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Abstract

In this paper a generalized multiple-model adaptive estima presented that can be used to estimate
unknown model and/or filter parameters, such as the noideststs in filter designs. The main goal
of this work is to provide an increased convergence rate ter dstimated model parameters over the
traditional multiple-model adaptive estimator. Parametements generated from a quasi-random sequence
are used to drive multiple parallel filters for state estiorat The current approach focuses on estimating
the process noise covariance by sequentially updatinghtee@ssociated with the quasi-random elements
through the calculation of the likelihood function of the asarement-minus-estimate residuals, which also
incorporates correlations between various measurentaestiFor linear Gaussian measurement processes
the likelihood function is easily determined. A proof is pisted that shows the convergence properties
of the generalized approach versus the standard multipiemadaptive estimator. Simulation results,
involving a two-dimensional target tracking problem andiragke-axis attitude problem, indicate that the
new approach provides better convergence properties otradiional multiple-model approach.

Index Terms

Generalized Multiple-Model Adaptive Estimation, Corteda, Residual.

I. INTRODUCTION

Multiple-model adaptive estimation (MMAE) uses a pardtlahk of filters to provide multiple estimates,
where each filter corresponds with a dependence on some wnkndhe state estimate is provided
through a sum of each filter's estimate weighted by the liadd of the unknown elements conditioned
on the measurement sequence. The likelihood function ghesssociated hypothesis that each filter is
the correct one. Many applications of MMAE approaches ikt Three generations of MMAE have
been characterized. The first is the classical approaclemess in Ref. 2. The second is the interacting
multiple-model algorithm [3] and the third is variable stture multiple-model estimation [4]. Judiciously
determining the filter bank size has also been an active dressearch [5].

Adaptive filtering can be divided into four general categerBayesian, maximum likelihood, covariance
matching, and correlation approaches [6]. Bayesian andmuam likelihood methods may be well suited
to multiple-model approaches, but sometimes require lamgaputational loads. Covariance matching
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is the computation of the covariances from the residualdhefstate estimation problem, but has been
shown to give biased estimates of the true covariances. A&lyidsed correlation-based approach for
a linear Kalman filter with stationary/Gaussian process arghsurement noise is based on “residual
whitening” [7]. In particular, the autocorrelation matriwhich can be computed from the measurement-
minus-estimate residuals, is used with the system statéaesito provide a least-squares estimate of the
Kalman filter error covariance times the measurement outpitix. If the number of unknowns in the
process noise covariance is equal to or less than the nurhbtates times the number of outputs, then the
error-covariance/output-matrix estimate can be used tbdmestimate of the process noise covariance by
solving for a set of linear equations. These equations ardimearly independent and one has to choose
a linearly independent subset of these equations [7].

Standard MMAE approaches use only the current time measeminus-estimate residual in the
algorithm. The approach shown in this paper is a generaizaf the approach shown in Ref. [8], which
uses the time correlation of the filter residuals to assigrikelihood for each of the modeled hypotheses.
In particular, the spectral content of the residuals is wemed only scalar measurements are assumed in
Ref. [8]. The authors also state that if multiple measuremane available, then a diagonal matrix can
be used with elements given by the spectral content of eaasumement residual, but this assumes that
the cross-correlation terms are negligible. Also, the foofitheir paper is on the detection of actuator
failures with known control-input frequency content.

The main goal of this work is to provide an increased conwergeate for the estimated parameters
over the traditional multiple-model adaptive estimatdreThew approach shown here, called generalized
multiple-model adaptive estimation (GMMAE), is based ofcakating the time-domain autocorrelation
function [7], which is used to form the covariance of a gelieed residual involving any number of
backward time steps. This covariance matrix also incluthestime correlated terms, thus providing a
more rigorous approach than the approach shown in Ref. [8. dhknown elements in the design are
the parameters of the process noise covariance, but the@agpshown here is general to any MMAE
application and can be used to estimate any model param®@wrsess noise covariance elements can
be drawn from any sample distribution as long as the reguttovariance matrix remains positive semi-
definite. A theoretical proof of the convergence propertieshe GMMAE is also shown, which offers
insight as to its advantages over the standard MMAE apptoach

The organization of the remainder of this paper proceed®l&sns. First, the standard Kalman filter
equations are summarized, since this filter will be used énsimulations. Then, a review of the standard
MMAE algorithm is given. Next, the new adaptive approachhsven, including the assumptions used
for linear time-varying systems. The theoretical backgbdor the GMMAE approach and the proof
of convergence are then provided. Finally, simulation ltesavolving a two-dimensional target tracking
problem and a single-axis attitude estimation problem hwmva.

II. KALMAN FILTER AND MULTIPLE-MODEL ADAPTIVE ESTIMATION

A summary of the discrete Kalman filter is given in Table |, wéheg;, is the state vectony is the
known control input®;. is the discrete-time state transition matri&; is the process noise distribution
matrix, wy, is the process noise vector which is assumed to be a zero-@&assian noise process with
covariance), v is the discrete-time measuremewnt,is the measurement noise vector which is assumed
to be a zero-mean Gaussian noise process with covarigpnce, andfcz are the propagated and updated
state estimates, respectively, aRgt and P, are the propagated and updated covariances, respectively.

