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This paper presents a method to determine the shape of a spaceobject in orbit
while simultaneously recovering the observed space object’s inertial orientation
and trajectory. This work studies a shape estimation approach based on octant
triangulation applied to light curve and angles data fusion. The filter employs
the Unscented estimation approach, reducing passively-collected electro-optical
data to infer the unknown state vector comprised of the spaceobject inertial-to-
body orientation, position and their respective temporal rates. Recovering these
characteristics and trajectories with sufficient accuracyis shown in this paper. The
performance of this strategy is demonstrated via simulatedscenarios.

MOTIVATION

In recent years space situational awareness, which is concerned with collecting and maintaining
knowledge of all objects orbiting the Earth, has gained muchattention. The U.S. Air Force collects
the necessary data for space object catalog development andmaintenance through a global network
of radars and optical sensors. Due to the fact that a limited number of sensors are available to track
a large number of space objects (SOs), the sparse data collected must be exploited to the fullest
extent. Various sensors, such as radars, exist for SO state estimation, which typically includes
position, velocity, and a non-conservative force parameter, B∗, analogous to a ballistic coefficient.
Another piece of useful information is the estimation of theshape of an object, which requires
knowledge of the attitude of the SO.

Shape estimation is an important issue in the observation ofSOs, because the shape influences
the dynamics of the object and may enables unique space object identification, beyond just using
the object’s translational states. There exists a number ofmethods for estimating the shape of an
object. These methods vary in the sensor type used, technique used to resolve shape, and effective
ranges for proper shape resolution. Radar-based methods have been extensively used for shape
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estimation, which include radar cross-sectioning approaches1 and range Doppler interferometry.2

These techniques were first developed in the field of planetary radar astronomy to estimate the
shape of natural satellites,3 but were later applied to the imaging of artificial Earth orbiting satellites.
These methods are limited to SOs that are larger than the radar’s wavelength. SOs can be imaged
in low-Earth orbits that are much larger in dimension than the wavelength of the radar signal. To
image SOs smaller and farther than these ranges requires very powerful radar devices, making these
economically unattractive.

Laser radar-based (LADAR) methods have also been used to estimate the shape of SOs. LADAR
provides a three-dimensional scan of the object, which can resolve shape geometry at ranges of
1 km, returning a cloud of points of the measured relative position of an object. Reference [4]
uses LADAR scans to perform a least squares fit of the LADAR returns to previously assembled
point cloud models to estimate the shape of an SO. Reference [5] develops a filter approach to
simultaneously estimate dynamic states, geometric shape,and mass model parameters of a satellite
using multiple observations with LADAR sensors. In Ref. [5] a probabilistic map of the SO is
constructed using a sensor uncertainty model and the dynamics experienced by the SO to estimate
its shape. Using well modeled dynamical relationships of the SO provides enhancements to be
implemented within a filter architecture in this shape estimation approach.5

Resolved images have been used to estimate the size and shapeof satellites as well.6 These meth-
ods work either directly with the pixels of the images or are used to identify features of the SO.
Features, such as corners, edges and markers, are located and tracked temporally to estimate higher
level motion and the structure of the rigid body.7 The feature-based methods rely on continuously
identifying and tracking higher level traits of the SO by using a Kalman filter to estimate feature
location and motion parameters. Although these methods estimate the motion of features they do
not by themselves provide a detailed estimate of the shape ofthe object and only give a sparse
set of feature points of the object. Pixel-based methods rely on pixel-level information, and use
the shading, texture and optical flow of the images to estimate the shape of an object at each time
step using a monocular camera. Since these methods rely on pixel-level computations they typi-
cally involve very high-dimensional states and therefore are very computationally expensive. These
methods are also very sensitive to pixel-level detail and are easily corrupted by unpredictable light
intensities, reflective material and wrinkled surfaces. They require high resolution of the object to
resolve meaningful shape estimates, and therefore are onlyeffective for space-based sensors and or
high resolution ground-based telescopes.

