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This paper presents a method to determine the shape of aipjacein orbit
while simultaneously recovering the observed space dbjewdrtial orientation
and trajectory. This work studies a shape estimation agprbased on octant
triangulation applied to light curve and angles data fusidie filter employs
the Unscented estimation approach, reducing passivdligeted electro-optical
data to infer the unknown state vector comprised of the sphject inertial-to-
body orientation, position and their respective tempaaids. Recovering these
characteristics and trajectories with sufficient accuraspown in this paper. The
performance of this strategy is demonstrated via simulstedarios.

MOTIVATION

In recent years space situational awareness, which is moatavith collecting and maintaining
knowledge of all objects orbiting the Earth, has gained matténtion. The U.S. Air Force collects
the necessary data for space object catalog developmemantenance through a global network
of radars and optical sensors. Due to the fact that a limitedber of sensors are available to track
a large number of space objects (SOs), the sparse datatedllewist be exploited to the fullest
extent. Various sensors, such as radars, exist for SO sttiteation, which typically includes
position, velocity, and a non-conservative force paramété, analogous to a ballistic coefficient.
Another piece of useful information is the estimation of 8t@pe of an object, which requires
knowledge of the attitude of the SO.

Shape estimation is an important issue in the observati®Qd, because the shape influences
the dynamics of the object and may enables unique spacet atgadification, beyond just using
the object’s translational states. There exists a numberathods for estimating the shape of an
object. These methods vary in the sensor type used, techngpd to resolve shape, and effective
ranges for proper shape resolution. Radar-based methedsbean extensively used for shape
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estimation, which include radar cross-sectioning apgregcand range Doppler interferometfy.
These techniques were first developed in the field of playpettar astronomy to estimate the
shape of natural satellit€dyut were later applied to the imaging of artificial Earth tirig satellites.
These methods are limited to SOs that are larger than thesadaelength. SOs can be imaged
in low-Earth orbits that are much larger in dimension thamwavelength of the radar signal. To
image SOs smaller and farther than these ranges requinepaserful radar devices, making these
economically unattractive.

Laser radar-based (LADAR) methods have also been useditta¢sthe shape of SOs. LADAR
provides a three-dimensional scan of the object, which eanlve shape geometry at ranges of
1 km, returning a cloud of points of the measured relativatjposof an object. Referenced]
uses LADAR scans to perform a least squares fit of the LADARrnst to previously assembled
point cloud models to estimate the shape of an SO. Referdaeyelops a filter approach to
simultaneously estimate dynamic states, geometric skaygemass model parameters of a satellite
using multiple observations with LADAR sensors. In Réd] & probabilistic map of the SO is
constructed using a sensor uncertainty model and the dgsarperienced by the SO to estimate
its shape. Using well modeled dynamical relationships ef 8O provides enhancements to be
implemented within a filter architecture in this shape eation approach.

Resolved images have been used to estimate the size and$lsapedlites as weff. These meth-
ods work either directly with the pixels of the images or asedito identify features of the SO.
Features, such as corners, edges and markers, are locdtedcked temporally to estimate higher
level motion and the structure of the rigid boflylhe feature-based methods rely on continuously
identifying and tracking higher level traits of the SO byngsia Kalman filter to estimate feature
location and motion parameters. Although these method®a&st the motion of features they do
not by themselves provide a detailed estimate of the shapeeobbject and only give a sparse
set of feature points of the object. Pixel-based methodsaelpixel-level information, and use
the shading, texture and optical flow of the images to esértfa shape of an object at each time
step using a monocular camera. Since these methods relyehlgiel computations they typi-
cally involve very high-dimensional states and therefoeevery computationally expensive. These
methods are also very sensitive to pixel-level detail ardeasily corrupted by unpredictable light
intensities, reflective material and wrinkled surfaceseylrequire high resolution of the object to
resolve meaningful shape estimates, and therefore aresfiehtive for space-based sensors and or
high resolution ground-based telescopes.