Multiple-model adaptive estimation is a recursive eston#ttat uses a bank dff filters that depend on
some unknown parameters, denoted by the veggstavhich is assumed to be constant (at least throughout
the interval of adaptation). The MMAE process is shown inurégl. Details of the MMAE approach can



TABLE |
DISCRETETIME LINEAR KALMAN FILTER

Xpp1 = Ppxp + Tpug + Tewy, wi ~ N(0,Qp)
Model ~
Y& = HpXp + Vi, Vi~ N(0, Rg)
- %(10) = %o
Initialize _ g
Py = E{%(to) X7 (to)}
Gain Ky =P; HF[H, Py HE + R, 1
X =%, + Kilyn — Hix; ]
Update n B
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Fig. 1. MMAE Process

be found in Refs. [9] and [10]. Note that we do not need to makestationary assumption for the state
and/or output processes though, i.e. time-varying stadeoaitput matrices can be used. It is assumed that
the unknown parameters belong to a discrete set of elemenisrated for each of th&/ filters from
some known probability density function (pdf) @f denoted byp (p), to give {p©); ¢ =1, ..., M}.
The goal of the estimation process is to determine the condit pdf of the/™ elementp(®) given all



the measurements. Application of Bayes’ rule yields

) 7 p®
wWFME%)
p (Yilp)p (") (1)

M
> p(Yilp?)p(p?)
j=1

whereY, denotes the sequen¢g, ¥, ..., yx}. Thea posteriori probabilities can be computed through
(11]
- .. pOY,_
p(p(€)|Yk) _ p(ka~p ~| k 1)
P (¥elYr-1)
@l p (Vi) (2)
M
> [P (Yl ) p (09 i)
j=1

with p (¥&, [Yi_1, p©) given byp(yk|§<;(f)) in the Kalman recursion. It is computed as a pdf of the
Kalman filter measurement-minus-estimate residyak y, — H;x, . Suppose that,(f) is a zero-mean
Gaussian random vector with covariarﬁgg. Then

Y 1 1
p(§Vcr. p) = 1/yfaetlzn o | -5 of (C1) e ©

Note that the denominator of (2) is just a normalizing fadtmensure thap (p(f)h?k) is a pdf. Thea
posteriori probability update in (2) recursion formula can now be cagi & set of defined Weights,(f),
so that

4 ~ ~—(L
© _ wl(c—)lp(yk|xk())
B - @
S w5l )
j=1

where w,(f) = p(p“)h?k). Note that only the current time measureméntis needed to update the

weights. The weights at timg, are initialized t0wff) =1/M for ¢ =1, 2, ..., M. The convergence
properties of MMAE are shown in Ref. [11], which assumes digty in the proof. The ergodicity
assumptions can be relaxed to asymptotic stationarity déimer @assumptions are even possible for non-
stationary situations [12]. ‘

The conditional mean estimate is the weighted sum of thellphfiéter estimatesfc,:(”:

M
s = @ % (5)
j=1
Also, the error covariance of the state estimate can be ctadpising

Py = iw(j) [(fc_(j) -%) (39 - &*)T + P_(L})} (6)
k ~ k k k k k k



The specific estimate fgs at timet,, denoted byp,, and error covariance, denoted By, are given by

M .
b= wlpl (7a)
M 7%1 . T
Py = Zwl(ca) (p(g) _ pk) (p(J) _ pk) (7b)
Jj=1

Equation (7b) can be used to defiBe bounds on the estimatp,. The discrete distribution of the
uncertainty of the parameter veciis represented by/ elements op). If M is large and the significant
regions of the parameter spacemwfare well represented by?), then (7a) is a good approximation of
the conditional mean op.

I1l. ADAPTIVE LAW BASED ONAUTOCORRELATION

In this section the adaptive law, based on an autocorrelagproach, for the process noise covariance
matrix is shown. First, the autocorrelation for time-vayisystems is derived, followed by the associated
likelihood functions for the defined measurement residuals

A. Autocorrelation for Time-Varying Systems

In this section the autocorrelation matrix for linear timerying systems is derived, which is an extension
to the approach shown in Ref. [7]. Here we assume that the Inimtieear with

Xpt+1 = Prpxp + Lrug + Trwy (8&)
yi = Hpxi + vy (8b)

Note that the to-be-estimated parameter vegiotan be function of any unknown model quantity in

(8). For example it can be related to parameters in the stattehmatrices or parameters related to the

covariance of the process and/or measurement noise. Hefeows on elements of the process noise

covariance. The process noise is assumed to be a zero-measi&@awhite-noise process so tliat is

a constant, denoted hy. Consider the following discrete-time residual equation:
€L =Yk f{kxk ©)

= —Hkxk —+ Vi

wherex, =%, —x; andx;, = &, 1(J — Kp_1Hp—1) %X, | + Pp1 Kp_1¥r—1 With Kj;,_; being an

arbitrary gain. Note thak(;_; is not necessarily the optimal Kalman gain, which is comgutsing the

actual noise statistics. The following autocorrelationtnmecan be computed:

Ck,i = (10)
HeB % .2} HiL — HeBE {5 vi_} >0
whereCy ; = E {exef_,} and E{-} denotes expectation. The propagation@f is given by

X, =Pp 1 (I — Kp1Hp—1) X + @1 K1 vie—r — Y1 Wit (11)



Carrying (11): steps back leads to

[ 7 j—1
5(; = H (I)k,J (I — Kk,j kaj) Xp_; T Z H (oY) (I — Ky Hk,g) (I)k,J Kk,J Vi—j
j=1 j=2 Le=1
[ 7j—1 (12)
- Z H Oy (I — Kt Hy—t)| TimjWi—j + @1 K1 Vg1 — T Wiq
j=2 Le=1
where
H Ly =Ly 1Lp—2 Ly (13)
j=1
Performing the expectations in the definition@f, ; leads to [13]
HyP_H! + Ry, i=0
Cr.i= Hy®—1 (P, H | — Kp—1Ck—1,0) =1 (14)
Hy |T152 ®ry (I = Kypj Hij)| @i (P H, = Ki—i Chijo) 0> 1
where
Cr—io = Hy—i Py, HE; + Ri—; (15)

In the above equations;, and P,_, are computed using the true covariance mafpirof the process
noise wy. If the K;_; matrices are computed using the tr@e too, thenCj, ; = 0 for i > 1. Note
that storage of the state model and covariance matricesetb thi point is required to computé’, ; in
general.