Light curves (the SO temporal brightness) have also been used to estimate the shape for an object.
Light curve approaches have been studied to estimate the shape and state of asteroids.8,9 Reference
[10] uses light curves and thermal emissions to recover the three-dimensional shape of an object
assuming its orientation with respect to the observer is known. The benefits of using a light curve-
based approach over the aforementioned others is that it is not limited to larger objects in lower
orbits and it can be applied to small and dim objects in higherorbits, such as geosynchronous. Here
light curve data is considered for shape estimation, which is useful because it provides a mechanism
to estimate both position and attitude, as well as their respective rates.11,12

There are several aspects of using light curve data (temporal photometry) that make it particularly
advantageous for object detection, identification and tracking. Light curve data are the time-varying
sensor wavelength-dependent apparent magnitude of energy(i.e. photons) scattered (reflected) off
of an object along the line-of-sight to an observer. Becausethe apparent magnitude of the SO is a
function of its size, orientation, and surface material properties, one or more of these characteristics
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Figure 1. Reflection Geometry

should be recoverable from the photometric data. This can aid in the detection and identification of
an SO after a catalog of spacecraft data with material properties is developed, and may also prove
to be powerful for never-seen-before objects.

This work studies a shape estimation approach based on octant triangulation applied to light curve
and angles data fusion. The translation, rotation, and shape parameters states of a SO are estimated
using a UKF approach. The organization of this paper is as follows: first the shape model using a
octant triangulation will be discussed, then system dynamical models are outlined, following this
measurement models are shown including a CCD noise model, next the UKF used for this work is
reviewed, and finally a simulation example is given.

SHAPE MODEL DEFINITION

The shape model considered in this work consists of a finite number a flat facets, where each facet
has a set of basis vectors associated with it. These basis vectors are defined in Figure1 and consist
of three unit vectorsuB

n , uB
u , anduB

v . The unit vectoruB
n points in the direction of the outward

normal to the facet. For convex surfaces this model become more accurate as the number of facets
are increased. The vectorsuB

u anduB
v are in the plane of the facet. The space objects (SOs) are

assumed to be rigid bodies and therefore the unit vectorsuB
n , uB

u anduB
v do not change since they

are expressed in the body frame.

The light curve and the solar radiation pressure (solar radiation pressure (SRP)) models discussed
in the next sections require that these vectors be expressedin inertial coordinates and since the SO
body is rotating, these vectors will change with respect to the inertial frame. The body vectors can
be rotated to the inertial frame by the standard attitude mapping given by:

uB
i = A(qB

I )u
I
k, k = u, v, n (1)

whereA(qB
I ) is the attitude matrix mapping the inertial frame to the bodyframe using the quater-

nion parameterization. Furthermore, the unit vectoruI
sun points from the SO to the Sun direction

and the unit vectoruI
obs points from the SO to the observer. The vectoruI

h is the normalized half
vector betweenuI

sun anduI
obs. This vector is also known as the Sun-SO-Observer bisector.Each

facet has an areaA(i) associated with it. Once the number of facets has been definedand their basis
vectors are known, the areasA(i) define the size and shape of the SO. To determine the SRP forces
and light curve characteristics, the surface properties must be defined for each facet.

For the development of the measured light curve data, faceted SO shape models are used. An
octant triangulation is used to create control points, shown in Figure2. Control points, shown in
Figure2(a), are used to create a convex hull shape surface, shown in Figure 2(b). The control point

3



−1
−0.5

0
0.5

1

−1

0

1
−1

−0.5

0

0.5

1

(a) Control Points on the Unit Sphere (b) Convex Shape Model

Figure 2. Space Object Shape Model

are allowed to only vary in the radial direction and therefore the shape parameters are given by
P = [p1, ..., pn] wherepi is the radial distance from the origin of theith point. Then, control points
are given by the following vector:

bi = niP(i) (2)

whereni the unit vector defining the direction of the control point, shown in Figure2(a). Then the
area of theith triangular facet formed by the convex hull of the control points is given by,A(i) =
‖d(i)×l(i)‖, whered(i) andl(i) are the vectors defining the sides of the facets ord(i) = bi−bi−1,
l(i) = bi − bi+1. The unit normal vector is given by

un =
d(i)× l(i)

‖d(i)× l(i)‖ (3)

For this work it is assumed that each facet has the same material parameters.

