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Abstract

In this paper a generalized multiple-model adaptive estimator is presented that can be used to estimate
unknown model and/or filter parameters, such as the noise statistics in filter designs. The main goal
of this work is to provide an increased convergence rate for the estimated model parameters over the
traditional multiple-model adaptive estimator. Parameter elements generated from a quasi-random sequence
are used to drive multiple parallel filters for state estimation. The current approach focuses on estimating
the process noise covariance by sequentially updating weights associated with the quasi-random elements
through the calculation of the likelihood function of the measurement-minus-estimate residuals, which also
incorporates correlations between various measurement times. For linear Gaussian measurement processes
the likelihood function is easily determined. A proof is provided that shows the convergence properties
of the generalized approach versus the standard multiple-model adaptive estimator. Simulation results,
involving a two-dimensional target tracking problem and a single-axis attitude problem, indicate that the
new approach provides better convergence properties over atraditional multiple-model approach.

Index Terms

Generalized Multiple-Model Adaptive Estimation, Correlation, Residual.

I. I NTRODUCTION

Multiple-model adaptive estimation (MMAE) uses a parallelbank of filters to provide multiple estimates,
where each filter corresponds with a dependence on some unknowns. The state estimate is provided
through a sum of each filter’s estimate weighted by the likelihood of the unknown elements conditioned
on the measurement sequence. The likelihood function givesthe associated hypothesis that each filter is
the correct one. Many applications of MMAE approaches exist[1]. Three generations of MMAE have
been characterized. The first is the classical approach presented in Ref. 2. The second is the interacting
multiple-model algorithm [3] and the third is variable structure multiple-model estimation [4]. Judiciously
determining the filter bank size has also been an active area of research [5].

Adaptive filtering can be divided into four general categories: Bayesian, maximum likelihood, covariance
matching, and correlation approaches [6]. Bayesian and maximum likelihood methods may be well suited
to multiple-model approaches, but sometimes require largecomputational loads. Covariance matching
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is the computation of the covariances from the residuals of the state estimation problem, but has been
shown to give biased estimates of the true covariances. A widely used correlation-based approach for
a linear Kalman filter with stationary/Gaussian process andmeasurement noise is based on “residual
whitening” [7]. In particular, the autocorrelation matrix, which can be computed from the measurement-
minus-estimate residuals, is used with the system state matrices to provide a least-squares estimate of the
Kalman filter error covariance times the measurement outputmatrix. If the number of unknowns in the
process noise covariance is equal to or less than the number of states times the number of outputs, then the
error-covariance/output-matrix estimate can be used to find an estimate of the process noise covariance by
solving for a set of linear equations. These equations are not linearly independent and one has to choose
a linearly independent subset of these equations [7].

Standard MMAE approaches use only the current time measurement-minus-estimate residual in the
algorithm. The approach shown in this paper is a generalization of the approach shown in Ref. [8], which
uses the time correlation of the filter residuals to assign the likelihood for each of the modeled hypotheses.
In particular, the spectral content of the residuals is usedand only scalar measurements are assumed in
Ref. [8]. The authors also state that if multiple measurements are available, then a diagonal matrix can
be used with elements given by the spectral content of each measurement residual, but this assumes that
the cross-correlation terms are negligible. Also, the focus of their paper is on the detection of actuator
failures with known control-input frequency content.

The main goal of this work is to provide an increased convergence rate for the estimated parameters
over the traditional multiple-model adaptive estimator. The new approach shown here, called generalized
multiple-model adaptive estimation (GMMAE), is based on calculating the time-domain autocorrelation
function [7], which is used to form the covariance of a generalized residual involving any number of
backward time steps. This covariance matrix also includes the time correlated terms, thus providing a
more rigorous approach than the approach shown in Ref. [8]. The unknown elements in the design are
the parameters of the process noise covariance, but the approach shown here is general to any MMAE
application and can be used to estimate any model parameters. Process noise covariance elements can
be drawn from any sample distribution as long as the resulting covariance matrix remains positive semi-
definite. A theoretical proof of the convergence propertiesof the GMMAE is also shown, which offers
insight as to its advantages over the standard MMAE approach.

The organization of the remainder of this paper proceeds as follows. First, the standard Kalman filter
equations are summarized, since this filter will be used in the simulations. Then, a review of the standard
MMAE algorithm is given. Next, the new adaptive approach is shown, including the assumptions used
for linear time-varying systems. The theoretical background for the GMMAE approach and the proof
of convergence are then provided. Finally, simulation results involving a two-dimensional target tracking
problem and a single-axis attitude estimation problem are shown.

II. K ALMAN FILTER AND MULTIPLE-MODEL ADAPTIVE ESTIMATION

A summary of the discrete Kalman filter is given in Table I, where xk is the state vector,uk is the
known control input,Φk is the discrete-time state transition matrix,Υk is the process noise distribution
matrix,wk is the process noise vector which is assumed to be a zero-meanGaussian noise process with
covarianceQk, ỹk is the discrete-time measurement,vk is the measurement noise vector which is assumed
to be a zero-mean Gaussian noise process with covarianceRk, x̂−

k andx̂+
k are the propagated and updated

state estimates, respectively, andP−
k andP+

k are the propagated and updated covariances, respectively.
Multiple-model adaptive estimation is a recursive estimator that uses a bank ofM filters that depend on

some unknown parameters, denoted by the vectorp, which is assumed to be constant (at least throughout
the interval of adaptation). The MMAE process is shown in Figure 1. Details of the MMAE approach can
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TABLE I
DISCRETE-T IME L INEAR KALMAN FILTER

xk+1 = Φkxk + Γkuk +Υkwk, wk ∼ N(0, Qk)
Model

ỹk = Hkxk + vk, vk ∼ N(0, Rk)

x̂(t0) = x̂0
Initialize

P0 = E
{

x̃(t0) x̃T (t0)
}

Gain Kk = P
−

k HT
k [HkP

−

k HT
k +Rk ]

−1

x̂
+
k = x̂

−

k +Kk[ỹk −Hkx̂
−

k ]
Update

P
+
k = [I −KkHk]P

−

k

x̂
−

k+1 = Φkx̂
+
k + Γkuk

Propagation
P−

k+1 = ΦkP
+
k ΦT

k +ΥkQkΥ
T
k

ky ku
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Fig. 1. MMAE Process

be found in Refs. [9] and [10]. Note that we do not need to make the stationary assumption for the state
and/or output processes though, i.e. time-varying state and output matrices can be used. It is assumed that
the unknown parameters belong to a discrete set of elements generated for each of theM filters from
some known probability density function (pdf) ofp, denoted byp (p), to give {p(ℓ); ℓ = 1, . . . , M}.
The goal of the estimation process is to determine the conditional pdf of theℓth elementp(ℓ) given all
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the measurements. Application of Bayes’ rule yields

p (p(ℓ)|Ỹk) =
p (Ỹk,p

(ℓ))

p (Ỹk)