B. Likelihood Function

In this section the likelihood function for the measuremesgidual is shown. First, the following
residual is defined:

ek
€r—1
€k = . (16)
€L
The likelihood function associated wi#y, ; is given by
1 1
Lii = a7 & | — el iCir ben 17
k, [det (27 Cy. ;)]1/2 exp( 9 Chit ki €, ) a7
whereCy.; = E{ey i€l ;} is given by
Ck,0 Cr1 Ck,2 e Ck,i
C§1 Ci-1,0 Cr-1,1 -+ Cio1,i-1
Cii = Ck,z C;%F_l, 1 Ck-2,0 oo Crez2,i-2 (18)

T T T .
Ck,i Okfl.,ifl Ok72.,i72 Okﬂ-,o



When: = 0 the likelihood function reduces down to
1

0=
{det[2r (H Py HT + R))}?
This likelihood is widely used in MMAE algorithms [9].

1 _ _
Ly exp —Ee{ (Hp P, Hif + Ry) ‘e (19)

C. MMAE Adaptive Law
The MMAE adaptive law is given by

¢ 0 L
= = {14

o ()
A — (20)
Z wl(f)
j=1
sincep (yk|§<,;“)) = Lg)o, which is defined by
1 1 -
L) = exp [—§e§f>T(HkPk OHT + Ryl (22)

B 172
{det[27r (H P OHT + Rk)]}

wheree,(f) =y — kac,;(é).

The actual statistics oégf) are determined by) and K,(f_)j The Kalman gainsK,(f_)j are computed
under the/™ hypothesis that the true covariance of the pfocess noik‘is In the likelihood function
above, the hypothesized residual covariangg P, " HT + Ry,) of e\”) is computed using)() and

K,E{)J The actual statistics of the residuals match the hypatedsinly whenQ®) = Q.

D. GMMAE Adaptive Law
The GMMAE adaptive law is a modification of the MMAE adaptiam given by

0 = {0,110

(®) wl(f)
Wy~ = M (22)
Zw](cj)
=1
with . . _1
) - e |5l (¢) el @3
[aet (2rcf9)]
whereeg) is defined a&l(.é) = [e,(f)T e,(fff e,(fE]T, of which the actual statistics are determined

by @ and K,E{)J which are computed usin@®). The matrixC,(fg is given by (14) and (18), which is
evaluated af)(®) and theoptimal Kalman gain, which is a function of the actual covariadzeBecause
Q is unknown, it is approximated by the current best estindatef it, computed usingpy..

Like the MMAE adaptive law, the GMMAE adaptive law is set upcBuhe parameter sets used to
computeQ) that result in good agreement between the actual and expeesidual statistics receive



large weights. On the right-hand side of (22), the more reeeight ©;,_; instead ofw;_; is used,
which in essence raises the power of the weight and the Hiketi function. As a result, the GMMAE
estimate given by (7) of the unknowm is closer to the maximum of the likelihood than it is towards
the conditional likelihood mean or the minimum mean-squerer estimate as provided by MMAE. A
technique of raising the power of the weights in the MMAE aggmh has also been proposed in Ref. [14].
But the GMMAE solution presented here provides a cleareetstdnding of how this is done and it also
incorporates correlated terms to increase performanaradmistics.

The estimates foCk ;» Which are sub-blocks crfk .i» are given by

He P, OHT + Ry i=0
o | Hei (PVHE, — Reacl? ) =1
) = (24)
Hy, [HZ ! 1 Pr—j (I — Ky Hk—j)} Dp_;
x (P HE, ~ K0, ) i>1
where
Clgg)r 0= H P (E) Hk i + Rk i (25)

The covariance matrizP,;(z) is computed using

PrO — 0, 08T + QO (26a)
PO = (1- K m) P (26b)
—1
KO = p- Oyt (HkP O[T | R, ) (26¢)
whereQ® is computed using¥). The estimate of the optimal gain is computed using
~ N N —1
Ky = Py HT (HoPTHE + Ry ) @27)
with
PI;—t—l = (I)kpqu)g + Qk (288)
B = (1= Ret) By (28b)

Using the current measuremegt,, along with the/™ element,p), 1 < ¢ < M, a bank of filters is
executed. For each filter the state estrmaieé, , and measurements are used to form the resia %\I
going back: steps. The filter error covariancg, ® , and state matrices}, © andH ® , are used to
update the estrmate of the autocorrelation, denoted,ﬁy Note that at each new measurement time, all
elements oC ) need to be recalculated since a new estinfataés provided, which is used to compute
an estimate of the optimal gain. Unfortunately, this carréase the computational costs. The diagonal
elements do not need to be recomputed though, since theyoar function of the optimal gain. The
residuals and autocorrelations are then used to evaluatéétinood functlonsL ;- These functions are
used to update the weights, which gives the estinpateising (7a).



IV. GMMAE CONVERGENCE

A proof of convergence of the GMMAE approach for linear systds shown, as well as its relationship
to the standard MMAE approach.

A. Autocorrelation of the Residuals

One way to estimate the correlation of the residuals (thdymrbof two residual values) is by using the
ergodic average (time average). However, the GMMAE apgrége realtime adaptive approach and the
estimate of the correlation of the residuals has to be détedrand provided to the GMMAE likelihood
function to test the new measurement-residual optimabitythe given parametep(®). The GMMAE
estimateC'M provides an estimate for the correlation of the residuals.

