
as the following:
0 = wl [wix]R (ng,0) w* (22)

Substituting the second rotation matrix into E2R), and withn, = w1, leads to
0 = wa [wix][wiw! — cos(0)[wy x]*w* — sin(0)[wy x]w*] (23)
Expanding out this expression gives
(w3 [w1x]w*) cos(6) = (W;F[Wl x]zw*) sin(0) (24)

Notice that if Eq. 24) is divided by—1 then the resulting equation would be unchanged but the
solution for the anglé would differ byr. Therefore, using the planar constraint the solution fer th



anglef can be written a8 = 5 + ¢, where
B = atanZw [wix]w*, wl [w; x]*w*) (25)

and¢ = 0 or 7. An ambiguity exists when using this approach but it is int@ofr to note that one
of the possible solutions for this approach is equivalerthéotriangle constraint case.

Finally the solution for the attitude is given by = R (w1, 6) B. The solution is now summa-
rized:

_ (w1 +vi)(wy +vp)T

T+ vTw) — I3x3 (26a)

R(w1,0) = I3x3cos() + (1 — cos(8))wiw? — sin(8)[w1 x] (26b)
0 = atanZw [wi x|Jw*, wi [wix]*w*) + 7 (26¢)
A=R(wi,0)B (26d)

This result shows that for any formation of two vehicles aed®inistic solution will exist using
one direction and one angle. Due to the fact that this casellis deterministic there is no need
to minimize a cost function and the solution will always be thaximum likelihood one. It is
very important to note that without the resolution of thetade ambiguity any covariance devel-
opment might not have any meaning since although the covaienight take a small value if the
wrong possible attitude is used then the error might beyféarge and not bounded by the attitude
covariance.

The solution in Eqg.Z6) can be rewritten without the use of any transcendentaltiome. The
following relationships can be derived:

T 2«
cos(f) = — wy [Wix]'w (27a)
w1 x wal[[vi x val
T *
sin(f) = — 2 [W1x]w (27b)
[w1 X wall[lvi x va
This leads taos(f) = —b/c andsin(f) = —a/c with
azwg[wlx]([wlx]+[v1x])[V1X]V2 (28a)
b:wg[wlx] ([W1XHV1X] —ngg) [V1><]V2 (28b)
c=(1+ v{wl)le X Wall||[vi X va| (28¢)
Note thatc = v/a? + b2. Then the matrix? is given by
b b
R:——[3><3+ <1+—> W1WT+E[W1X] (29)
C & C
Noting thatw;w! B = w; v then the solution in Eq26d) can be rewritten as
b T
a? <13X3 (Wit v1)(\;71 +v1) n le{>
(14 vywy) (30)
O ]<M_[ >+WVT
1 (1+vTw) 3x3 11



Note in practice the measured quantities from the previeasan are used in place of the observed
quantities shown in Eq26), and Egs. 28) and @0).

The covariance matrix for an attitude estimate is definedhasovariance of a small angle ro-
tation taking the true attitude to the estimated attitudgpidally small Euler angles are used to
parameterize the attitude error-matrix. Referehderives the attitude error-covariance for the con-
strained solution by using the attitude matrix with resgecthe small angle errors. The attitude
error-covariance is given by

—1 7\ —1
- [AtrueVZ X] R, Rain, - [AtrueV2 X]
P = (31)
—Wg [Wl X] [AtrueVQ X] R£1A2 RA2 —WCQF [Wl X] I:AtrueVQ X]
where
RA, = Ry, + AwueRo, Al e (32a)
R, = Wg [AtrueVZ X]Rwl [AtrueVZ X]W2 + (AtrueVQ)T [Wl X]Rw2 [Wl X] (AtrueVZ) (32b)
+ Wg [Wl X]AtrueRUQ Atz;ue[wl X]Wg
Ran, = — Ry, [AtrueV2 X]WZ (32¢)

This expression is a function of the true attitudiye, but the true attitude can effectively be re-
placed with the estimated attitude to within first order.