=
p (Ỹk|p

(ℓ)) p (p(ℓ))
M
∑

j=1

p (Ỹk|p
(j)) p (p(j))

(1)

whereỸk denotes the sequence{ỹ0, ỹ1, . . . , ỹk}. Thea posteriori probabilities can be computed through
[11]

p (p(ℓ)|Ỹk) =
p (ỹk, p

(ℓ)|Ỹk−1)

p (ỹk|Ỹk−1)

=
p (ỹk|x̂

−(ℓ)
k ) p (p(ℓ)|Ỹk−1)

M
∑

j=1

[

p (Ỹk|x̂
−(j)
k ) p (p(j)|Ỹk−1)

]

(2)

with p (ỹk, |Ỹk−1, p
(ℓ)) given byp (ỹk|x̂

−(ℓ)
k ) in the Kalman recursion. It is computed as a pdf of the

Kalman filter measurement-minus-estimate residualek = ỹk −Hkx̂
−
k . Suppose thate(ℓ)k is a zero-mean

Gaussian random vector with covarianceC
(ℓ)
k,0. Then

p (ỹk, |Ỹk−1, p
(ℓ)) = 1/

√

det[2π C
(ℓ)
k,0] exp

[

−
1

2
eTk

(

C
(ℓ)
k,0

)−1

ek

]

(3)

Note that the denominator of (2) is just a normalizing factorto ensure thatp (p(ℓ)|Ỹk) is a pdf. Thea
posteriori probability update in (2) recursion formula can now be cast into a set of defined weights̟ (ℓ)

k ,
so that

̟
(ℓ)
k =

̟
(ℓ)
k−1p (ỹk|x̂

−(ℓ)
k )

M
∑

j=1

̟
(j)
k−1p (ỹk|x̂

−(j)
k )

(4)

where̟
(ℓ)
k ≡ p (p(ℓ)|Ỹk). Note that only the current time measurementỹk is needed to update the

weights. The weights at timet0 are initialized to̟(ℓ)
0 = 1/M for ℓ = 1, 2, . . . , M . The convergence

properties of MMAE are shown in Ref. [11], which assumes ergodicity in the proof. The ergodicity
assumptions can be relaxed to asymptotic stationarity and other assumptions are even possible for non-
stationary situations [12].

The conditional mean estimate is the weighted sum of the parallel filter estimateŝx−(j)
k :

x̂−
k =

M
∑

j=1

̟
(j)
k x̂

−(j)
k (5)

Also, the error covariance of the state estimate can be computed using

P−
k =

M
∑

j=1

̟
(j)
k

[

(

x̂
−(j)
k − x̂−

k

)(

x̂
−(j)
k − x̂−

k

)T

+ P
−(ℓ)
k

]

(6)
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The specific estimate forp at timetk, denoted bŷpk, and error covariance, denoted byPk, are given by

p̂k =

M
∑

j=1

̟
(j)
k p(j) (7a)

Pk =
M
∑

j=1

̟
(j)
k

(

p(j) − p̂k

)(

p(j) − p̂k

)T

(7b)

Equation (7b) can be used to define3σ bounds on the estimatêpk. The discrete distribution of the
uncertainty of the parameter vectorp is represented byM elements ofp(j). If M is large and the significant
regions of the parameter space ofp are well represented byp(j), then (7a) is a good approximation of
the conditional mean ofp.

III. A DAPTIVE LAW BASED ON AUTOCORRELATION

In this section the adaptive law, based on an autocorrelation approach, for the process noise covariance
matrix is shown. First, the autocorrelation for time-varying systems is derived, followed by the associated
likelihood functions for the defined measurement residuals.

A. Autocorrelation for Time-Varying Systems

In this section the autocorrelation matrix for linear time-varying systems is derived, which is an extension
to the approach shown in Ref. [7]. Here we assume that the model is linear with

xk+1 = Φkxk + Γkuk +Υkwk (8a)

ỹk = Hkxk + vk (8b)

Note that the to-be-estimated parameter vectorp can be function of any unknown model quantity in
(8). For example it can be related to parameters in the state model matrices or parameters related to the
covariance of the process and/or measurement noise. Here wefocus on elements of the process noise
covariance. The process noise is assumed to be a zero-mean Gaussian white-noise process so thatQk is
a constant, denoted byQ. Consider the following discrete-time residual equation:

ek ≡ ỹk −Hkx̂
−
k

= −Hkx̃
−
k + vk

(9)

where x̃−
k ≡ x̂−

k − xk and x̂−
k = Φk−1(I − Kk−1Hk−1) x̂

−
k−1 + Φk−1Kk−1ỹk−1 with Kk−1 being an

arbitrary gain. Note thatKk−1 is not necessarily the optimal Kalman gain, which is computed using the
actual noise statistics. The following autocorrelation matrix can be computed:

Ck, i =











HkP
−
k HT

k +Rk i = 0

HkE
{

x̃−
k x̃−T

k−i

}

HT
k−i −HkE

{

x̃−
k vT

k−i

}

i > 0

(10)

whereCk, i ≡ E
{

eke
T
k−i

}

andE{·} denotes expectation. The propagation ofx̃−
k is given by

x̃−
k = Φk−1(I −Kk−1Hk−1) x̃

−
k−1 +Φk−1Kk−1vk−1 −Υk−1wk−1 (11)
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Carrying (11)i steps back leads to

x̃−
k =





i
∏

j=1

Φk−j (I −Kk−j Hk−j)



 x̃−
k−i +

i
∑

j=2

[

j−1
∏

ℓ=1

Φk−ℓ (I −Kk−ℓ Hk−ℓ)

]

Φk−j Kk−j vk−j

−

i
∑

j=2

[

j−1
∏

ℓ=1

Φk−ℓ (I −Kk−ℓ Hk−ℓ)

]

Υk−j wk−j +Φk−1 Kk−1 vk−1 −Υk−1 wk−1

(12)

where
i
∏

j=1

Zk−j ≡ Zk−1Zk−2 · · ·Zk−i (13)

Performing the expectations in the definition ofCk, i leads to [13]

Ck, i =































HkP
−
k HT

k +Rk i = 0

HkΦk−1(P
−
k−1H

T
k−1 −Kk−1Ck−1, 0) i = 1

Hk

[

∏i−1
j=1 Φk−j (I −Kk−j Hk−j)

]

Φk−i (P
−
k−i H

T
k−i −Kk−iCk−i, 0) i > 1

(14)

where
Ck−i, 0 ≡ Hk−i P

−
k−i H

T
k−i +Rk−i (15)

In the above equations,P−
k andP−

k−1 are computed using the true covariance matrixQ of the process
noisewk. If the Kk−j matrices are computed using the trueQ, too, thenCk, i = 0 for i ≥ 1. Note
that storage of the state model and covariance matrices to the k− i point is required to computeCk, i in
general.