The residuals of the optimal Kalman filter, in which the Kahhgin is computed using the actual noise
covariances, are uncorrelated. However, the residualseasuboptimal Kalman filter are correlated. There
are different ways to estimate the autocorrelation. One usss the ergodicity property of a stationary
random process. The ergodic estimate of the autocorrel&igiven by

1 N
S _ T
Ck—l,i = N Z ejejﬂ- (29)

J=i

where N is a large number of samples. The ergodic estimate of the:auejationc_'k_l,i can be used
to estimate the true state errft, %, ’, } which is the approach introduced in Ref. [7]. The estimate of
{x,_ %, } cannot typically be determined, but ratHer, %, ", }H[, is determined instead. The term

(%, %, " YHL . is denoted byP,;(f)Hkai and can be estimated from (14) using the autocorrelation

ergodic estimate&,_; ;:

COT .COT T = AP OHT  — KO O] (30)

where 4;, ; is defined as
H, {H;;ll Pp—j (I — K- Hk—j)} Py
Agi = : (31)
Hy—it1Pp—i
The estimated optimal gaiﬁj@_\l would be the optimal gain to minimize the state error in atlsgsiares

sense. Noticing;_; = P,;@H;f_ic,;_li o » the optimal gain is estimated as

—1

[ng)iT ------ C_’lgé—)z‘:il, 1]T = Ak,i[f(k*i - Klgézl] C}@i, 0 (32)
K 2K+ AL ICOT o0 T (33)

whereA' is the pseudo-inverse of. This provides another estimate to the autocorrelatiohefésiduals
of a suboptimal filter.

The GMMAE approach is a recursive adaptive approach. Theltre$ the previous time evaluated
to determine the current estimate will be used to prediairbuestimate. The GMMAE estimate of the
optimal gainKj,_; in (24) is determined by the weight;._, which is a measure of the likelihood of

1This section is the work of the first two authors.
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Fig. 2. Correlation of the Residuals of an Optimal Kalmartefil

the residuale;_, = [yx—1 — HxX, | and the previous residuals. The estimafe , is the Kalman filter
propagation ok, , updated byK),_,. Therefore, the weights;,_ is a measure of the performance of
Ko sinceK,_, has not contributed to the residual_; yet. The filter that has the highest weight,
has the minimum residual;,_; and the Kalman gain estimats,_» — K( )2 asP,_o — P (2 The
measuremergt;_; complies more with the estimatg, whereK._, is most likely to be the optimal gain.
The estimate of the optimal gaid;_; given by the GMMAE algorithm in (24) is actually a propagatio
of Kj_» determined by 1 based on the likelihood evolution of the residuals perfcrroeaaof the gain
estimatek;,_» as shown in (27). Any estimate based on the wetght , refers t0Kj_o in reality. For
the suboptimal filter, the ergodic estimate of the corretatf the reS|duaIka717 1» is given using (32)
by

éligjl, 1= Akfl,l[f{kﬁ - Kl(f—)Q] Olgé—)zo (34)

The GMMAE estimate of the autocorrelatiai?;g)i in (24), that is used in the GMMAE likelihood, is
based on the gain estimate Af, i

[élg)lT """ Cvli{)gl, 1] Ak 1[ (E)Hk 7 K]gg)l Clgg)l O] (35)

In the GMMAE hypothesis, the likelihood of the residual iskwated with respect to its optimal expected
values. The assumption of optimality of the parameté? is essential to compute the likelihood. Even
though the zero residual correlation would be the obviousiceh for optlmallty, the estimate of the
correlation C,C ;» Is based on the avallable information of the previous datian C’,C 1,; carried by the
GMMAE estimate of the optimal gauK ;- The actual correlation of the residuals of the opt|mal ffilte
is a random variable and has zero mean. Basically, the obfiliea correlation of the re&duali},g,i,

is expected to compensate for the previous correlation asrsin Figure 2. If the parametgs(*) is an
optimal parameter, the correlation of the residuals has meran while the actual correlation fluctuates
around this mean. Considering a linear time-invarianteaystand substituting the Kalman gain estimate
Kj,_o from (34) into (35), wherek;,_1 = Kj_» at steady state, leads to

¢ 0 -1
Ckl_Akl[ )Hk 1 — (K +Ak 11012)1,1)012)2002 1.0]
¢ (¢ ¢
Cl(c 1= = —Ay 1Ak 1 1[012—)1,1 Ck )2 o] Olg )1 0 (36)
¢ (¢
Cl(c,)l = _Ck—)l,l

The predicted estimaté“,(f)1 has the opposite sign of the ergodic estimate [15]. To enfigeptimality
of the Kalman filter, the expected future correlation has dmpensate any divergence of the previous
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correlation of the zero mean. The autocorreIat'(fii,f;f)1 is incorporated in the GMMAE likelihood to
increase the chance that the parametét is chosen as the optimal one. For the case that the residuals
are produced by a suboptimal filter, the correlation offsetrnf zero mean is not only a result of the
randomness of the residual but also a result of the mis-rivagef the filter parameter The correlation
for the suboptimal filter will converge at the limit to the edjc correlation esUmaté’,C 1 and the relation
given in (36) will serve as a tool in the GMMAE adaptive law tistahguish between the optimal filter
and suboptimal filter residuals by testing for the whitenafsthe filter residuals.