OVER-DETERMINISTIC CASE: MULTIPLE CONSTRAINTS

When multiple common objects are acquired a deterministigtion is no longer achievable and
therefore the solution given previously is no longer valitie measurement geometry for the over-
deterministic case is given in Figude The observation is written using the following notation:

§1 = \X/’h f’l = \71 (333.)
5= Wi v (33b)
[[Wi x W | Vi x V|

wheres; andr; denote the vectors that are derived from the LOS obsenstod therefore are
corrupted with measurement noise, denoted by titation. The vector§; andr;, for i > 1, are
the vectors associated with the multiple planar conssaihlotice that all vectors in Eq38) use
the observationsv, or vy, resulting in cross-correlation between the vectors in(Bg). Then the
attitude estimation problem can be written as follows:

§1 = Ary (343.)
5, = AR, (34b)

The measurement models &grandr; are given by

§1 =s1+Asy, 1 =r1+Ar; (353.)
S;=s;+As;, T;,=r;+Ar; (35b)



Here both the measurement LOS vectors and the referenagveontain uncertainty and therefore
two noise terms are needed, denotedXy andA,,. Equations 84) and @3) are used to write the
effective noise of the LOS equations as

Al = ASl — AAI'l (363.)
whereA; andA, denote the noise in the first aifl LOS equation, respectively, and the noise terms
are functions of the measuremert&,w;, vy, v;}. To describe the optimal attitude estimation
problem the noise statistics @, and A; need to be described with respect to the known noise

statistics of the measuremert&, w;, v{,v;}. For now it is assumed thak; and A; are both
zero-mean Gaussian random variables.

Under this assumption the covariance expression can bewes
Ra, = Ras, + ARar, AT (37a)
Ra, = Ras, + ARAy, AT (37b)

Then the LOS equations can be cast in matrix vector formngoye

y(31,...,8,) =h(AF,...,T,) + A (38)
A R T
whereh(A,tq,...,T,) = {(Afl)T oo (AR)T Ly, .8y =[BT L sZ]T,andA =
[AT ... AT]". The covariance for can be written in the following form:
[Ra,a, .- Ra,a, ... Raa,]
R=|Raa, - Bana, - Raa, (39)
_RAnAl . RAnAi . RAnAn_

where the terms of this covariance matrix can be found byitpki{ A; AT}, This covariance ma-
trix will be derived in the next section. Then given this reggntation the optimal attitude estimation
problem can be stated as

. ~ ~ . ~ T -1 ~ ~ o~ ~
min J = (y(sl,...,sn) — h(A,rl,...,rn)) R (y(sl,...,sn) —h(A,rl,...,rn)) (40)
S.t. I3z — AAT = 033

The issue with solving Eq40) for A is that the vector componentsyfs, . . ., én)—h(fl, Ti,...,Tp)
are correlated because eachandv; is calculated usingv; andv;. ThereforeR is not a diagonal
matrix and the objective function can not be written as a stimdividual vector residuals, which
will prevent writing the objective function in the form gineby Wahba’s problerfi. Specifically,
the cost function is quartic when the quaternion paranegton is used for the attitude matrix.
Unfortunately, there exists no solution in the open literator this type of problem. This motivates
using an approximate weighting matrix of the form

2 2 2 -1
J1I3><3 J1I3><3 U1I3><3

_ 2 2 2
W = J1I3><3 J1I3><3 U1I3><3 (41)
2 2 2
J1I3><3 J1I3><3 U1I3><3

10



whereWW ~ R~! is the approximation of the weighting matrix in E¢0f. Using Eq. 41) as
the weighting matrix in the cost function also maintains lihear structure allowing an analytic
solution for the attitude using the QUEST approaathile still maintaining some of the correlation
information contained in the exact problem. The questidh retmains how to choose? and
aﬁj in the approximated weighting matrix. This work will implemt the approximation of using
az ;= tracg(?; ;) as the weighting matrix. The exact problem will be solvechgsan iterative
nonlinear least squares approach and compared to the &pptexsolution using the weighting
function given in Eq.41) and obtained in closed form via the QUEST solution.