SYSTEM MODELS

Orbital and Attitude System Model

In this paper the position and velocity of an Earth orbiting RSO are denoted byr = [x y z]T and
velocityv = [vx vy vz]

T respectively. The two-body equations of motion are given by

r̈I = − µ

r3
rI − aJ2 + aIsrp (4)

whereµ is the gravitational parameter of the Earth,r = ‖rI‖, aJ2 is the gravitational perturbation
due to non-symmetric distribution of mass along the lines oflatitude of the Earth andaIsrp represents
the acceleration perturbation due to SRP, which will be discussed in detail in the following section.
The acceleration due to theJ2 effect is given by

aJ2 =
3

2
J2
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r2
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rI (5)

whereJ2 is the coefficient for the second zonal harmonic,R⊕ is the mean equatorial radius of the
Earth.
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A number of parameterizations exist to specify attitude, including Euler angles, quaternions, and
Rodrigues parameters.13 This paper uses the quaternion, which is based on the Euler angle/axis
parametrization. The quaternion is defined asq ≡ [̺T q4]

T with ̺ = ê sin(ν/2), andq4 =
cos(ν/2), whereê andν are the Euler axis of rotation and rotation angle, respectively. Clearly, the
quaternion must satisfy a unit norm constraint,qTq = 1. In terms of the quaternion, the attitude
matrix is given by

A = ΞT (q)Ψ(q) (6)

where

Ξ(q) ≡
[

q4I3×3 + [̺×]
−̺T

]

(7a)

Ψ(q) ≡
[

q4I3×3 − [̺×]
−̺T

]

(7b)

with

[a×] =





0 −a3 a2
a3 0 −a1
−a2 a1 0



 (8)

for any general3× 1 vectora defined such that[a×]b = a× b.

The rotational dynamics are given by the coupled first order differential equations

ω̇ = J−1
RSO

(

TB
srp−

[

ωB
B/I×

]

JRSOω
B
B/I

)

(9a)

q̇ =
1

2
Ξ(q)ωB

B/I (9b)

whereωB
B/I is the angular velocity of the RSO with respect to the inertial frame, expressed in body

coordinates,JRSO is the inertia matrix of the RSO andTB
srp is the net torque acting on the RSO due

to SRP expressed in body coordinates.

Solar Radiation Pressure Model

For higher altitude objects (≥ 1,000 km), SRP represents the primary non-conservative perturba-
tion acting on SOs. Because SRP depends on the SOs position and orientation, its effect couples
the position and attitude dynamics. For an SO comprised of a collection ofN flat facets as defined
in Figure1, the acceleration perturbation due to SRP is given by14,15

aIsrp =

N
∑

i=1

aIsrp(i) (10a)

aIsrp(i) =
−SFA(i) cos2 (θ (i))G [cos (θ (i))]

mSO c d2
uI

srp(i) (10b)

uI
srp(i) = 2

[

Rdiff (i)

3
+

Rabs(i)ǫ(i)

3
+Rspec(i) cos (θ (i))

]

uI
n(i) + [1−Rspec(i)]u

I
sun (10c)

whereSF = 1, 367 W/m2 is referred to the solar constant and is a measure of the flux density of
electromagnetic radiation incident on a sphere of radius 1 AU centered at the Sun,c = 299, 792, 458
m/s is the speed of light in a vaccuum,d is the distance between the SO and the Sun expressed in
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1î

observer

observer’s

meridian 

plane

spacecraft (S/C) 

satellite 

subpoint

inertial 

reference 

direction

equatorial

plane

2î
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Figure 3. Geometry of Earth Observations of Spacecraft Motion

AU, mSO is the mass of the SO,ǫ(i),A(i) anduI
n(i) are the emissivity, total area and normal vector

for theith facet andRspec(i), Rdiff (i) andRabs(i) are the spectral reflectance, diffuse reflectance and
absorption coefficients which are assumed constant over theentire plate. Under the assumption that
no energy is transmitted through the SO allows one to write

Rspec(i) +Rdiff (i) +Rabs(i) = 1 (11)

In addition,cos (θ (i)) ≡
(

uI
n (i)

)T
uI

sun is the cosine of the inclination of theith facet towards the
Sun. The functionG[a] ≡ max[0, sign(a)] will be zero when a side is shaded from the Sun (i.e.
cos (θ (i)) ≤ 0) and one when the facet is illuminated.