B. Likelihood Function

In this section the likelihood function for the measurementresidual is shown. First, the following
residual is defined:

ǫk,i ≡











ek
ek−1

...
ek−i











(16)

The likelihood function associated withǫk,i is given by

Lk,i =
1

[det(2π Ck,i)]1/2
exp

(

−
1

2
ǫ
T
k,iC

−1
k,i ǫk,i

)

(17)

whereCk,i ≡ E{ǫk,iǫ
T
k,i} is given by

Ck,i =















Ck, 0 Ck, 1 Ck, 2 · · · Ck, i

CT
k, 1 Ck−1, 0 Ck−1, 1 · · · Ck−1, i−1

CT
k, 2 CT

k−1, 1 Ck−2, 0 · · · Ck−2, i−2

...
...

...
. . .

...
CT

k, i CT
k−1, i−1 CT

k−2, i−2 · · · Ck−i, 0















(18)
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When i = 0 the likelihood function reduces down to

Lk,0 =
1

{

det[2π (HkP
−
k HT

k +Rk)]
}1/2

exp

[

−
1

2
eTk (HkP

−
k HT

k + Rk)
−1ek

]

(19)

This likelihood is widely used in MMAE algorithms [9].

C. MMAE Adaptive Law

The MMAE adaptive law is given by

̟
(ℓ)
k = ̟

(ℓ)
k−1L

(ℓ)
k,0

̟
(ℓ)
k ←

̟
(ℓ)
k

M
∑

j=1

̟
(j)
k

(20)

sincep (ỹk|x̂
−(ℓ)
k ) = L

(ℓ)
k,0, which is defined by

L
(ℓ)
k,0 =

1
{

det[2π (HkP
−(ℓ)
k HT

k +Rk)]
}1/2

exp

[

−
1

2
e
(ℓ)T
k (HkP

−(ℓ)
k HT

k +Rk)
−1e

(ℓ)
k

]

(21)

wheree(ℓ)k ≡ ỹk −Hkx̂
−(ℓ)
k .

The actual statistics ofe(ℓ)k are determined byQ andK
(ℓ)
k−j . The Kalman gainsK(ℓ)

k−j are computed
under theℓth hypothesis that the true covariance of the process noise isQ(ℓ). In the likelihood function
above, the hypothesized residual covariance(HkP

−(ℓ)
k HT

k + Rk) of e
(ℓ)
k is computed usingQ(ℓ) and

K
(ℓ)
k−j . The actual statistics of the residuals match the hypothesized only whenQ(ℓ) = Q.

D. GMMAE Adaptive Law

The GMMAE adaptive law is a modification of the MMAE adaptive law, given by

̟
(ℓ)
k = ̟

(ℓ)
k−1L

(ℓ)
k,i

̟
(ℓ)
k ←

̟
(ℓ)
k

M
∑

j=1

̟
(j)
k

(22)

with

L
(ℓ)
k,i =

1
[

det
(

2π C
(ℓ)
k,i

)]1/2
exp

[

−
1

2
ǫ
(ℓ)T
k,i

(

C
(ℓ)
k,i

)−1

ǫ
(ℓ)
k,i

]

(23)

whereǫ(ℓ)i is defined asǫ(ℓ)i ≡ [e
(ℓ)T
k e

(ℓ)T
k−1 · · · e

(ℓ)T
k−i ]

T , of which the actual statistics are determined

by Q andK
(ℓ)
k−j , which are computed usingQ(ℓ). The matrixC(ℓ)k,i is given by (14) and (18), which is

evaluated atQ(ℓ) and theoptimal Kalman gain, which is a function of the actual covarianceQ. Because
Q is unknown, it is approximated by the current best estimateQ̂ of it, computed usinĝpk.

Like the MMAE adaptive law, the GMMAE adaptive law is set up such the parameter sets used to
computeQ(ℓ) that result in good agreement between the actual and expected residual statistics receive
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large weights. On the right-hand side of (22), the more recent weight ̟k−1 instead of̟k−i is used,
which in essence raises the power of the weight and the likelihood function. As a result, the GMMAE
estimate given by (7) of the unknownp is closer to the maximum of the likelihood than it is towards
the conditional likelihood mean or the minimum mean-squareerror estimate as provided by MMAE. A
technique of raising the power of the weights in the MMAE approach has also been proposed in Ref. [14].
But the GMMAE solution presented here provides a clearer understanding of how this is done and it also
incorporates correlated terms to increase performance characteristics.

The estimates forC(ℓ)
k, i, which are sub-blocks ofC(ℓ)k,i , are given by

Ĉ
(ℓ)
k, i =















































HkP
−(ℓ)
k HT

k +Rk i = 0

HkΦk−1

(

P
−(ℓ)
k−1 HT

k−1 − K̂k−1C
(ℓ)
k−1, 0

)

i = 1

Hk

[

∏i−1
j=1 Φk−j

(

I − K̂k−j Hk−j

)]

Φk−i

×
(

P
−(ℓ)
k−i HT

k−i − K̂k−i C
(ℓ)
k−i, 0

)

i > 1

(24)

where
C

(ℓ)
k−i, 0 ≡ Hk−i P

−(ℓ)
k−i HT

k−i +Rk−i (25)

The covariance matrixP−(ℓ)
k is computed using

P
−(ℓ)
k+1 = ΦkP

+(ℓ)
k ΦT

k +Q(ℓ) (26a)

P
+(ℓ)
k =

(

I −K
(ℓ)
k Hk

)

P
−(ℓ)
k (26b)

K
(ℓ)
k = P

−(ℓ)
k HT

k

(

HkP
−(ℓ)
k HT

k +Rk

)−1

(26c)

whereQ(ℓ) is computed usingp(ℓ). The estimate of the optimal gain is computed using

K̂k = P̂−
k HT

k

(

HkP̂
−
k HT

k +Rk

)−1

(27)

with

P̂−
k+1 = ΦkP̂

+
k ΦT

k + Q̂k (28a)

P̂+
k =

(

I − K̂kHk

)

P̂−
k (28b)

Using the current measurement,ỹk, along with theℓth element,p(ℓ), 1 ≤ ℓ ≤ M , a bank of filters is
executed. For each filter the state estimates,x̂

−(ℓ)
k , and measurements are used to form the residual,ǫ

(ℓ)
k,i,

going backi steps. The filter error covariance,P−(ℓ)
k , and state matrices,Φ−(ℓ)

k andH−(ℓ)
k , are used to

update the estimate of the autocorrelation, denoted byĈ
(ℓ)
k,i . Note that at each new measurement time, all

elements ofĈ(ℓ)k,i need to be recalculated since a new estimatep̂k is provided, which is used to compute
an estimate of the optimal gain. Unfortunately, this can increase the computational costs. The diagonal
elements do not need to be recomputed though, since they are not a function of the optimal gain. The
residuals and autocorrelations are then used to evaluate the likelihood functionsL(ℓ)

k,i. These functions are
used to update the weights, which gives the estimatep̂k using (7a).
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IV. GMMAE C ONVERGENCE1

A proof of convergence of the GMMAE approach for linear systems is shown, as well as its relationship
to the standard MMAE approach.