Solution to the Suboptimal Problem

The general problem with the general weighting function loanvritten as

J(A) = Z % (Si — AI‘Z')T W“ S; AI‘Z + Z Z AI’Z Wij (Sj - AI’j) (42)

=1 i=1 j= 1,3751

The issue with solving this problem is the structurel@f; and W;; which are fully populated
matrices. In general/ = R~! is chosen to define the optimal problem. But this problem is
difficult to solve so the approximationd’;; = ai_ilfgxg andW;; = ai_jlfgxg are chosen instead.
Then the cost function can be written as

J(A) = Z 2;2 (s; — Ary)T (s; — Ar;) + Z Z

2(1"
i=1 i=1j=14#1" "

— AI‘Z‘)T (Sj — AI‘j) (43)

The cost function can be rewritten as

n n

1 1
J(A) = Z; o (18T Ax) + Z; Z o — (1—-sl4rj) +C (44)
i= i=1j=1,j#1

whereC'is given byC' = >, 2(1 (sI's; — (Ar;)T Ar; — 2) and is not a function of the attitude.
Thus this term can be neglected Using the quaternion paeaizetion leads to

) =3 (@) + 3 Y s ) )

Next the identities=(q)s; = Q(s;)q and¥(q)r; = I'(r;)q are used, wher@(b;) andT'(b;) are
defined by

oy = | o B ey = | ol B (46)
This allows Eq. 45) to be written as
J(a) =q"Kq (47)
where
K=- 3 iQ(Si)r(ri) 3y iQ(Sz')r(l"j) (48)
=1 % =1 jo1 21 Y

11



The goal is to minimize/(A) or J(q) but it must also be ensured that the quaternion constraint is
maintained. Lagrange multipliers are employed to imposejtiaternion constraint on the solution.
The loss function is augmented as follows

J(@) =q"Kq+A1—q’q) (49)

where A is the Lagrange multiplier. Then the optimality conditioancbe imposed on the loss
function, mainlya‘g—((f‘) = 0, which leads to

Kq=)\q (50)

This is an eigenvalue problem with four possible solutidhsbstituting Eq.50) into Eq. @9) leads

to J(q) = A\, hence the eigenvector associated with the smallest eijenis chosen. It can be

shown that as long as there exist at least two non-collineeaiovs there will be a distinct and real

minimum eigenvalue. The solution to E&QOj can be found using a number of existing efficient
algorithms that do not involve a full eigenvalue/eigengectecomposition, e.g. QUEST.

All that remains is how to select the values@f anda,;;. One approach is to determine the
covariance for the approximate solutiafyprox, and select the values far; anda;; such that the
trace of Pyprox Is minimized. This is extremely complex approach, thereftire expression for
the approximate covarianc&aprox, and the optimal covariancéyp;, are used. The error attitude
covariance for the general/optimal cost function can béveédrusing the results from maximum
likelihood estimaté. The Fisher information matrix for a parameter vectds given by

62
Frc= E { . J(x)} (51)

Then the error covariance farcan written as

P = F5} (52)

Equation 40) can used to derive the attitude error covariance using . Because the attitude
error is not expected to be large, a small error angle assomigtmade in Eq.40). The attitude es-
timate can be expressed in terms of the true attitude anchtile arrorsga: A = e~ [09X] Ay e &
(Isxs — [0axx]) Ayues Whereda represents the small roll, pitch and yaw error rotationse &tti-
tude covariance is defined as

Psasa = E{dada’} (53)
The attitude angle error covariance for the two vector casebe accomplished using the Cramer-
Rao inequality:

OxoxT

whereL (y;x) is the likelihood function for a measurementTaking the appropriate partials with
respect tdda leads to the following covariance:

F=— {782 lnL(Sf;x)} (54)