Equation (10b) can also be used in determining the torque on the SO due to SRP. Because the
spectral, diffuse and absorption coefficients are constantover the entire facet, the contribution of
SRP over the entire facet can be assumed to be a single force acting on the centroid of the facet. The
total torque is then given by

TB
srp = mSO

N
∑

i=1

[

ℓB(i)×
] (

A(qB
I )a

I
srp(i)

)

(12)

whereℓB(i) is the position vector from the center of mass of the SO to the centroid ofith facet.

Observation Model

The observation system is shown in Figure3. Consider observations made by a optical site which
measures azimuth and elevation to a SO. The vectordI is the position vector from the observer
to the SO,rI is the position of the SO in inertial coordinates,RI is the radius vector locating the
observer,α andδ are the right ascension and declination of the SO, respectively, θ is the sidereal
time of the observer,λ is the latitude of the observer, andφ is the East longitude from the observer
to the SO. The fundamental observation is given by

dI = rI −RI (13)
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In non-rotating equatorial (inertial) components the vector dI is given by

dI =





x− ||RI || cos(θ) cos(λ)
y − ||RI || sin(θ) cos(λ)

z − ||RI || sin(λ)



 (14)

The conversion ofdI from the inertial to the observer coordinate system (Up-East-North) is given
by





ρu
ρe
ρn



 =





cos(λ) 0 sin(λ)
0 1 0

− sin(λ) 0 cos(λ)





×





cos(θ) sin(θ) 0
− sin(θ) cos(θ) 0

0 0 1



dI

(15)

The angle observations consist of the azimuth, az, and elevation, el. The observation equations are
given by

az= tan−1

(

ρe
ρn

)

(16a)

el = sin−1

(

ρu
‖dI‖

)

(16b)

In addition to the azimuth and elevation, the optical site also records the magnitude of the brightness
of the SO. The brightness of an object in space can be modeled using a Phong light diffusion
model.16 This model is based on the bidirectional reflectance distribution function (BRDF) which
models light distribution scattered from the surface due tothe incident light. The BRDF at any point
on the surface is a function of two directions, the directionfrom which the light source originates,
and the direction from which the scattered light leaves the observed surface. The model in Ref. [16]
decomposes the BRDF into a specular component and a diffuse component. The two terms sum to
give the total BRDF

ρtotal(i) = ρspec(i) + ρdiff (i) (17)

The diffuse component of Eq. (17), ρdiff (i) represents light that is scattered equally in all directions
(Lambertian). The specular component of Eq. (17), ρspec(i) represents light that is concentrated
about some direction (mirror-like). Reference [16] develops a model for continuous arbitrary sur-
faces but simplifies for flat surfaces which is employed in this work. Therefore, the total observed
brightness of an object becomes the sum of the contribution from each facet.

Under the flat facet assumption the specular term of the BRDF becomes16

ρspec(i) =

√

(nu + 1) (nv + 1)

8π

(

uI
n(i) · uI

h

)nu(uI

h
·uI

u(i))
2+nv(1−(uI

h
·uI

v(i))
2)

uI
n(i) · uI

sun+ uI
n(i) · uI

obs− (uI
n(i) · uI

sun)(u
I
n(i) · uI

obs)
Freflect(i)

(18a)

where the Fresnel reflectance is given by

Freflect(i) = Rspec(i) +
(

1−Rspec(i)
) (

1− uI
sun · uI

h(i)
)5

(19)
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The parametersnu andnv of the Phong model dictate the direction (locally horizontal or vertical)
distribution of the specular terms. The terms in Eq. (18) are functions of the reflection geometry
which is described in Figure1. The diffuse term of the BRDF for a single facet is

ρdiff (i) =

(

28Rdiff (i)

23π

)

(1−Rspec(i))

[

1−
(

1− uI
n(i) · uI

sun

2

)5
][

1−
(

1− uI
n(i) · uI

obs

2

)5
]

(20)
The apparent magnitude of a SO is the result of sunlight reflecting off of its surfaces along the line-
of-sight to an observer. First, the fraction of visible sunlight that strikes an object (and not absorbed)
is computed by

Fsun(i) = Csun,visρtotal(i)
(

uI
n(i) · uI

sun

)