Light curves (the SO temporal brightness) have also beahtosestimate the shape for an object.
Light curve approaches have been studied to estimate tipe simal state of asteroié$. Reference
[10] uses light curves and thermal emissions to recover thettlimensional shape of an object
assuming its orientation with respect to the observer isskndrhe benefits of using a light curve-
based approach over the aforementioned others is that dtisnmited to larger objects in lower
orbits and it can be applied to small and dim objects in higinbits, such as geosynchronous. Here
light curve data is considered for shape estimation, wigclseful because it provides a mechanism
to estimate both position and attitude, as well as theiraetpe rates! 12

There are several aspects of using light curve data (terhplootometry) that make it particularly
advantageous for object detection, identification andkingc Light curve data are the time-varying
sensor wavelength-dependent apparent magnitude of e(iexgghotons) scattered (reflected) off
of an object along the line-of-sight to an observer. Becdluseapparent magnitude of the SO is a
function of its size, orientation, and surface materiapgnties, one or more of these characteristics



Figure 1. Reflection Geometry

should be recoverable from the photometric data. This chinghe detection and identification of
an SO after a catalog of spacecraft data with material ptigiseis developed, and may also prove
to be powerful for never-seen-before objects.

This work studies a shape estimation approach based ort triéaagulation applied to light curve
and angles data fusion. The translation, rotation, andeshapameters states of a SO are estimated
using a UKF approach. The organization of this paper is daviist first the shape model using a
octant triangulation will be discussed, then system dycahmodels are outlined, following this
measurement models are shown including a CCD noise modeltheeUKF used for this work is
reviewed, and finally a simulation example is given.

SHAPE MODEL DEFINITION

The shape model considered in this work consists of a finiel®u a flat facets, where each facet
has a set of basis vectors associated with it. These baswsece defined in Figurkand consist
of three unit vectors1?, u?, andu”. The unit vectora? points in the direction of the outward
normal to the facet. For convex surfaces this model beconre axxurate as the number of facets
are increased. The vectors’ andu? are in the plane of the facet. The space objects (SOs) are
assumed to be rigid bodies and therefore the unit veetftau”? andu? do not change since they
are expressed in the body frame.

The light curve and the solar radiation pressure (solaatext pressure (SRP)) models discussed
in the next sections require that these vectors be exprésseertial coordinates and since the SO
body is rotating, these vectors will change with respechimertial frame. The body vectors can
be rotated to the inertial frame by the standard attitudepamgpgiven by:

u? = A(dP)uf, k=wu, v, n 1)

whereA(q}B) is the attitude matrix mapping the inertial frame to the b&dyne using the quater-
nion parameterization. Furthermore, the unit veat§y, points from the SO to the Sun direction
and the unit vecton!, . points from the SO to the observer. The veatgris the normalized half

vector betweemil,, andul . This vector is also known as the Sun-SO-Observer bise&ach
facet has an ared(i) associated with it. Once the number of facets has been defivietheir basis
vectors are known, the areai) define the size and shape of the SO. To determine the SRP forces

and light curve characteristics, the surface propertiest ioel defined for each facet.

For the development of the measured light curve data, fdceé@ shape models are used. An
octant triangulation is used to create control points, showFigure2. Control points, shown in
Figure2(a), are used to create a convex hull shape surface, shown inelA¢n). The control point



(a) Control Points on the Unit Sphere (b) Convex Shape Model

Figure 2. Space Object Shape Model

are allowed to only vary in the radial direction and thereftile shape parameters are given by
P = [p1, ..., pn] Wherep; is the radial distance from the origin of ti& point. Then, control points
are given by the following vector:

b; = n;P(i) (2)

wheren; the unit vector defining the direction of the control poiritpwn in Figure2(a). Then the
area of the'" triangular facet formed by the convex hull of the controlmisiis given by,A(i) =
|ld(2) x1(2)||, whered (i) andl(:) are the vectors defining the sides of the faceid(@y = b; —b,_1,
1(i) = b; — b;41. The unit normal vector is given by

d(z) x 1(z)

~ [ld@) < 1(0)] ©

Un

For this work it is assumed that each facet has the same algiarameters.

SYSTEM MODELS
Orbital and Attitude System Model

In this paper the position and velocity of an Earth orbitir§®Rare denoted by = [z y 2]” and
velocity v = [v, v, v.]T respectively. The two-body equations of motion are given by

o1 KT I
i =T —ay, + agyp 4)

wherey. is the gravitational parameter of the Earnth+ ||r!||, a;, is the gravitational perturbation
due to non-symmetric distribution of mass along the lindatitiide of the Earth andgrp represents

the acceleration perturbation due to SRP, which will beudised in detail in the following section.
The acceleration due to thi effect is given by

3 IO
vy () () |(-s ) e 0
(3-5())3

where.J; is the coefficient for the second zonal harmorig; is the mean equatorial radius of the
Earth.