B. GMMAE Convergence

We expect that for the GMMAE approach to converge, one of feementsp®) is nearly equal to
the true parametep™® so thatp (p™¢[Y},;) — 1 ask — oo andp (p[Y,,;) — 0 ask — oo for
p® #£ pie Also, thep® elements that have values far from the true parameter haterfeates of
convergence to zerg,(p¥Y};) — 0 ask — oo, than the ones closer to the true parameter. This result
will be proved with the assumption of ergodicity of residand the use of the following lemma of
standard matrix theory [12]. Let and B be twon x n positive definite matrices, then

|A| _
n+1n<|B|)—tr[B tA] <o (37)

where tr denotes the matrix trace. The convergence of arliti@-invariant model is first considered
here. Recall the adaptive law for the GMMAE approach:

¢
RONS L( )wl(c 1
E 7 M
) . (38)
S e,
j=1

For simplicity the normalization in the denominator can bplaced by the dominating weight since all
others will converge to zero eventually:

(f> (0)
L, @
o _ k—1
where L is the likelihood evaluated using™®. Substituting forL; ; from (23) into (39) gives
k,i ng g s g
—1/2
0 exn |-l (c) el
0 _ ’ ’ ’ (0 40
“ o)|~/? (O)T ( A(0 o] Kt 59
] o |47 (62) )

whereC is the autocorrelation matrix associated with the optimggrfiusingp"™®. Then, taking the
natural Iogarlthm of both sides gives

=0
In (é) = 3 ln ‘
W1 k

1 —1
L [<> () ]+;tr[< 09" (c2) } (a1)
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Next, extending this equation by going backwards in timeutfiothe recursive law in (39) yields

2%~ 1In = 1’6
=T

Rearranging (42) yields the following form:
0 el

2%k~ In (7”(5) ) —n [
o

where I is the identity matrix of the size cﬂ?(l) The first three terms in (39) are non-positive values

k k
1 -1 1 -1
e | 23067 () o |67 ()| @
j=1 j=1

e 69w - | ST -9 ()

Jj=1

(43)

based on (37). The ergodicity principle glvgsz: e,(co)e,(cOz)T — C,(ﬁ) ask — oo. Let us rewrite (43) in
=1
shorthanded form as !
O
2%k 'In | —£- | = —a® — g (44)
—©
1
where
4O 4 o
o =—m [ ) +ur[efPel) ] - ()
‘C](fz ; )
" (45)
k
1 0 _(OT o 0\ !
8O =t | =Y (el = i) (i)
j=1
The termsa'® are non-negative ib(“) £ p™e, This leads to
w(z) 1.0 a0
—fp e R (46)
wi
Note, a(?) and () are strictly zero for the optimal case ész ee” = el — 9, which leads

j=1
(’-’)

to (,Z) — 1 ask — oo.

Iti |s worth investigating a special case of the GMMAE apploathere the correlation between residuals
is not incorporated into the likelihood. In the uncorrethtease the autocorrelation matrix is a block
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diagonal matrix ancC,gf)i = 0 for ¢ # 0. For this special casey and 5 can be reduced to

e .
ozgf) =—In (z’) +tr [C,(ﬁ)c,(fj[] } tr(I)
Ee
U
k cly i
=Y |-m | +nﬁﬂ?c@,}_nu) (47)
) ‘0(4) ’ 8 %
s=k—1 5,0
o) 1
=(i+1) |-In ‘C(;) ‘ +tr [Céogc& } tr(D)| = (i + 1)al”
k,0

j=1ls=j5—1
: (48)
1 0 _(OT o 0\~ . ¢
= i+t |2 (e e - ) (OJ{@)) (i +1)8
j=1
and the convergence rate will be
) 10,0 (O]
_kg) — e~ z(ag +85 )i+ 1)k (49)
@
Settingi = 0 compares this result with the convergence rate of the toadit MMAE approach:
w(l) 10,0 (£)
Xk _ p—g(ag +B )k (50)

=0

This shows that even without considering the autocortaith GMMAE approach, it converges faster
than the traditional MMAE.

Incorporating the autocorrelation in the GMMAE makes theargence to the optimal parameter
faster. This shown by comparing the convergence of GMMAEh® uncorrelated GMMAE as follows:

' ' -1/2 _1.(0T N1 0
<wy> /<wy>  (lewal e [-3657 @) ] ) o1
G U i

- & (|Ck,i|71/2 exPp [_%el(f fe™ E’EEZDU

Wi-1 Wi-1 ,

where the subscript§ andG refer to the uncorrelated GMMAE and the standard form of théMAE,
respectively. Taking the natural logarithm of both sideg5fh) gives

w(g) w(g) l(fz @) T
2n | =k —92In k =—In——C _¢ €. i€ (Cki)_l
(wl(f)1>c <w1(f)1>U [Criles [ C }G (52)

+tr el (©) 7]
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If p® is the true parametei(é)eng — (Ck,i) » Where the off-diagonal terms are the predicted estimates
Ck.:, and thus
(0 (0) C
21n w(e) —2In w@) CwCrile [(Cm)c(ck,i)gl} (53)
Wr—1 G Wg—1 U |Ck’i|U

The right side of (53) yields a positive quantity which memnsweightw,(f) is higher in the GMMAE if
p¥) is true parameter. This shows that the GMMAE approach cgegdiaster toward the optimal estimate
than the uncorrelated GMMAE. The autocorrelation helpsgiheeralized adaptive law to makeup for the
decline in the convergence rate in the previous steps dueeteesiduals randomness. Howevempif) is
not the true parameter then the weight convergence is gien 43):

(0 et
2% 'In <%> =ln [
@1 ’C;(”)

-1
—wr (el | +un)