(21)

whereCsun,vis = 455 W/m2 is the power per square meter impinging on a given object due to
visible light striking the surface. If either the angle between the surface normal and the observer’s
direction or the angle between the surface normal and Sun direction is greater thanπ/2, then there
is no light reflected toward the observer. If this is the case,then the fraction of visible light is set to
Fsun(i) = 0. Next, the fraction of sunlight that strikes an object that is reflected must be computed:

Fobs =
Fsun(i)A(i)

(

uI
n(i) · uI

obs

)

‖dI‖2 (22)

The reflected light of each facet is now used to compute the total photon flux, which is measured by
an observer:

F̃ =

[

N
∑

i=1

Fobs(i)

]

+ vCDD (23)

wherevCDD is the measurement noise associated with flux measured by a CCD sensor.

CCD SENSOR NOISE MODEL

The intensities of each pixel is corrupted by measurement noise. There are three main sources of
noise in the intensity measurements: signal shot noise, dark current noise, and readout noise. The
signal noise, which follows a poisson Process, is proportional to the stellar signal. The variance
of the signal shot noise is,σ2

shot = S∆t, whereS is the signal of the measured pixel intensity
and∆t is the integration time. The dark current noise is a result ofthermally generated electrons,
and its variance is given by,σ2

dark = d∆t, whered is the dark current rate of electrons and is a
function of the temperature of the sensor. Readout noise is associated with the inexact conversion
of electrons, from the signal, to the digitized sensor output. The variance of the readout noise is
given by,σ2

readout= RN , whereR is the number of electrons caused by readout per pixel andN is
the number of pixels considered. If this noise is to be determined for one pixel,N = 1. Then the
total error in the intensity measurements can be written as

σ2
CCD = σ2

readout+ σ2
dark+ σ2

shot (24)

The signal to noise ratio (SNR) can be written as

SNR=
S√

S + d∆t+RN
(25)
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UNSCENTED KALMAN FILTER FORMULATION

The unscented Kalman filter (UKF) is chosen for state estimation because it has at least the ac-
curacy of a second-order filter17 without the requirement of computing Jacobians like the extended
Kalman filter (EKF). The UKF structure is used for estimatingrotational, translational, and pa-
rameter states based on fusing angles and light curve data along with their associated models, as
discussed previously. The attitude UKF described in Ref. [18] is used in the same manner as the
one shown in Refs. [11] and [19].

Applying the UKF structure for attitude estimation has somechallenges. For instance, although
three parameter sets are attitude minimal representations, they inherently have singularities. On the
other hand, the quaternion representation, which is a four parameter set with no singularity, has a
nonlinear constraint which results in a singular covariance matrix, and the quaternion is not consti-
tuted by directly adding quaternions but through quaternion composition. This does not allow use
of quaternions in a straightforward UKF implementation. This work uses the method in Ref. [18],
which overcomes these challenges by utilizing generalizedRodrigues parameters (GRPs), a three
parameter set, to define the local error and quaternions to define the global attitude. The represen-
tation of the attitude error as a GRP is useful for the propagation and update stages of the attitude
covariance because the structure of the UKF can be used directly. Complete explanations of the
quaternion and its mapping to GRPs are provided in Refs. [20] and [21].

In the UKF implementation described in Ref. [18], the covariance matrix is interpreted as the
covariance of the error GRP because for small angle errors, the error GRP is additive and the UKF
structure can be used directly to compute sigma-points. Theerror GRP sigma points are converted
to error quaternions and then to global quaternions for the propagation stage. To compute the
propagated covariance, the global quaternions are converted to error quaternions and then back to
error GRPs. The process is then as follows: error GRP→ error quaternion, error quaternion→
global quaternion, global quaternion→ error quaternion, and finally error quaternion→ error GRP.