Py = E{aba”} = (HR'HT) ™' (55)

whereH = —[[s;x]...[s,x]]”. Note that this expression is evaluated at the true valuestau
the expectation and the assumption that the observationrdiiased. The same procedure can be

12



followed for the approximate cost function to derive thetade error covariance for the approxi-
mate problem. Using the cost function in E43f and small angle approximation for the error the
attitude error covariance can be written as

—1
Papox = E {dada’} = | 3 > %[sz-xnij]T (56)

i=1j=1 4

Note from Eq. §5) and Eqg. §6) that the only difference between the two expressions isriateix
Raa,;- Infactif Ra,a; = O'Z-2j13><3 then Eq. §5) reduces to Eq.56). Hence thei;; are chosen to
minimize some matrix norm of the following form:

J(aij) = [|[Ra;a; — aijlsxs]| (57)

For example if the norm in Eq57) is chosen to be the Frobenius norm then the values,fahat
minimize Eq. 67) are
1
aj; = gtrace(RAi A,) (58)
Then once the proper weights are determined the approxiatatede solution can be found by
solving Eq. 60) and the attitude error covariance for this solution candrefuted using Eq56).
Furthermore the performance of the approximate solutiarbeacompared with the optimal solution

by comparing Eq.85) and Eq. §6). Finally to compute the solution thEa,a; covariance terms
must be known, which will be derived in the next section.

Covariance Expressions

For simplicity consider the following notation:
§1 = a(Wy, W;)B(W1, W;) (59)

This simplifies the derivation of the covariance matrix. Téens needed for the covariance deriva-
tion are given by

a(wi, wi) = [[wi x wi[7h e, (Wi, wi) = %sz' x w72 ([wyxJwr) T [wix],
1 (60a)

O, (W1, Wi) = — [|wi X wi |7 ([wix]w) [wi ]
Bwi,w;) = [wWix|wi, Bw, (W1, w;) = [w;x], Bw, (W1, w;)=—[wix] (60b)

Afirst-order Taylor series expansion about the error stedisf the termsx(wq, w;) and3(wy, w;)
yields:

a(w:b V~VZ) - a(W17 WZ) + aw1 (W17 Wi)vwl + awi (W17 Wi)vwi (61a)
B(W1,W;) = B(W1, W;) + Bw, (W1, Wi) Vw1 + Bw, (W1, W;) Uy (61b)

Note that the expressions fof(w,, w;) and3(w1, w;) can b written in terms of the true quantities
w1, w;, and error terma,,; andv,,;. The notation is simplified by removing the first function
dependence irv; since all terms share this and display the functional depecel of the second
term as a superscript, i.8! = 3(w1, w;).
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To determine the error term B = s; + As; a Taylor series expansion in E§1j is used and
the result is substituted into EcpY), giving

s; + As; = (ai + aivlvwl + aivivwi) ’ (Bl + valvwl + Bévlvwz) (62)

Rearranging terms and using the fact that= o’3?, and neglecting higher order termg,; v.,;,
Vw1 Ui, andu,,; Uy, then the following expression is given:

As; = (o ivl + ﬁiaal)vwl + (aiﬁivi + ,Biaiw)vm (63)
Then the covariance faAs; can be calculated as
Ras;as; = E{As;As] } = (a8, + B'ay,,) R, (o' By, + Ba,,)"

(1) [P (1) i i \T (64)
+ (a IBWZ' —l—,B awi)RWz‘(a IBWZ' —|—,6 awi)
The cross-correlation between thes; and As; terms can also be written as
Ras,as, = E{AsiAs]} = ('By, + By, Rw, (& B, + B cd,,)” (65)
Finally the cross-correlation between thes; and As; terms can also be written as
Ras;as, = E{As;As] } = (a'BL,, + B'ady, ) R, (66)