G (54)
k
1 (0) (OT _ 50 (o0
—1tr A ;(ek,iek,i =G ) (Ck,i)G
Let [l ] = L3 el'el)" and rewrite (54) as
j=1
—1 wl(f) ‘ (0)~(6)
2k~ | Zhs ) =In el c,”G]
ot k (55)
+tr(I) — tr [([ n© - e
Let [€:e7]0 = [l + [e‘Z‘T] where[¢;e7]" contains the diagonal elements of matféxe? ]
and|[€;€; ]( ) contains the off- -diagonal elements, so that
() 7|
2k~LIn (%) S P (Rl By [c}ﬁ’cmc | + ()
@ \k. (56)

_ (¢ 0)\ ~(0) 1 _ (0 H(0) "L
—tr (&€l - el | - |tae el

As stated earlier the estimate of the off-diagonal eleméh{sake,C l} Ck.; is given in (29), assuming
k is large enough [7]. Then, since the estimale; = —Ck ; as given in (36), we have

[G@elY = —Cral) +Craly (57)
Substituting (57) into (56) gives

-1 wl(f)
2k~ " In —w | = In
w! ‘ (

e [(@el]$ — e, ] e [el, — ¢ el

—tr [c“))c o~

O ] Ftr(1)

(58)
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Now, (58), after algebraic rearrangement, becomes

_® ]c}ﬁ)‘ O
2k~ n | o ) = | L |~ [l c,gzc}ﬂr(f)
wy ‘Ck.
U
(e O\ p(0)~1
—tr (el - el | (59)
e 1
‘ 0 o
—1In o0 +tr()—tr{C,“UCmG}
kil

which reduces down to

0 ¢
-1 Wy, _ ‘
wi

c
(‘C(D‘ (1) — [c“’ 0~ 1}

)+wn—vh[TﬁWi£T

(60)

kipgkig

- 1_613)

1
O e )}_Oand [ - e, | =0

By adding the following terms-tr [[ T]d (ct ki

to (60) and rearranging, we obtain

(0)
(=0 L ‘C’”
2k~ In o | = In B
“1 ’C’“ U

(el — cie

—tr [c e

kyiy } +tr(1)

sz:|

(61)
1 1
_tr [[éé ]“)(C,i’ffG C,(fZU )}
+n | [C,(fz L } +tr(I)
et
G
Writing (61) in shorthand form gives
0
2k~ 'In % = —[av + Bu + dau + agu] (62)
wy
with
Ck.i _
S T (€ (Cridg'] (63a)
|Ck,i|G
1
dgu =tr {[éié?]éé) (C/(fz)G - lez)U )} (63Db)

where agy has non-negative value anigy is a trace of a product of matrix differences. Since the

term [€; ‘T]gf) is a diagonal matrix, the trace carries the diagonal elesnehthe second term only. At

convergence the autocorrelation maﬂﬁé@ o is positive definite and nearly a diagonal symmetric matrix
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where (C~1);; > (C;;)~! [16]. This showsdgy is a positive quantity. Then, the convergence rate is
given as

O]
Wi Zlos o4 (e)+5cu +agulk

O (64)
— o~ 3@ +8) (+1)+ocu +aculk
Incorporating the autocorrelation in the GMMAE approacbves faster convergence than the uncorrelated
GMMAE and even faster than the traditional MMAE approachisTfroves the convergence properties
of the GMMAE approach using the Kalman filter as an elemenital fivhere a linear model is used with
stationary measurement and/or process noise.
Similarly, the convergence rate for the linear time-vagyinodel can be obtained, by recalling (41), as

1/2

() ‘ ) .
@\ ki Lo | @ (o1 ()
n (w(l) ) =In L - itr [ek i€k (Ck,z)
k—1 (Cm‘

(65)
Lo o1 (o)
+ 2tr { €L (C,M. )
Rearranging (65) yields
= .
oln [ 2k ) =1 [ L2 el | +un)
w(z) ‘ K 1
k—1
o o\t (66)
(e - ()|
: o)T o 0)\ *
|27 - (¢2)
which can be written in short hand as
(é) (€) (€)
21n (g) =—qop’ —f (67)
Wk—-1
where
o 1
of) = —In [ =1 | +1r el |~
’C;m- (68)
1 -1
(0= —tr[ (e - e (e) ] + [ €T - e (62)
oW
Then, to obtain—;, let
wy
1 1
4 4
=23 g0 =135 (69)
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Then, the overall convergence rate is given as
(0)
Wk

£)
wi

e—%(a(“-ﬁ-,@m)k (70)

The « term is always non-negative from (37). The non-negativenés still holds for linear time-variant
systems even if theg, terms are from different times. This is because the residualr (efjiegf -
C,(ﬁ)) is normalized b c,‘f)P 1, which follows the normalized Kalman innovations of the ikah filter.
The same approach is valid for the nonlinear case where tsteofider Taylor series approximates the
system functions. This is limited when the linearizZegl(x;) and Hy (%) are bounded and provide close
approximations to the real system. The extended Kalmarm {ilf&F) is derived with this assumption
and the approach is assumed valid as long as the EKF is valithéoproblem. Simulations using the
EKF indicate that the non-negativeness property3aerm is true however. Figure 3 shows the value
of e=38" for differentp®). The simulation is performed for the system in next sectieceptp”) is
linearly distributed equally in the rangé, 100] where the true parametg™® = 10. This shows that
the GMMAE approach provides superior performance and tietorrelated terms do play a role in the

convergence.
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Fig. 3. Convergence of Linearly Distributgs(*)

V. NUMERICAL SIMULATIONS

Two practical examples are presented in this section to eoenfne performance of the MMAE and
GMMAE approaches for noise covariance adaptation.