A. Autocorrelation of the Residuals

One way to estimate the correlation of the residuals (the product of two residual values) is by using the
ergodic average (time average). However, the GMMAE approach is a realtime adaptive approach and the
estimate of the correlation of the residuals has to be determined and provided to the GMMAE likelihood
function to test the new measurement-residual optimality for the given parameterp(ℓ). The GMMAE
estimateĈk,i provides an estimate for the correlation of the residuals.

The residuals of the optimal Kalman filter, in which the Kalman gain is computed using the actual noise
covariances, are uncorrelated. However, the residuals of the suboptimal Kalman filter are correlated. There
are different ways to estimate the autocorrelation. One wayuses the ergodicity property of a stationary
random process. The ergodic estimate of the autocorrelation is given by

C̄k−1, i =
1

N

N
∑

j=i

eje
T
j−i (29)

whereN is a large number of samples. The ergodic estimate of the autocorrelationC̄k−1, i can be used
to estimate the true state error{x̂−

k−1x̂
−T
k−1} which is the approach introduced in Ref. [7]. The estimate of

{x̃−
k−1x̃

−T
k−1} cannot typically be determined, but rather{x̃−

k−1x̃
−T
k−1}H

T
k−i is determined instead. The term

{x̃−
k−1x̃

−T
k−1}H

T
k−i is denoted by

̂
P

−(ℓ)
k−i HT

k−i and can be estimated from (14) using the autocorrelation
ergodic estimatēCk−1, i:

[C̄
(ℓ)T
k, i ......C̄

(ℓ)T
k−i+1, 1]

T = Ak,i[
̂

P
−(ℓ)
k−i HT

k−i −K
(ℓ)
k−iC

(ℓ)
k−i, 0]

(30)

whereAk,i is defined as

Ak,i =









Hk

[

∏i−1
j=1 Φk−j

(

I − K̂k−j Hk−j

)]

Φk−i

...
Hk−i+1Φk−i









(31)

The estimated optimal gain̂Kk−1 would be the optimal gain to minimize the state error in a least-squares

sense. NoticingK̂k−i =
̂

P
−(ℓ)
k−i H

T
k−iC

−1
k−i, 0 , the optimal gain is estimated as

[C̄
(ℓ)T
k, i ......C̄

(ℓ) T
k−i+1, 1]

T ∼= Ak,i[K̂k−i −K
(ℓ)
k−i]C

(ℓ)
k−i, 0 (32)

K̂k−i
∼= K

(ℓ)
k−i +A†

k,i[C̄
(ℓ)T
k, i ......C̄

(ℓ) T
k−i+1, 1]

T C
(ℓ)−1
k−i, 0 (33)

whereA† is the pseudo-inverse ofA. This provides another estimate to the autocorrelation of the residuals
of a suboptimal filter.

The GMMAE approach is a recursive adaptive approach. The result of the previous time evaluated
to determine the current estimate will be used to predict future estimate. The GMMAE estimate of the
optimal gainK̂k−1 in (24) is determined by the weight̟ k−1, which is a measure of the likelihood of

1This section is the work of the first two authors.
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Fig. 2. Correlation of the Residuals of an Optimal Kalman Filter

the residualek−1 = [ỹk−1 −Hkx̂
−
k ] and the previous residuals. The estimatex̂−

k−1 is the Kalman filter
propagation of̂x+

k−2 updated byK̂k−2. Therefore, the weight̟ k−1 is a measure of the performance of
K̂k−2 sinceK̂k−1 has not contributed to the residualek−1 yet. The filter that has the highest weight̟k−1

has the minimum residualek−1 and the Kalman gain estimatêKk−2 → K
(ℓ)
k−2 as P̂k−2 → P

−(ℓ)
k−2 . The

measurement̃yk−1 complies more with the estimatêx−
k , whereK̂k−2 is most likely to be the optimal gain.

The estimate of the optimal gain̂Kk−1 given by the GMMAE algorithm in (24) is actually a propagation
of K̂k−2 determined by̟ k−1 based on the likelihood evolution of the residuals performance of the gain
estimateK̂k−2 as shown in (27). Any estimate based on the weight̟k−1 refers toK̂k−2 in reality. For
the suboptimal filter, the ergodic estimate of the correlation of the residuals,̄C(ℓ)

k−1, 1, is given using (32)
by

C̄
(ℓ)
k−1, 1 = Ak−1,1[K̂k−2 −K

(ℓ)
k−2]C

(ℓ)
k−2, 0 (34)

The GMMAE estimate of the autocorrelation̂C(ℓ)
k, i in (24), that is used in the GMMAE likelihood, is

based on the gain estimate ofK̂k−1:

[Ĉ
(ℓ)T
k, i ......Ĉ

(ℓ)T
k−i+1, 1]

T = Ak,i[P
−(ℓ)
k−i HT

k−i −K
(ℓ)
k−iC

(ℓ)
k−i, 0] (35)

In the GMMAE hypothesis, the likelihood of the residual is evaluated with respect to its optimal expected
values. The assumption of optimality of the parameterp(ℓ) is essential to compute the likelihood. Even
though the zero residual correlation would be the obvious choice for optimality, the estimate of the
correlation,Ĉ(ℓ)

k, i, is based on the available information of the previous correlation C̄
(ℓ)
k−1, i carried by the

GMMAE estimate of the optimal gain̂K(ℓ)
k−i. The actual correlation of the residuals of the optimal filter

is a random variable and has zero mean. Basically, the optimal filter correlation of the residuals,̂C(ℓ)
k, i,

is expected to compensate for the previous correlation as shown in Figure 2. If the parameterp(ℓ) is an
optimal parameter, the correlation of the residuals has zero mean while the actual correlation fluctuates
around this mean. Considering a linear time-invariant system, and substituting the Kalman gain estimate
K̂k−2 from (34) into (35), whereK̂k−1 = K̂k−2 at steady state, leads to

Ĉ
(ℓ)
k, 1 = Ak,1[P

−(ℓ)
k−1 H

T
k−1 − (K

(ℓ)
k−2 +A†

k−1,1C̄
(ℓ)
k−1, 1)C

(ℓ)−1
k−2, 0 C

(ℓ)
k−1, 0]

Ĉ
(ℓ)
k, 1 = −Ak,1A

†
k−1,1[C̄

(ℓ)
k−1, 1 C

(ℓ)−1
k−2, 0]C

(ℓ)
k−1, 0

Ĉ
(ℓ)
k, 1 = −C̄

(ℓ)
k−1, 1

(36)

The predicted estimatêC(ℓ)
k, 1 has the opposite sign of the ergodic estimate [15]. To ensurethe optimality

of the Kalman filter, the expected future correlation has to compensate any divergence of the previous
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correlation of the zero mean. The autocorrelationĈ
(ℓ)
k, 1 is incorporated in the GMMAE likelihood to

increase the chance that the parameterp(ℓ) is chosen as the optimal one. For the case that the residuals
are produced by a suboptimal filter, the correlation offset from zero mean is not only a result of the
randomness of the residual but also a result of the mis-modeling of the filter parameter. The correlation
for the suboptimal filter will converge at the limit to the ergodic correlation estimatēC(ℓ)

k, 1 and the relation
given in (36) will serve as a tool in the GMMAE adaptive law to distinguish between the optimal filter
and suboptimal filter residuals by testing for the whitenessof the filter residuals.