A similar procedure can be used to compXe; terms, which is summarized here. Similarly, for
simplicity the following notation is considered:

f‘l = a(ffl,ﬁi)a(ffl,%) (67)
The terms need for the covariance derivation for the tefxsare given by
_ 1, . _
a(vi,vi) = |lvixvi||™  ay, (v, v) = lvi x vl H([vix]v) T [vix],
1 (68a)
o, (vi, vi) = =5 [vi x vi|| 7 ([vix]ve) " [vix]
B(v1,vi) = [vix]vi, By, (v1,Vvi) = [vix], By, (v1,Vi) = —[v1X] (68b)

Then the error termAr; can be written in terms of the noise termg, andw,,;, resulting in the
following expression:

Ar; = (o'By, + B Jvwt + (' By, + B'al,, vy (69)
Then the covariance term fdkr; : Rar,Ar;s BAar;ar;; adRar, ar, are given as follows

RAriAri = E{ArZAr,ZT} = (al 311 + lBiaill)va (al 311 + ﬁlaill )T

. o o T (70a)

+(a'By, + B'ay, )Ry, (@' By, + B'ay,)
Rar,ar, = E{Ar;Ar]} = (a'BL, + Bl )Ry, (@8], + B ad, )T (70b)
Rar,ar, = E{Ar;Ar] } = ('8, + e, )Ry, (70c)

Then the covariance in Eq39) can be formed by using E6Q) to form the terms in Eqs64), (65)

and ©6), and using Eq.q7) to form the terms in Eqs.708), (70b) and (70c¢), and combining it all
together to solve for the terms in EQ7). These terms can be collected into one matrix given by
Eqg. 39). Once the full covariance matrix is found then each of thaghits given in Eq.$8) can be
calculated and the approximate solution given in E§8) &nd @8) can be formed. The covariance
for the approximate solution can be formed using the weiglguantify the error in the solution.

In the next section a numerical simulation example is carsid to study the performance of the
proposed solution.
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SIMULATIONS

Two simulation scenarios are studied: a static formatianfigaration and a dynamic formation
configuration of two vehicles and multiple common targets@nsidered. Each vehicle has light
source devices and FPDs, which produce a set of parallel L&Sunements. In the static formation
each vehicle is observing two common objects. As mentionesliqusly the location of these
objects is not required for the attitude solution, only th®@3 vectors from each vehicle to the
objects are needed. In the dynamic configuration is is assuhae the two vehicle are formation
flying spacecraft in a close relative orbit. The two commagess in the dynamic case are two other
spacecraft that are also in the formation. They do not measucommunicate LOS observations
to the two vehicles for which the relative attitudes are eieed.

- A ~ Target 2
1

500

rget 1
~ ~

B —~—, S~

300

500

Y (km)

1000 ~100
X (km)

Figure 3. Dynamic Trajectories

Static Formation Simulation

The formation configuration uses the following true locatad vehicle and targets:

1000 —1000 500 —500
X1 = 0 m, Xo = 0 m, x3= {250 m, x4= | 250 m (71)
0 0 500 —800

Here vehicle one is at; and vehicle two is at,. Targets one and two arexaf andxy, respectively.
The LOS truth vectors are determined from locations listeld. (71), others can be found by using
the appropriate attitude transformation without noiseeadd~or this configuration the true relative

attitude is given by

1 0 0
A=10 0 1 (72)
0 0
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For the simulation the LOS vectors are converted into fptate coordinates and random noise is
added to the true values having covariances describedopisdyj withc = 17 x 1076 rad. Since
each FPD has its own boresight axis, and the measurementasmain Eq. {1) is described with
respect to the boresight, individual sensor frames mustefieatl to generate the FPD measure-
ments. The measurement error-covariance for each FPDasntieed with respect to the corre-
sponding sensor frames and must be rotated to the vehiddisfbame as well. The lettef is used

to denote sensor frame. The orthogonal transformationth&r respective sensor frames, denoted
by the subscript, used to orientate the FPD to the specificieeldenoted by the superscript, are
given by