A. Target Tracking

The state vector is chosen as the position and velocityandy directions, given by = [x @ y 9]7.
The target motion model is given by a linear dynamical system

Xk+1 = (I)Xk + W (71)
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with

1 At 0 0
0 1 0 0

¢ = 0 0 1 At (72)
0 0 0 1

The sampling period\t = 0.01. The 4 x 4 process noise covariance matrix is parameterized,bgnd
qy, given by

At3 /3 At?)2 0
O = qz At2/2 At 2%2 73)
k= At3/3 At?)2
022 Wiaez2 At

The true values of, andg, are chosen ag, = ¢, = 10. In the MMAE and GMMAE approaches, the
elements of;, andg, for the individual Kalman filters are generated using a twoahsional Hammersley
sequence under the assumption thatand ¢, are independently uniformly distributed {0, 100]. The

number of elements in both the MMAE and the GMMAE approach58.2rhe measurement model is

given by
2 2
yk_{vx v }+vk (74)

arctan(y/x)

It is assumed that the noise terms in range and azimuth mezasats are uncorrelated, so the measurement
noise covariance matrix is diagonal, givenBy = diagr, r4]. We choose:, = 0.01 andr4 = 0.000001

in the simulations. Since the measurement model is nonlimethe state vector, EKFs are used in the
MMAE and GMMAE approaches with the sensitivity matriX;, evaluated at the current estimate. The
EKFs are provided with good initial estimates of the statetwe so they do not suffer any divergence
problems. An alternative approach to working with the nosdir measurement model is to first convert
the original range and azimuth measurements to the eféegtbsition measurements anand y and
then apply the linear Kalman measurement update. In ther lafiproach, the covariance matrix for the
effective measurement does not take as simple a form as twensR;, and becomes data-dependent.
The resulting residual sequence is not stationary or ecgiodeither case. There are many possibilities
for the chosen distribution of the process noise covarigrazameters. A simple approach is to assume
a uniform distribution simulated by pseudo-random numb¥/s instead choose a Hammersley quasi-
random sequence [17] due to its well distributed patternofgarison between the uniform distribution
and the Hammersley quasi-random sequence for 500 elensestown in Figure 4. The Hammersley
quasi-random sequence provides a better “spread” of elantiean the uniform distribution.

The two adaptive estimators are run 50 seconds to processathe measurement data. As discussed
in the previous section, the GMMAE approach goes batkne steps in order to form the residual.
We choosei = 4 for the GMMAE approach. The size of the corresponding r@i(ﬂffz is 10 by 1.
The results are given in Figures 5(a) and 5(b). It can be deanbioth estimators coriverge within 50
seconds, but the MMAE approach takes more than twice as niogh ds the GMMAE approach to
converge. Both estimators converge with a relative smalbtelements in the above-mentioned example.
A closer examination of the automatically-generated el@nset shows that of the 250 elements there
is a element that is close to the true valuesypfandg,. If all of the 250 elements are far away from
the true values, then the MMAE and GMMAE approaches with 2afic elements may fail to yield
satisfactory performance, since the estimates;,0ofand ¢, are given by the average of the elements.
Increasing the element size is always a solution, but as ithertsionality of the problem increases, the
computational complexity involved may quickly become pbitive. Meanwhile, it should be noted that
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most of the elements have almost zero weights at the end diitindation and their contributions to the

final estimates ofy, andg, are negligible.
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Fig. 5. Simulation of MMAE and GMMAE Estimates

B. Sngle-Axis Attitude Estimation

2‘0 .25 3‘0
Time (Sec)

(b) Estimates of,

The single axis attitude estimation problem is concerndtl wsing angle-attitude measurements and
rate information from gyros to estimate the attitude ermwal gyro drift. Two error sources are generally
present in gyros. The first is a short-term component of bikig referred to as random drift, and
the second is a random walk. These noise terms affect the dtalfitier estimates if they are not well
represented in the model. The MMAE and GMMAE are used to edérthe statistical properties of these
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noise terms. The attitude rafeis assumed to be related to the gyro outpuby
) =0 —B—m (75)

where is the gyro drift rate and, is a zero-mean Gaussian white-noise process with spe&neitg
given byc2. The drift rate is modeled by a random walk process, given by

B = MNu (76)
wheren, is a zero-mean Gaussian white-noise process with speenaitgt given byo2. The parameters

o2 ando? are estimated by the GMMAE and MMAE approaches. The lineadehased in the Kalman
filter follows the attitude angle measurement model”

Uk =0 +vp (77)

where v, a zero-mean Gaussian white-noise process with varianem d¢iy R = o2. The discrete-time
system used in the Kalman filter can now be written as

Xpt+1 = Oxp + T'w + wi (78)

Uk = Hxy, + v, (79)

wherex;, = [0, 8]F, T = [At, 0], H = [1, 0],

1 —At
o=l 7
and
2 12 A3 12 A2
- T _ |OiAt+ g0 AT —50n At
Q_E{Wkwk}_[ —%agAtQ ol At

where At is the constant sampling interval. Synthetic measuremargscreated using a true constant
angle-rate given by = 0.0001 rad/sec and a sampling period of 1 second. The noise panaTae
given by, = 17 x 10~ rad, s, = 1 x 10~ °rad/se?/? ando,, = 1 x 10~ "rad/se&/?. The initial biass,