A number of parameterizations exist to specify attitudeluding Euler angles, quaternions, and
Rodrigues parametetd. This paper uses the quaternion, which is based on the Eulge/aris
parametrization. The quaternion is definedass [07 q]” with o = ésin(r/2), andq, =
cos(v/2), whereé andv are the Euler axis of rotation and rotation angle, respelgtiClearly, the
quaternion must satisfy a unit norm constraigf,q = 1. In terms of the quaternion, the attitude
matrix is given by

A=E"(q)¥(q) (6)
where
(= [Foa 0] -
U(q) = [q‘*“’?’x_?’g}[gx]] (7b)
with
0 —as as
[ax] = | a3 0 —-a (8)
—a9 aq 0

for any genera8 x 1 vectora defined such thgax]b = a x b.
The rotational dynamics are given by the coupled first ordfégrdntial equations

@ = Jrso (Tsép - [Wg/fx] JRSO“’?/I) (92)

a= 3= (awh, (9b)

[1]

wherewg/l is the angular velocity of the RSO with respect to the inkfteEame, expressed in body

coordinates,/rso is the inertia matrix of the RSO arﬁtf,’p is the net torque acting on the RSO due
to SRP expressed in body coordinates.

Solar Radiation Pressure Model

For higher altitude objects>( 1,000 km), SRP represents the primary non-conservatiarpar
tion acting on SOs. Because SRP depends on the SOs positlogriantation, its effect couples
the position and attitude dynamics. For an SO comprised oflaation of N flat facets as defined
in Figure1, the acceleration perturbation due to SRP is givelt By

N
aérp = Z agrp(i) (10a)
i=1
— i) cos? (6 (i cos (8 (2
alyli) = —2rAt e B0 Fleos BN,y (100)
(i) =2 | 2000y oI ey cos (9) | wh(i) + 11 - Repediud(100)

whereSr = 1,367 W/m? is referred to the solar constant and is a measure of the finsitgieof
electromagnetic radiation incident on a sphere of radiubl téntered at the Sun,= 299, 792, 458
m/s is the speed of light in a vaccuumjs the distance between the SO and the Sun expressed in
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Figure 3. Geometry of Earth Observations of Spacecraft Motbn

AU, msois the mass of the SQ@(i), .A(i) andu’ (i) are the emissivity, total area and normal vector
for the i facet andRsped i), Rt () and Raps(2) are the spectral reflectance, diffuse reflectance and
absorption coefficients which are assumed constant overtiire plate. Under the assumption that
no energy is transmitted through the SO allows one to write

Rspedt) + Ruif (1) + Raps(i) = 1 (1)

In addition,cos (6 (1)) = (uf, (z’))T ul,,,is the cosine of the inclination of th& facet towards the

Sun. The functionG[a] = max|0, sign(a)] will be zero when a side is shaded from the Sun (i.e.
cos (6 (7)) < 0) and one when the facet is illuminated.

Equation (0b) can also be used in determining the torque on the SO due to BBfause the
spectral, diffuse and absorption coefficients are congieait the entire facet, the contribution of
SRP over the entire facet can be assumed to be a single fdilog @ the centroid of the facet. The
total torque is then given by

N
Ts?p = mSOZ [gB (i) X] (A(Q?)aérp(i)) (12)
i=1

where£? (i) is the position vector from the center of mass of the SO to émroid of:'" facet.