[—0.8373 —0.2962 0.4596 | [—0.8069  0.4487  0.3843 |

A;’él = | —0.2962 —0.4609 0.8366 | , A;’;l = | 0.4487 —0.0423 0.8927 (73a)
| 0.4596 —0.8366 0.2981 | | 0.3843  0.8927  —0.2355 |
[—0.8889  0.0644  0.4535] [ 0.4579 —0.0169 0.8888 |

A:‘% = | 0.0644 —0.9626 0.2630| , A:"é = | —-0.0169 —-0.9998 —0.0103 (73b)
| 0.4535  0.2630  0.8515 | | 0.8888  0.0103  —0.4581 |
—0.8121 —0.1287 —0.5692 —0.1171 —0.1582  0.9804

A;‘% = | —0.1287 —0.9119 0.3898 |, A;’;l = |—0.1582 —-0.9716 —0.1757| (73c)
—0.5692  0.3898  0.7240 0.9804 —0.1757  0.0887

The configuration is considered for 1,000 Monte Carlo trisdeasurements are generated in the
sensor frame and rotated to the body frame to be combinedtingtbther measurements to deter-
mine the full relative attitudes. The wide-FOV measurenmantel for the FPD LOS covariance
is used. Relative attitude angle errors are displayed iarEig. Three case are shown: two cases
involve only one target and the LOS vectors between the isshdaad one case uses both targets and
the LOS vectors between the vehicles. The first case usedamgt onexs, which is shown in
Figure4(a). Case two uses target®,, which is shown in Figurd(b), and Case 3 uses both targets
which is shown in Figurd(c).

Better performance characteristics are given when bogfetaiare used in the constrained solu-
tion. Figure4 shows that the derived attitude-error covariance doesth@deund these errors in a
3o sense. Itis seen that Case 1 and Case 2 have larger roll graor€ase 3. In this scenario since
the LOS between the vehicle is in thedirection, rotation about this direction is not resolved b
the LOS observation. The common target observations peabiel missing information. Therefore
Case 3, which uses both targets, has smaller errors in thdinedtion than Case 1 or Case 2 which
only use one target. The covariance values for the thres @msegiven below

0.2599 —0.0124 0.0335

Poasa = 1 x 1078 | =0.0124  0.0583  —0.0008 (74a)
0.0335 —0.0008 0.0579
[0.5011  0.0243  0.0470 ]

Prase = 1 x 1078 [0.0243  0.0583  —0.0008 (74b)
10.0470  —0.0008  0.0579 |
[0.1925  0.0243  0.0470 ]

Prass = 1 x 1078 [0.0243  0.0583  —0.0008 (74c)
10.0470  —0.0008  0.0579 |
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Figure4. Relative Attitude Estimate Errorsfor the Three Cases

Dynamic Formation Simulation

In the dynamic configuration four spacecraft are flying in@setl formation, Their relative po-
sitions are unknown as they measure LOS vectors to each athiéis configuration it is assumed
that the FPD devices are gimballed allowing constant \ligiband, for simplicity, it is assumed
that the rotation matrix between the body frames to the sdremes are those listed for the static
simulations.

The relative motion trajectories are displayed in Fig8urd he chief spacecraft is in a low-Earth
orbit and the orbital element differences are selected thattthe deputies relative motion around
the chief have both in-plane and out-plane relative motidhe orbital elements of the chief and
the orbital element difference for the deputies are listeddblel. These values can be used to
produce the orbits given i a using linearized solutioH. The sizes of the orbits are chosen such
that deputy 1 has a smaller orbit than deputy 2 and 3 who bath similar size orbits in different
orientations. Deputy 1 haskm of in-plane motion and00 km of out-of-plane motion, as opposed
to the size for deputy 2 and 3 which ha@ km of in-plane motion and50 km of out-of-plane
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motion. LOS vectors are converted into focal-plane coat#is and random noise is added to the
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Figure5. Dynamic Scenario