B. GMMAE Convergence

We expect that for the GMMAE approach to converge, one of the elementsp(ℓ) is nearly equal to
the true parameterptrue so thatp (ptrue|Ỹk,i) → 1 as k → ∞ and p (p(ℓ)|Ỹk,i) → 0 as k → ∞ for
p(ℓ) 6= ptrue. Also, thep(ℓ) elements that have values far from the true parameter have faster rates of
convergence to zero,p (p(ℓ)|Ỹk,i)→ 0 ask →∞, than the ones closer to the true parameter. This result
will be proved with the assumption of ergodicity of residuals and the use of the following lemma of
standard matrix theory [12]. LetA andB be twon× n positive definite matrices, then

n+ ln

(

|A|

|B|

)

− tr[B−1A] ≤ 0 (37)

where tr denotes the matrix trace. The convergence of a linear time-invariant model is first considered
here. Recall the adaptive law for the GMMAE approach:

̟
(ℓ)
k =

L
(ℓ)
k,i̟

(ℓ)
k−1

M
∑

j=1

L
(j)
k,i̟

(j)
k−1

(38)

For simplicity the normalization in the denominator can be replaced by the dominating weight since all
others will converge to zero eventually:

̟
(ℓ)
k =

L
(ℓ)
k,i̟

(ℓ)
k−1

Ltrue
k,i

(39)

whereLtrue
k,i is the likelihood evaluated usingptrue. Substituting forLk,i from (23) into (39) gives

̟
(ℓ)
k =

∣

∣

∣C
(ℓ)
k,i

∣

∣

∣

−1/2

exp

[

− 1
2ǫ

(ℓ)T
k,i

(

C
(ℓ)
k,i

)−1

ǫ
(ℓ)
k,i

]

∣

∣

∣C
(O)
k,i

∣

∣

∣

−1/2

exp

[

− 1
2ǫ

(O)T
k,i

(

C
(O)
k,i

)−1

ǫ
(O)
k,i

]̟
(ℓ)
k−1 (40)

whereC(O)
k,i is the autocorrelation matrix associated with the optimal filter usingptrue. Then, taking the

natural logarithm of both sides gives

ln

(

̟
(ℓ)
k

̟
(ℓ)
k−1

)

=
1

2
ln





∣

∣

∣C
(O)
k,i

∣

∣

∣

∣

∣

∣C
(ℓ)
k,i

∣

∣

∣



−
1

2
tr

[

ǫ
(ℓ)
k,iǫ

(ℓ)T
k,i

(

C
(ℓ)
k,i

)−1
]

+
1

2
tr

[

ǫ
(O)
k,i ǫ

(O)T
k,i

(

C
(O)
k,i

)−1
]

(41)
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Next, extending this equation by going backwards in time though the recursive law in (39) yields

2k−1 ln

(

̟
(ℓ)
k

̟
(ℓ)
1

)

= ln

∣

∣

∣C
(O)
k,i

∣

∣

∣

∣

∣

∣C
(ℓ)
k,i

∣

∣

∣

− tr





1

k

k
∑

j=1

ǫ
(ℓ)
k,iǫ

(ℓ)T
k,i

(

C
(ℓ)
k,i

)−1



+ tr





1

k

k
∑

j=1

ǫ
(O)
k,i ǫ

(O)T
k,i

(

C
(O)
k,i

)−1



 (42)

Rearranging (42) yields the following form:

2k−1 ln

(

̟
(ℓ)
k

̟
(ℓ)
k−1

)

= ln





∣

∣

∣C
(O)
k,i

∣

∣

∣

∣

∣

∣C
(ℓ)
k,i

∣

∣

∣



− tr
[

C
(O)
k,i C

(ℓ)
k,i

−1]

+ tr(I)− tr





1

k

k
∑

j=1

(ǫ
(ℓ)
k,iǫ

(ℓ)T
k,i − C

(O)
k,i )

(

C
(ℓ)
k,i

)−1





(43)

whereI is the identity matrix of the size ofC(ℓ)k,i . The first three terms in (39) are non-positive values

based on (37). The ergodicity principle gives1
k

k
∑

j=1

ǫ
(O)
k,i ǫ

(O)T
k,i → C

(O)
k,i ask→∞. Let us rewrite (43) in

shorthanded form as

2k−1 ln

(

̟
(ℓ)
k

̟
(ℓ)
1

)

= −α(ℓ) − β(ℓ) (44)

where

α(ℓ) = − ln





∣

∣

∣C
(O)
k,i

∣

∣

∣

∣

∣

∣C
(ℓ)
k,i

∣

∣

∣



 + tr
[

C
(O)
k,i C

(ℓ)
k,i

−1]

− tr(I)

β(ℓ) = tr





1

k

k
∑

j=1

(ǫ
(ℓ)
k,iǫ

(ℓ)T
k,i − C

(O)
k,i )

(

C
(ℓ)
k,i

)−1





(45)

The termsα(ℓ) are non-negative ifp(ℓ) 6= ptrue. This leads to

̟
(ℓ)
k

̟
(ℓ)
1

= e−
1
2 (α

(ℓ)+β(ℓ))k (46)

Note,α(O) andβ(O) are strictly zero for the optimal case as1k

k
∑

j=1

ǫ
(ℓ)
k,iǫ

(ℓ)T
k,i → C

(ℓ)
k,i → C

(O)
k,i , which leads

to ̟
(ℓ)
k

̟
(ℓ)
0

→ 1 ask →∞.

It is worth investigating a special case of the GMMAE approach where the correlation between residuals
is not incorporated into the likelihood. In the uncorrelated case the autocorrelation matrix is a block
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diagonal matrix andC(ℓ)
k, i = 0 for i 6= 0. For this special case,α andβ can be reduced to

α
(ℓ)
U = − ln





∣

∣

∣C
(O)
k,i

∣

∣

∣

∣

∣

∣C
(ℓ)
k,i

∣

∣

∣

U



 + tr
[

C
(O)
k,i C

(ℓ)
k,i

−1

U

]

− tr(I)

=

k
∑

s=k−i



− ln





∣

∣

∣C
(O)
s, 0

∣

∣

∣

∣

∣

∣C
(ℓ)
s, 0

∣

∣

∣



+ tr
[

C
(O)
s, 0 C

(ℓ)
s, 0

−1]

− tr(I)





≡ (i+ 1)



− ln





∣

∣

∣C
(O)
k, 0

∣

∣

∣

∣

∣

∣C
(ℓ)
k, 0

∣

∣

∣



 + tr
[

C
(O)
k, 0C

(ℓ)
k, 0

−1]

− tr(I)