Observation Model

The observation system is shown in Fig@reConsider observations made by a optical site which
measures azimuth and elevation to a SO. The vettds the position vector from the observer
to the SOx! is the position of the SO in inertial coordinatd! is the radius vector locating the
observer andd are the right ascension and declination of the SO, respgtiV is the sidereal
time of the observer) is the latitude of the observer, ards the East longitude from the observer
to the SO. The fundamental observation is given by

dl =r! —R/! (13)



In non-rotating equatorial (inertial) components the ved! is given by

d! = |y —||R!||sin(0) cos())

z— HRIHsin()\)

x — ||RY|| cos(f) cos(N\)
} (14)

The conversion ofl’ from the inertial to the observer coordinate system (UpHBlsth) is given

by
|:pu] { cos(A\) 0 sin(X) ]
e | = 0 1 0
Pn —sin(A) 0 cos(A)
{ cos(d) sin(f) 0 ]
x | —sin(f) cos(@) 0 |df
0 0 1

(15)

The angle observations consist of the azimuth, az, andtalaya&l. The observation equations are
given by

az=tan~! <5—8> (16a)
el = sin~! <H§11;H> (16b)

In addition to the azimuth and elevation, the optical sigseaecords the magnitude of the brightness
of the SO. The brightness of an object in space can be modsiaed a Phong light diffusion
model2® This model is based on the bidirectional reflectance disioh function (BRDF) which
models light distribution scattered from the surface dufédncident light. The BRDF at any point
on the surface is a function of two directions, the direcfimm which the light source originates,
and the direction from which the scattered light leaves tiseosed surface. The model in Ref6]
decomposes the BRDF into a specular component and a diffuspanent. The two terms sum to
give the total BRDF

Ptotal(i) = Pspec(i) =+ pdiff (Z) (17)

The diffuse component of EqLY), pait (7) represents light that is scattered equally in all direction
(Lambertian). The specular component of E47)( psped?) represents light that is concentrated
about some direction (mirror-like). Referendes] develops a model for continuous arbitrary sur-
faces but simplifies for flat surfaces which is employed is thork. Therefore, the total observed
brightness of an object becomes the sum of the contribut@mn £ach facet.

Under the flat facet assumption the specular term of the BRiBrne&®

Ny (a4 Ny u; -u;, (2 2
A L R O ) S S
spe: = X . reflec
P 8 uTIl(Z) : uéun"" u{L(Z) ’ u{)bs_ (uTIl(Z) uéun) U-I obs)
(18a)
where the Fresnel reflectance is given by
Frefiec(i) = RSpeO(i) + (1 - RSpeC(i)) (1 - uéun' uflz(l))E) (19)



The parameters,, andn, of the Phong model dictate the direction (locally horizbwtavertical)
distribution of the specular terms. The terms in EiB) (are functions of the reflection geometry
which is described in Figurgé. The diffuse term of the BRDF for a single facet is

pit (i) = (%W) (1 — Rspedi)) [1 B (1 - w) 5] [1 B <1 B %) 5]

(20)
The apparent magnitude of a SO is the result of sunlight teflpoff of its surfaces along the line-
of-sight to an observer. First, the fraction of visible sght that strikes an object (and not absorbed)
is computed by

Fsun(i) = Csun,visptotal(i) (ui(l) : U£un) (21)

where Csunvis = 455 W/m? is the power per square meter impinging on a given object due t
visible light striking the surface. If either the angle betm the surface normal and the observer's
direction or the angle between the surface normal and Sestitin is greater than/2, then there

is no light reflected toward the observer. If this is the céisen the fraction of visible light is set to
Fsun(i) = 0. Next, the fraction of sunlight that strikes an object tisateflected must be computed:

Fsun(7).A(7) (u{L(l) ) uébs)

TR (e2)

Fops =
The reflected light of each facet is now used to compute tlaé pbioton flux, which is measured by

an observer:
N
Z Fobs(i)
=1

wherevcpp is the measurement noise associated with flux measured byas€@sor.

F= + vcpD (23)

CCD SENSOR NOISE MODEL

The intensities of each pixel is corrupted by measuremesendhere are three main sources of
noise in the intensity measurements: signal shot nois&, aarent noise, and readout noise. The
signal noise, which follows a poisson Process, is propoatido the stellar signal. The variance
of the signal shot noise is;2,,, = SAt, whereS is the signal of the measured pixel intensity
and At is the integration time. The dark current noise is a resuthefmally generated electrons,
and its variance is given by3,, = dAt, whered is the dark current rate of electrons and is a
function of the temperature of the sensor. Readout noisssiscéated with the inexact conversion
of electrons, from the signal, to the digitized sensor outfdthe variance of the readout noise is
given by,02,4ot= R N, whereR is the number of electrons caused by readout per pixelais
the number of pixels considered. If this noise is to be detsthfor one pixel,N = 1. Then the

total error in the intensity measurements can be written as

U%CD = UrQeadout"" Ugark + Ughot (24)
The signal to noise ratio (SNR) can be written as