is given as 0.1 deg/hr. A set of only eleven filters run in dafalith the initial covariance matrix set to
Py =diag1 x 1074, 1 x 10~!2] for each. The only difference in the filters is the predetesdivalues for
o, ando,, which are randomly selected in a neighborhood of the trleega As in the target tracking
example, both MMAE and GMMAE are used to estimated the unknparameters,, ando,. Figure 6
shows the performance of both approaches in estimatingttineda error and the gyro drift rate. Figures
7 and 8 show the estimates using the MMAE and GMMAE approachspectively, for 10 Monte Carlo
runs. The results show that the GMMAE approach, using only &teps back, outperforms the MMAE
approach by converging in about one-third of the time anth witich smaller standard deviation between
runs. A study on choosing different steps back in the GMMAIprapch has also been done. Figure 9
shows the convergence rate for the MMAE approach and GMMARGach withi = 2,4, 6. Note that
even though the theoretical derivations show that the agevee rate increases with the number of steps
back taken in the GMMAE likelihood, a practical limit exidtsr this number. This is due to the limited
number of samples chosen in the parameter space and remsult&ary from application to application.
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VI. CONCLUSION

In this paper a generalized approach for multiple-modeptida estimation was shown, which can be
used for time-varying systems. The main advantage of thisageh is that it provides faster convergence
properties than the traditional multiple-model adaptigtineation approach. The new approach is based
on using the autocorrelation of the measurement-minusiat residual. A formulation was developed
for the Kalman filter, however computation of the off-diagbelements of the autocorrelation matrix is
intractable in practice since these matrix elements ar@etifin of the true parameters. This difficulty was
overcome by using the estimated values in the Kalman gaiis. proven that the generalized approach
provides better convergence properties than the stangardach because the autocorrelation incorporated
into generalized approach’s likelihood raises the setitsitioward the parameter of an optimal filter.
Simulation results indicated that the new multiple-modidtive estimation approach can provide better
convergence to the best estimate over the standard app®iaditar results have been achieved when the
approach is applied to the tracking problem using range agteaneasurements, which involves the use
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of the extended Kalman filter for state estimation. For moedr model and/or measurement processes,
it is assumed that the linearized output sufficiently cagguthe statistics of the likelihood function by
making the small noise assumption, and thus the time-varsartution provided in this paper is applicable
for this case.

REFERENCES

[1] X. R. Li and V. P. Jilkov, “Survey of maneuvering targetdking. part v. multiple-model methoddEEE Transactions on
Aerospace and Electronic Systems, vol. 41, no. 4, pp. 1255-1321, Oct. 2005.

[2] D. T. Magill, “Optimal adaptive estimation of sampledshastic processedEEE Transactions on Automatic Control, vol. 10,
no. 4, pp. 434-439, Oct. 1965.

[3] H. A. P. Blom and Y. Bar-Shalom, “The interacting muléplmodel algorithm for systems with markovian switching
coefficients,”|EEE Transactions on Automatic Control, vol. 3, no. 8, pp. 780-783, Aug. 1988.

[4] X. R. Li and Y. Bar-Shalom, “Multiple-model estimationitlv variable structure,1EEE Transactions on Automatic Control,
vol. 41, no. 4, pp. 478-493, April 1996.



(5]
(6]
[7]
(8]
9]
[10]
[11]
(12]
(13]

(14]

[15]

[16]
(17]

22

J. R. Vasquez and P. S. Maybeck, “Enhanced motion andigsiaf bank in moving-bank mmae[EEE Transactions on
Aerospace and Electronic Systems, vol. 40, no. 3, pp. 770-779, July 2004.

B. J. Odelson, M. R. Rajamani, and J. B. Rawlings, “A newoaavariance least-squares method for estimating noise
covariances,” Texas-Wisconsin Modeling and Control Cadinso, Tech. Rep. 2003-04, Sept. 2003.

R. K. Mehra, “On the identification of variances and adaptkalman filtering,”|EEE Transactions on Automatic Control,
vol. 15, no. 2, pp. 175-184, April 1970.

P. D. Hanlon and P. S. Maybeck, “Multiple-model adaptestimation using a residual correlation kalman filter bahEEE
Transactions on Aerospace and Electronic Systems, vol. AES-36, no. 2, pp. 393-406, April 2000.

R. G. Brown and P. Y. C. Hwangntroduction to Random Sgnals and Applied Kalman Filtering, 3rd ed. New York, NY:
John Wiley & Sons, 1997, pp. 353-361.

R. F. StengelOptimal Control and Estimation. New York, NY: Dover Publications, 1994, pp. 402-407.

B. D. O. Anderson and J. B. Moor@ptimal Filtering. Mineola, NY: Dover Publications, 2005, ch. 10.1.

B. D. O. Anderson, J. B. Moore, and R. M. Hawkes, “Modepapimations via prediction error identification&utomatica,
vol. 14, no. 6, pp. 615-622, Nov. 1978.

J. L. Crassidis and Y. Cheng, “Generalized multipled®lo adaptive estimation using an autocorrelation apprbach
Proceedings of the 9th International Conference on Information Fusion, Florence, Italy, July 2006, paper 223.

P. D. Hanlon, “Practical implementation of multiple de adpative estimation using neyman-pearson based hggsttesting
and spectral estimation tools,” Ph.D. dissertation, Stbé&ngineering, Air Force Institute of Technology, WrighRatterson
AFB, OH, September 1996.

B. Alsuwaidan, “Generalized multiple-model adaptiestimation,” Ph.D. dissertation, University at Buffalohel State
University of New York, Amherst, NY, 2008.

P. Sprent, “Inversion of nearly diagonal matrice$tie Mathematical Gazette, pp. 184-189, May 1965.

J. M. Hammersley, “Monte carlo methods for solving nvaltiable problems,’Annals of the New York Academy of Sciences,
vol. 86, pp. 844-874, 1960.