 = (i + 1)α
(ℓ)
0

(47)

β
(ℓ)
U = tr





1

k

k
∑

j=1

j
∑

s=j−i

(e(ℓ)s e(ℓ)Ts − C
(O)
s, 0 )

(

C
(ℓ)
k, 0

)−1





≡ (i + 1)tr





1

k

k
∑

j=1

(e
(ℓ)
j e

(ℓ)T
j − C

(O)
j, 0 )

(

C
(ℓ)
j, 0

)−1



 = (i+ 1)β
(ℓ)
0

(48)

and the convergence rate will be

̟
(ℓ)
k

̟
(ℓ)
1

= e−
1
2 (α

(ℓ)
0 +β

(ℓ)
0 )(i+1)k (49)

Settingi = 0 compares this result with the convergence rate of the traditional MMAE approach:

̟
(ℓ)
k

̟
(ℓ)
1

= e−
1
2 (α

(ℓ)
0 +β

(ℓ)
0 )k (50)

This shows that even without considering the autocorrelation in GMMAE approach, it converges faster
than the traditional MMAE.

Incorporating the autocorrelation in the GMMAE makes the convergence to the optimal parameter
faster. This shown by comparing the convergence of GMMAE to the uncorrelated GMMAE as follows:

(

̟
(ℓ)
k

̟
(ℓ)
k−1

)

G

/

(

̟
(ℓ)
k

̟
(ℓ)
k−1

)

U

=

(

|Ck,i|
−1/2

exp
[

− 1
2ǫ

(ℓ)T
k,i (Ck,i)

−1
ǫ
(ℓ)
k,i

])

G
(

|Ck,i|
−1/2 exp

[

− 1
2ǫ

(ℓ)T
k,i (Ck,i)

−1
ǫ
(ℓ)
k,i

])

U

(51)

where the subscriptsU andG refer to the uncorrelated GMMAE and the standard form of the GMMAE,
respectively. Taking the natural logarithm of both sides in(51) gives

2 ln

(

̟
(ℓ)
k

̟
(ℓ)
k−1

)

G

− 2 ln

(

̟
(ℓ)
k

̟
(ℓ)
k−1

)

U

=− ln

∣

∣

∣C
(ℓ)
k,i

∣

∣

∣

G

|Ck,i|U
− tr

[

ǫ
(ℓ)
k,iǫ

(ℓ)T
k,i (Ck,i)

−1
]

G

+ tr
[

ǫ
(ℓ)
k,iǫ

(ℓ)T
k,i (Ck,i)

−1
]

U

(52)
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If p(ℓ) is the true parameterǫ(ℓ)k,iǫ
(ℓ)T
k,i → (Ck,i)G, where the off-diagonal terms are the predicted estimates

C̄k, i, and thus

2 ln

(

̟
(ℓ)
k

̟
(ℓ)
k−1

)

G

− 2 ln

(

̟
(ℓ)
k

̟
(ℓ)
k−1

)

U

= − ln
|Ck,i|G
|Ck,i|U

− trI + tr
[

(Ck,i)G(Ck,i)
−1
U

]

(53)

The right side of (53) yields a positive quantity which meansthe weight̟ (ℓ)
k is higher in the GMMAE if

p(ℓ) is true parameter. This shows that the GMMAE approach converges faster toward the optimal estimate
than the uncorrelated GMMAE. The autocorrelation helps thegeneralized adaptive law to makeup for the
decline in the convergence rate in the previous steps due to the residuals randomness. However, ifp(ℓ) is
not the true parameter then the weight convergence is given from (43):

2k−1 ln

(

̟
(ℓ)
k

̟
(ℓ)
1

)

= ln





∣

∣

∣C
(O)
k,i

∣

∣

∣

∣

∣

∣C
(ℓ)
k,i

∣

∣

∣

G



− tr
[

C
(O)
k,i C

(ℓ)
k,i

−1

G

]

+ tr(I)

− tr





1

k

k
∑

j=1

(ǫ
(ℓ)
k,iǫ

(ℓ)T
k,i − C

(O)
k,i )

(

C
(ℓ)
k,i

)−1

G





(54)

Let [ǭiǭTi ]
(ℓ) = 1

k

k
∑

j=1

ǫ
(ℓ)
k,iǫ

(ℓ)T
k,i and rewrite (54) as

2k−1 ln

(

̟
(ℓ)
k

̟
(ℓ)
1

)

= ln





∣

∣

∣
C
(O)
k,i

∣

∣

∣

∣

∣

∣C
(ℓ)
k,i

∣

∣

∣

G



− tr
[

C
(O)
k,i C

(ℓ)
k,i

−1

G

]

+ tr(I)− tr
[

([ǭiǭ
T
i ]

(ℓ) − C
(O)
k,i )C

(ℓ)
k,i

−1

G

]

(55)

Let [ǭiǭTi ]
(ℓ) = [ǭiǭ

T
i ]

(ℓ)
d + [ǭiǭ

T
i ]

(ℓ)
f where [ǭiǭTi ]

(ℓ)
d contains the diagonal elements of matrix[ǭiǭTi ]

(ℓ)

and [ǭiǭTi ]
(ℓ)
f contains the off-diagonal elements, so that

2k−1 ln

(

̟
(ℓ)
k

̟
(ℓ)
1

)

= ln





∣

∣

∣C
(O)
k,i

∣

∣

∣

∣

∣

∣
C
(ℓ)
k,i

∣

∣

∣

G



− tr
[

C
(O)
k,i C

(ℓ)
k,i

−1

G

]

+ tr(I)

− tr
[

([ǭiǭ
T
i ]

(ℓ)
d − C

(O)
k,i )C

(ℓ)
k,i

−1

G

]

− tr
[

([ǭiǭ
T
i ]

(ℓ)
f )C

(ℓ)
k,i

−1

G

]

(56)

As stated earlier the estimate of the off-diagonal elementsE
{

eke
T
k−i

}

= C̄k, i is given in (29), assuming
k is large enough [7]. Then, since the estimateC̄k, i = −Ĉk, i as given in (36), we have

[ǭiǭ
T
i ]

(ℓ)
f = −Ck,i

(ℓ)
G + Ck,i

(ℓ)
U (57)

Substituting (57) into (56) gives

2k−1 ln

(

̟
(ℓ)
k

̟
(ℓ)
1

)

= ln





∣

∣

∣C
(O)
k,i

∣

∣

∣

∣

∣

∣C
(ℓ)
k,i

∣

∣

∣

G



− tr
[

C
(O)
k,i C

(ℓ)
k,i

−1

G

]

+ tr(I)

− tr
[

([ǭiǭ
T
i ]

(ℓ)
d − C

(O)
k,i )C

(ℓ)
k,i

−1

G

]

+ tr
[

(Ĉ
(ℓ)
k,iG
− Ĉ

(ℓ)
k,iU

)C
(ℓ)
k,i

−1

G

]

(58)
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Now, (58), after algebraic rearrangement, becomes