S

SNR=
VS +dAt+RN

(25)




UNSCENTED KALMAN FILTER FORMULATION

The unscented Kalman filter (UKF) is chosen for state estandiecause it has at least the ac-
curacy of a second-order filférwithout the requirement of computing Jacobians like themoéd
Kalman filter (EKF). The UKF structure is used for estimatigational, translational, and pa-
rameter states based on fusing angles and light curve datg alith their associated models, as
discussed previously. The attitude UKF described in RE8] is used in the same manner as the
one shown in Refs1[1] and [19].

Applying the UKF structure for attitude estimation has sarhallenges. For instance, although
three parameter sets are attitude minimal representatioeginherently have singularities. On the
other hand, the quaternion representation, which is a fatapeter set with no singularity, has a
nonlinear constraint which results in a singular covamamatrix, and the quaternion is not consti-
tuted by directly adding quaternions but through quaterm@iomposition. This does not allow use
of quaternions in a straightforward UKF implementation.istlwork uses the method in Ref g,
which overcomes these challenges by utilizing generalRedrigues parameters (GRPSs), a three
parameter set, to define the local error and quaternionsfitoedibe global attitude. The represen-
tation of the attitude error as a GRP is useful for the proflagand update stages of the attitude
covariance because the structure of the UKF can be usedlgir€omplete explanations of the
guaternion and its mapping to GRPs are provided in R2&.gnd [21].

In the UKF implementation described in Rel§], the covariance matrix is interpreted as the
covariance of the error GRP because for small angle ertoeserror GRP is additive and the UKF
structure can be used directly to compute sigma-points.efitte GRP sigma points are converted
to error quaternions and then to global quaternions for tiopamation stage. To compute the
propagated covariance, the global quaternions are cedvésterror quaternions and then back to
error GRPs. The process is then as follows: error GRRrror quaternion, error quaternics
global quaternion, global quaternien error quaternion, and finally error quaternienerror GRP.

Model and Measurement Uncertainty

A UKF is now summarized for estimating the state of a SO’s timsi velocity, orientation,
rotation rate, and control displacement given by

x=laf wi " v P
The dynamic models from Egsl)(and @) can be written in the general state equation which gives
the deterministic part of the stochastic model:
x =f(x,t) + G (x,t) L(¢), (26)

whereI'(t) is a Gaussian white noise process term with correlationtiome)d(¢; — t2). The
functionf (x,¢) is a general nonlinear function. To solve the general nealirfiltering problem,
the UKF utilizes the unscented transformation to deterriiigemean and covariance propagation
though the functioff (x,¢). The dynamic function used in this work consists of rotadicand trans-
lational dynamics given by the sigma points, which are pgaped through the system dynamics:

(b a) = | 750 (T (@81 x] Jso ) o



If the initial pdf, p(x,), that describes the associated state uncertainty is giversolution for the
time evolution ofp(x, t) constitutes the nonlinear filtering problem.

Given a system model with initial state and covariance \&ltlee UKF propagates the state
vector and the error-covariance matrix recursively. Atdige observation times, the UKF updates
the state and covariance matrix conditioned on the infaonagained from the measurements. The
prediction phase is important for overall filter performandn general, the discrete measurement
equation can be expressed for the filter as

vy =h (Xk, tk) + Vi (28)

wherey; is a measurement vector ang is the measurement noise, which is assumed to be a
zero-mean Gaussian process with covariakige

All random variables in the UKF are assumed to be Gaussiaioravariables and their distribu-
tions are approximated by deterministically selected sigmints. The sigma points are selected to
be along the principal axis directions of the state errmadance. Given aih x L error-covariance
matrix P, the sigma points are constructed by

oy, < 2L columns from+ /(L + \) Py (29a)
Xk(0) = p (29b)
Xx (1) = o (i) + p, (29¢)

where/M is shorthand notation for a matriZ such thatM = Z Z”. Given that these points
are selected to represent the distribution of the stat@gezaich sigma point is given a weight that
preserves the information contained in the initial digttion:

A

mean: 30

Wo L+ (302)
A
W = I (1—a*+p3) (30b)
1

whmean_ eV — __—___ i =1,2, ...,2L 30

3 1 2(L+)\)7 Z ) 9 ) ( C)

where) = o?(L + k) — L is a composite scaling parameter. The constactntrols the spread of
the sigma point distribution and should be a small numbet, « < 1. The constant = 3 — L
provides an extra degree of freedom that is used to fine-tuménigher-order moments, artis
used to incorporate prior knowledge of the distribution bgigiting the mean sigma point in the
covariance calculation.