true values having covariances described previously, with 17 x 10~%rad. The algorithms for
the deterministic case with one constraint and for the stifpayp solution case are used to provide
a point-by-point solution for the relative attitude. Théate attitude that is determined solves the
transformation from the chief spacecraft frande,to the deputy 1 framepD;. These frames are
defined as the fixed body frames of each spacecraft and itisw@skboth the chief and the deputy 1
spacecraft have inertial fixed attitudes (no attitude dyingmThe algorithm from the deterministic
case with one constraint is used to solve for the relativeudd in the deterministic case where
only one common target is considered. Here the algorithm fitoe deterministic case with one
constraint is used to solve for the relative attitude betwtee chief and deputy 1 spacecratft for two
cases: one case where deputy 2 is considered as the comnechantyj the other where deputy 3 is
considered as a common object. The algorithm from the sirthapsolution case is used to provide
a solution for the over-deterministic case where both deuind deputy 3 are used as common
objects to solve for the relative attitude between the chpeicecraft and deputy 1 spacecraft.

Figure6 displays the relative attitude errors for the dynamic camfigjon for all three cases. The
magnitude of the relative attitude errors dependence omggyp can clearly be seen. As the LOS
geometry changes throughout the trajectory, théd8unds of the errors also change and accurately
bound the estimated attitude errors. A large increase imdlagive error can be seen as the LOS
configuration approaches an extreme condition wkeyew, and Aqyevo are nearly parallel for
case 1 and case 2. This results in a near unobservable aituathich is correctly depicted in
the covariance. Since case 3 determines a solution usimgdemuty 2 and deputy 3 as common
objects it avoids unobservable situations as can be seenFrgure6. In fact case 3 doesn't have
large increases in the attitude error, as in case 1 and cas®&2,it considers both common objects.
When one common object has large error due it approachinglasenvable situation the second
common object provides this information and avoids any efélrors getting large. Figuie(b)
shows the3o bounds for the three cases plotted in log scale. From thisdfijus seen that case
3 gives the optimal error for two targets and consistentegithe best estimate as expected, since
this case uses both common objects.
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Table 1. Orbital Elementsof Chief and Orbital Element Differencesfor Deputy Spacecr aft

‘ ‘ Chief H ‘ Deputyl Deputy?2 Deputy3
a (km) | 7555.0 || da (km) 0.0 0.0 0.0
e 0.03 de —0.477 x 1073 | 0477 x 1073 | —0.191 x 1073
i(deg) | 48.0 8i (deg) —0.60 —0.60 0.60
Q (deg) | 20.0 0f) (deg) —0.60 0.60 1
w (Deg) | 10.0 ow (deg) 0 0 0
M (Deg) | 0.00 oM (deg) —3.60 3.60 3.60

Pitch (urad) Roll (urad)
Pitch (urad) Roll (urad)

Yaw (prad)
o
Yaw (urad)

i iy
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Figure 6. Relative Attitude Estimate Errorsfor the Three Cases

CONCLUSIONS

In this paper a new relative attitude determination apgrdactwo vehicles with multiple com-
mon observed objects was presented. The approach reqoaasfisight information between each

19



vehicle and line-of-sight information to multiple commobjects. The attitude solution was found
means of a geometric constraint applied on each commontobjjee optimal attitude estimation
problem for multiple common object was shown but it was notMahba’s problem form, so an
approximate object function was considered. This solutimvides a point-by-point solution for
the relative attitude between two vehicles using multimenmon objects. The advantage of this
approach is that the object’s position does not need to bekno

Both a static and a dynamic scenario were considered, anddmmnon objects were used for
both scenarios. Three cases were considered for both tie ata the dynamic scenarios. Two
of the cases used only one common object and the LOS vecttwedre the vehicles to solve for
the relative attitude. The other case used both common tshger the LOS vectors between the
vehicles to solve for the relative attitude. For the casasubked both common objects the error was
shown to be less than the cases were only one target was usedttiftude error and the attitude
error 3r bounds were shown for all cases and the theoretical bountthriee Monte Carlo runs.
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