2k−1 ln

(

̟
(ℓ)
k

̟
(ℓ)
1

)

= ln





∣

∣

∣C
(O)
k,i

∣

∣

∣

∣

∣

∣
C
(ℓ)
k,i

∣

∣

∣

U



− tr
[

C
(O)
k,i C

(ℓ)
k,i

−1

G

]

+ tr(I)

− tr
[

([ǭiǭ
T
i ]

(ℓ)
d − C

(O)
k,i )C

(ℓ)
k,i

−1

G

]

− ln





∣

∣

∣C
(ℓ)
k,i

∣

∣

∣

G
∣

∣

∣C
(ℓ)
k,i

∣

∣

∣

U



+ tr(I)− tr
[

C
(ℓ)
k,iU
C
(ℓ)
k,i

−1

G

]

(59)

which reduces down to

2k−1 ln

(

̟
(ℓ)
k

̟
(ℓ)
1

)

= ln





∣

∣

∣C
(O)
k,i

∣

∣

∣

∣

∣

∣C
(ℓ)
k,i

∣

∣

∣

G



+ tr(I)− tr
[

([ǭiǭ
T
i ]

(ℓ)
d )C

(ℓ)
k,i

−1

G

]

− ln





∣

∣

∣
C
(ℓ)
k,i

∣

∣

∣

G
∣

∣

∣C
(ℓ)
k,i

∣

∣

∣

U



+ tr(I)− tr
[

C
(ℓ)
k,iU
C
(ℓ)
k,i

−1

G

]

(60)

By adding the following terms−tr
[

[ǭiǭ
T
i ]

(ℓ)
d (C

(ℓ)
k,i

−1

U
− C

(ℓ)
k,i
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to (60) and rearranging, we obtain
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([ǭiǭ
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Writing (61) in shorthand form gives

2k−1 ln
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(ℓ)
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= −[αU + βU + δGU + αGU ] (62)

with

αGU =− ln
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(63a)

δGU =tr
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(63b)

whereαGU has non-negative value andδGU is a trace of a product of matrix differences. Since the
term [ǭiǭ

T
i ]

(ℓ)
d is a diagonal matrix, the trace carries the diagonal elements of the second term only. At

convergence the autocorrelation matrixC(ℓ)k,iG
is positive definite and nearly a diagonal symmetric matrix
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where (C−1)i,i ≥ (Ci,i)
−1 [16]. This showsδGU is a positive quantity. Then, the convergence rate is

given as

̟
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k
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1

=e−
1
2 [α

(ℓ)
U +β

(ℓ)
U +δGU+αGU ]k

=e−
1
2 [(α

(ℓ)
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(ℓ)
0 )(i+1)+δGU+αGU ]k

(64)

Incorporating the autocorrelation in the GMMAE approach shows faster convergence than the uncorrelated
GMMAE and even faster than the traditional MMAE approach. This proves the convergence properties
of the GMMAE approach using the Kalman filter as an elemental filter where a linear model is used with
stationary measurement and/or process noise.

Similarly, the convergence rate for the linear time-varying model can be obtained, by recalling (41), as

ln

(

̟
(ℓ)
k

̟
(ℓ)
k−1

)

= ln







∣

∣

∣C
(O)
k,i

∣

∣

∣

1/2

∣

∣

∣C
(ℓ)
k,i

∣

∣

∣

1/2






−

1

2
tr

[

ǫ
(ℓ)
k,iǫ

(ℓ)T
k,i

(

C
(ℓ)
k,i

)−1
]

+
1

2
tr

[

ǫ
(O)
k,i ǫ

(O)T
k,i

(

C
(O)
k,i

)−1
]

(65)

Rearranging (65) yields
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which can be written in short hand as

2 ln
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Then, to obtain̟
(ℓ)
k
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, let

α(ℓ) =
1

k

k
∑

j=1

α
(ℓ)
j , β(ℓ) =

1

k

k
∑

j=1

β
(ℓ)
j (69)



16

Then, the overall convergence rate is given as

̟
(ℓ)
k

̟
(ℓ)
1

= e−
1
2 (α

(ℓ)+β(ℓ))k (70)

Theα term is always non-negative from (37). The non-negativeness of β still holds for linear time-variant
systems even if theβk terms are from different times. This is because the residualerror (ǫ(ℓ)k,iǫ

(ℓ)T
k,i −

C
(O)
k,i ) is normalized by

(

C
(ℓ)
k,i

)

−1

, which follows the normalized Kalman innovations of the Kalman filter.
The same approach is valid for the nonlinear case where the first-order Taylor series approximates the
system functions. This is limited when the linearizedΦk(x̂k) andHk(x̂k) are bounded and provide close
approximations to the real system. The extended Kalman filter (EKF) is derived with this assumption
and the approach is assumed valid as long as the EKF is valid for the problem. Simulations using the
EKF indicate that the non-negativeness property ofβ term is true however. Figure 3 shows the value
of e−

1
2β

(ℓ)

for differentp(ℓ). The simulation is performed for the system in next section exceptp(ℓ) is
linearly distributed equally in the range[0, 100] where the true parameterptrue = 10. This shows that
the GMMAE approach provides superior performance and that the correlated terms do play a role in the
convergence.
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Fig. 3. Convergence of Linearly Distributedp(ℓ)

V. NUMERICAL SIMULATIONS

Two practical examples are presented in this section to compare the performance of the MMAE and
GMMAE approaches for noise covariance adaptation.

A. Target Tracking

The state vector is chosen as the position and velocity inx andy directions, given byx = [x ẋ y ẏ]T .
The target motion model is given by a linear dynamical system:

xk+1 = Φxk +wk (71)
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with

Φ =









1 ∆t 0 0
0 1 0 0
0 0 1 ∆t
0 0 0 1









(72)

The sampling period∆t = 0.01. The 4 × 4 process noise covariance matrix is parameterized byqx and
qy, given by

Qk =









qx

[

∆t3/3 ∆t2/2
∆t2/2 ∆t

]

02×2

02×2 qy

[

∆t3/3 ∆t2/2
∆t2/2 ∆t

]









(73)

The true values ofqx andqy are chosen asqx = qy = 10. In the MMAE and GMMAE approaches, the
elements ofqx andqy for the individual Kalman filters are generated using a two-dimensional Hammersley
sequence under the assumption thatqx and qy are independently uniformly distributed in[0, 100]. The
number of elements in both the MMAE and the GMMAE approach is 250. The measurement model is
given by

ỹk =

[ √

x2 + y2

arctan(y/x)

]

+ vk (74)

It is assumed that the noise terms in range and azimuth measurements are uncorrelated, so the measurement
noise covariance matrix is diagonal, given byRk = diag[rρ rA]. We chooserρ = 0.01 andrA = 0.000001
in the simulations. Since the measurement model is nonlinear in the state vector, EKFs are used in the
MMAE and GMMAE approaches with the sensitivity matrixHk evaluated at the current estimate. The
EKFs are provided with good initial estimates of the state vector, so they do not suffer any divergence
problems. An alternative approach to working with the nonlinear measurement model is to first convert
the original range and azimuth measurements to the effective position measurements onx and y and
then apply the linear Kalman measurement update. In the latter approach, the covariance matrix for the
effective measurement does not take as simple a form as the shown Rk and becomes data-dependent.
The resulting residual sequence is not stationary or ergodic in either case. There are many possibilities
for the chosen distribution of the process noise covarianceparameters. A simple approach is to assume
a uniform distribution simulated by pseudo-random numbers. We instead choose a Hammersley quasi-
random sequence [17] due to its well distributed pattern. A comparison between the uniform distribution
and the Hammersley quasi-random sequence for 500 elements is shown in Figure 4. The Hammersley
quasi-random sequence provides a better “spread” of elements than the uniform distribution.