The reduced state vector, with the error GRP states and ltteedte vector, with quaternion state
vector, for the joint attitude and position estimate prablre given by

%P — /1 (31)

L 4l

10



wheredp are the error GRP states associated with the quateéfiand: is used to denote estimate.
The initial estimatex, is the mean sigma point and is denoteg(0). The error GRP state of the
initial estimate is set to zero, while the rest of the statesimitialized by their respective initial

estimates.

Quaternion-Based UKF

The error quaternion, denoted by, (i), associated with thé" error GRP sigma point is com-
puted by®

187 (0) (32a)

Sp /-
1 —a?)||x;” (9]

0o, (i) = 1 [a+ 5q4_k(z'

—allxP @)+ £y 12+

)
(

oq, (i) = 32b
) 72+ I )2 2
o ]

wherea is a parameter from 0 to 1 anfdis a scale factor, which is often set fo= 2(a + 1). The
representation of the attitude estimate perturbed by®herror quaternion is computed using the
guaternion composition:

q;, (i) = dq;, (1) ® q;, (0) (33)
where
d®©q=[¥q) d]q (34)

This forms the global quaternion. The error quaternionsesmonding to each propagated quater-
nion sigma point are computed through the quaternion coitipas

Saty (1) = a1, (1) @ [, (0)] (35)

where the notation for the inverse quaternion is defined as:

at=] 2] (36)

Using the result of Eq.35), the error GRP sigma points are computed as

60;.1(1)

op,. (Z) =f——"—=
k+1 a+ 5q4k+1 (Z)

(37)

Angles data can be used to determine the unknown positionedadity of a SO. However, if the
position is coupled with the attitude dynamics, then andks can assist with attitude estimation
as well. However if position is known accurately, then usomdy light curve data is sufficient to
determine the orientation.

11



Table 1. UKF for Rotational, Translational, and Parameter Sates

Initialize with
T
%P — p{x%P} 9= E{x,) PP =B (xﬁp - xgp) <X2P - xgp) }

Calculate GRP Sigma Points

XpP = [XZP %P + 9y Pt X -7 Pk:—l}
Calculate Quaternion Sigma Points
Xp =[x x+vvV/Peo1r X} —vy/Pii]
Propagate Quaternion Sigma Points
Xy = F [x;_.t]
Calculate GRP Sigma Points
XpP = [XZP P + /Pt XP - Pk:—l}

Time update
" oL .
Xj1 = 2oimo Wi Xk+1(4)
_ 2L . - . "
Py =220 WEY X1 (4) — %54 ] Xk (8) — Xk+1]T + Qk+1

Measurement update
Yie(i) = h [x (1), 4y |

. L ;
k= >oizo WSy (i)
PP = Y2 WE Iye(i) = 57 (i) — 9717
P = P + Ry,
L ) — % ) — ¥,
PV = Y2 W [ (i) — &) [ (0) — 9717
Ky =P (pr)~!
X =%, + K [yk — 9]

Quaternion update
élk = 561]1_ @ él,; (0)
Set GRP to zero
sp=[0 0 0T

Summary of UKF

The UKF algorithm is described in Table The process starts by first defining two initial state
vectors, one that includes quaternion states and one ttiatdes error GRP states. The error GRP
states are initially set to zero. The initial covariancenmas defined as the initial error covariance
for the state vector that includes the GRP states, the &t@msél, rotational and parametric states.
The covariance matrix is then used to form the error GRP sigoiats. The error GRP sigma
points are converted to quaternion sigma points by cre&tirg quaternions from each error GRP
and then adding the error quaternion to the initial meaneagoain using quaternion multiplication.

12



Next the quaternion sigma points are propagated throughytstem dynamics in Eq27). The
estimated acceleration and torque due to SRP are calcwidiedEqgs. (L0) and (12), respectively.
After propagating the sigma points, the error GRP states@rguted with the propagated quater-
nion sigma points. The propagated mean sigma point quateidj_ , (0), is computed and stored,
and error quaternions corresponding to each propagateadrgitan sigma point are computed. The
non-attitude sigma points are the propagated non-attitates.

After setting the error GRP for the mean sigma point to zdte, gropagated sigma points are
recombined, and the propagated mean and covariance ardabatt as a weighted sum of the
sigma points, wheré).. 1 is the discrete-time process noise covariance. As prelyialiscussed,
measurements are available in the form of azimuth, elavatiw apparent brightness magnitude,
y = [Mapp az éI]T. Estimated observations are computed for each sigma psing ihe ob-
servation models discussed previously. The mean estinuaitpadit are computed, and the output,

innovations, and cross-correlation covariance are coaapusing the sigma points.

Finally, the Kalman gain is calculated from the sigma pomd & used to update the estimated
state vector that contains the error GRPs. The quaternidateps performed by converting the
error GRP states oi; toa quaternionéq,j, via Eq. 82), and adding it to the estimated quaternion
using quaternion multiplication.
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Figure 4. SO State Estimation Results
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Figure 5. Standard Deviation of Shape Parameters

SIMULATION RESULTS

A simulation is presented to determine the estimator’'sguerénce. An equatorial ground station
is chosen as the site of the observer for the truth model. ditiad, the scenario uses a shape model
which contains six sides. The SO is simulated to orbit in dinapusly sunlit near-geosynchronous
regime. This is accomplished by inclining the orbit3iydegrees and choosing an appropriate time
of the year, thereby avoiding the shadow cast by the Earth.

The initial inertial position and velocity are chosenrds= [~1.4365x10* 3.8969x10* 7.2715x
1037 km andv! = [-2.8906 — 1.0318 — 0.1811 x 10~!]7 km/s. The geographic position of
the ground site i8° North, 172° West with0 km altitude. The time epoch of the simulation is May
8, 2007 at 5:27.55. The initial true quaternion attitude mappiranfrthe inertial frame to the body
frame is chosen ag? = [0 0.1256 — 0.4101 0.9033]7. A constant rotation rate, defined as the
body rate with respect to the inertial frame, representdabity coordinates, is used and given by
wpr = [0 0.00262 0]" rad/s.

For the simulation scenario, measurements are generdteglagso-mean white-noise error pro-
cesses with standard deviation(®5 arc-seconds for azimuth and elevation. The initial errors f
the states aré km and0.001 km/s for the position and the velocity, respectively. Thigahcondi-
tion error-covariance values are setifokm? and0.001? (km/s)? for the position and the velocity
errors, respectively. The time interval between the measeants is set t@0 seconds. Data are
simulated forl night where observations of the SO are made ov&haur period.

The estimation errors, along with their respectdsebounds calculated from the covariance for
attitude, position, velocity, rotation rate, are shown igufe 4. The attitude is estimated to within
10° 3o of uncertainty, and attitude rate is found to witlad deg/hr 3 for the z-axis, y-axis, and
z-axis. Position and velocity are estimated to withihm and0.0028 m/s, respectively.

The control point displacements are estimated to withjpercent 3. Figure 6(b) shows the
estimated shape and figuéga) shows three shape parameter estimates with their resp&etiv
bounds. Figur® shows the standard deviations for each of the 48 parametdrshews that some
of the parameters are not completely observable. This idaltige fact that the spin of SO does
not allow the observer to see this part of the SO’s geometithofigh these parameters are weakly
observable, the filter can still observe the remaining @bmoint displacements.
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CONCLUSION

An UKF estimation scheme using light curve and angles datwsad to estimate the control
points of an octant triangulation shape model, where thetpaire used to form a convex hull shape
model made of triangular facets. The SO’s associated ooitand translational states are included
in the estimation process. Using a UKF to employ photon fluk amgles data, the estimator was
able to determine the control point displacements of an S@ittan 5 percent. Simulations were
conducted to study estimate accuracy. Adequate perforenaas found for the estimator and the
errors were within the @ bounds.
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