The two adaptive estimators are run 50 seconds to process thesame measurement data. As discussed
in the previous section, the GMMAE approach goes backi time steps in order to form the residual.
We choosei = 4 for the GMMAE approach. The size of the corresponding residual ǫ(ℓ)k,i is 10 by 1.
The results are given in Figures 5(a) and 5(b). It can be seen that both estimators converge within 50
seconds, but the MMAE approach takes more than twice as much time as the GMMAE approach to
converge. Both estimators converge with a relative small set of elements in the above-mentioned example.
A closer examination of the automatically-generated element set shows that of the 250 elements there
is a element that is close to the true values ofqx and qy. If all of the 250 elements are far away from
the true values, then the MMAE and GMMAE approaches with 250static elements may fail to yield
satisfactory performance, since the estimates ofqx and qy are given by the average of the elements.
Increasing the element size is always a solution, but as the dimensionality of the problem increases, the
computational complexity involved may quickly become prohibitive. Meanwhile, it should be noted that



18

0 20 40 60 80 100
0

20

40

60

80

100

p
(ℓ)
1

p
(ℓ

)
2

(a) Uniform Distribution

0 20 40 60 80 100
0

20

40

60

80

100

p
(ℓ)
1

p
(ℓ

)
2

(b) Hammersley Quasi-Random Sequence

Fig. 4. Uniform Distribution and Hammersley Quasi-Random Sequence Comparison

most of the elements have almost zero weights at the end of thesimulation and their contributions to the
final estimates ofqx andqy are negligible.
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Fig. 5. Simulation of MMAE and GMMAE Estimates

B. Single-Axis Attitude Estimation

The single axis attitude estimation problem is concerned with using angle-attitude measurements and
rate information from gyros to estimate the attitude error and gyro drift. Two error sources are generally
present in gyros. The first is a short-term component of instability, referred to as random drift, and
the second is a random walk. These noise terms affect the Kalman filter estimates if they are not well
represented in the model. The MMAE and GMMAE are used to estimate the statistical properties of these
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noise terms. The attitude ratėθ is assumed to be related to the gyro outputω̃ by

θ̇ = ω̃ − β − ηv (75)

whereβ is the gyro drift rate andηv is a zero-mean Gaussian white-noise process with spectral density
given byσ2

v . The drift rate is modeled by a random walk process, given by

β̇ = ηu (76)

whereηu is a zero-mean Gaussian white-noise process with spectral density given byσ2
v. The parameters

σ2
v andσ2

u are estimated by the GMMAE and MMAE approaches. The linear model used in the Kalman
filter follows the attitude angle measurement model”

ỹk = θk + υk (77)

whereυk a zero-mean Gaussian white-noise process with variance given byR = σ2
n. The discrete-time

system used in the Kalman filter can now be written as

xk+1 = Φxk + Γω̃ +wk (78)

ỹk = Hxk + υk (79)

wherexk = [θ, β]Tk , Γ = [∆t, 0], H = [1, 0],

Φ =

[

1 −∆t
0 1

]

and

Q = E{wkw
T
k } =

[

σ2
v∆t+ 1

3σ
2
u∆t3 − 1

2σ
2
u∆t2

− 1
2σ

2
u∆t2 σ2

u∆t

]

where∆t is the constant sampling interval. Synthetic measurementsare created using a true constant
angle-rate given bẏθ = 0.0001 rad/sec and a sampling period of 1 second. The noise parameters are
given byσn = 17×10−6 rad,σu = 1×10−10rad/sec3/2 andσu = 1×10−7rad/sec1/2. The initial biasβ0

is given as 0.1 deg/hr. A set of only eleven filters run in parallel with the initial covariance matrix set to
P0 = diag[1×10−4, 1×10−12] for each. The only difference in the filters is the predetermined values for
σu andσv, which are randomly selected in a neighborhood of the true values. As in the target tracking
example, both MMAE and GMMAE are used to estimated the unknown parametersσu andσv. Figure 6
shows the performance of both approaches in estimating the attitude error and the gyro drift rate. Figures
7 and 8 show the estimates using the MMAE and GMMAE approaches, respectively, for 10 Monte Carlo
runs. The results show that the GMMAE approach, using only four steps back, outperforms the MMAE
approach by converging in about one-third of the time and with much smaller standard deviation between
runs. A study on choosing different steps back in the GMMAE approach has also been done. Figure 9
shows the convergence rate for the MMAE approach and GMMAE approach withi = 2, 4, 6. Note that
even though the theoretical derivations show that the convergence rate increases with the number of steps
back taken in the GMMAE likelihood, a practical limit existsfor this number. This is due to the limited
number of samples chosen in the parameter space and results can vary from application to application.
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Fig. 6. Simulation of MMAE vs. GMMAE Gyro State Estimates
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Fig. 7. Simulation of MMAE Gyro Estimates

VI. CONCLUSION

In this paper a generalized approach for multiple-model adaptive estimation was shown, which can be
used for time-varying systems. The main advantage of this approach is that it provides faster convergence
properties than the traditional multiple-model adaptive estimation approach. The new approach is based
on using the autocorrelation of the measurement-minus-estimate residual. A formulation was developed
for the Kalman filter, however computation of the off-diagonal elements of the autocorrelation matrix is
intractable in practice since these matrix elements are a function of the true parameters. This difficulty was
overcome by using the estimated values in the Kalman gain. Itis proven that the generalized approach
provides better convergence properties than the standard approach because the autocorrelation incorporated
into generalized approach’s likelihood raises the sensitivity toward the parameter of an optimal filter.
Simulation results indicated that the new multiple-model adaptive estimation approach can provide better
convergence to the best estimate over the standard approach. Similar results have been achieved when the
approach is applied to the tracking problem using range and angle measurements, which involves the use
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Fig. 8. Simulation of GMMAE Gyro Estimates
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Fig. 9. Simulation of MMAE and Varying Steps Back GMMAE of Process Noiseσv Estimates

of the extended Kalman filter for state estimation. For nonlinear model and/or measurement processes,
it is assumed that the linearized output sufficiently captures the statistics of the likelihood function by
making the small noise assumption, and thus the time-varying solution provided in this paper is applicable
for this case.
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