Model and Measurement Uncertainty

A UKF is now summarized for estimating the state of a SO’s position, velocity, orientation,
rotation rate, and control displacement given by

x = [qBT

I ωBT

B/I rI
T

vIT
P

T ]T

The dynamic models from Eqs. (4) and (9) can be written in the general state equation which gives
the deterministic part of the stochastic model:

ẋ = f (x, t) +G (x, t)Γ(t), (26)

whereΓ(t) is a Gaussian white noise process term with correlation function Qδ(t1 − t2). The
function f (x, t) is a general nonlinear function. To solve the general nonlinear filtering problem,
the UKF utilizes the unscented transformation to determinethe mean and covariance propagation
though the functionf (x, t). The dynamic function used in this work consists of rotational and trans-
lational dynamics given by the sigma points, which are propagated through the system dynamics:

f ([χ, q̂]) =













1
2Ξ(q̂)ω̂

B
B/I

J−1
SO

(

T̂B
srp−

[

ω̂B
B/I×

]

JSOω̂
B
B/I

)

ˆ̇rI

− µ
r3
r̂I − âJ2 + âISRP













(27)
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If the initial pdf, p(xo), that describes the associated state uncertainty is given,the solution for the
time evolution ofp(x, t) constitutes the nonlinear filtering problem.

Given a system model with initial state and covariance values, the UKF propagates the state
vector and the error-covariance matrix recursively. At discrete observation times, the UKF updates
the state and covariance matrix conditioned on the information gained from the measurements. The
prediction phase is important for overall filter performance. In general, the discrete measurement
equation can be expressed for the filter as

ỹk = h (xk, tk) + vk (28)

where ỹk is a measurement vector andvk is the measurement noise, which is assumed to be a
zero-mean Gaussian process with covarianceRk.

All random variables in the UKF are assumed to be Gaussian random variables and their distribu-
tions are approximated by deterministically selected sigma points. The sigma points are selected to
be along the principal axis directions of the state error-covariance. Given anL×L error-covariance
matrixPk, the sigma points are constructed by

σk ← 2L columns from±
√

(L+ λ)Pk (29a)

χk(0) = µk (29b)

χk(i) = σk(i) + µk (29c)

where
√
M is shorthand notation for a matrixZ such thatM = Z ZT . Given that these points

are selected to represent the distribution of the state vector, each sigma point is given a weight that
preserves the information contained in the initial distribution:

Wmean
0 =

λ

L+ λ
(30a)

W cov
0 =

λ

L+ λ
+ (1− α2 + β) (30b)

Wmean
i = W cov

i =
1

2(L+ λ)
, i = 1, 2, . . . , 2L (30c)

whereλ = α2(L+ κ)− L is a composite scaling parameter. The constantα controls the spread of
the sigma point distribution and should be a small number,0 < α ≤ 1. The constantκ = 3 − L
provides an extra degree of freedom that is used to fine-tune the higher-order moments, andβ is
used to incorporate prior knowledge of the distribution by weighting the mean sigma point in the
covariance calculation.

The reduced state vector, with the error GRP states and the full state vector, with quaternion state
vector, for the joint attitude and position estimate problem are given by

x̂
δp

k =



















δp̂B
I

δp̂B
P

ω̂B
B/I

r̂I

v̂I

P



















∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

tk

(31)
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whereδp̂ are the error GRP states associated with the quaternionq̂B
I and̂· is used to denote estimate.

The initial estimatêx0 is the mean sigma point and is denotedχ0(0). The error GRP state of the
initial estimate is set to zero, while the rest of the states are initialized by their respective initial
estimates.

Quaternion-Based UKF

The error quaternion, denoted byδq−
k (i), associated with theith error GRP sigma point is com-

puted by18

δ̺−
k (i) = f−1

[

a+ δq−4k(i)
]

χ
δp
k (i) (32a)

δq−4k(i) =
−a||χδp

k (i)||2 + f
√

f2 + (1− a2)||χδp
k (i)||2

f2 + ||χδp
k (i)||2

(32b)

δq−
k (i) =

[

δ̺−
k (i)

δq−4k(i)

]

(32c)

wherea is a parameter from 0 to 1 andf is a scale factor, which is often set tof = 2(a + 1). The
representation of the attitude estimate perturbed by theith error quaternion is computed using the
quaternion composition:

q̂−
k (i) = δq−

k (i)⊗ q̂−
k (0) (33)

where

q′ ⊗ q =
[

Ψ(q′) q′
]

q (34)

This forms the global quaternion. The error quaternions corresponding to each propagated quater-
nion sigma point are computed through the quaternion composition:

δq−
k+1(i) = q̂−

k+1(i) ⊗
[

q̂−
k+1(0)

]−1
(35)

where the notation for the inverse quaternion is defined as:

q−1 ≡
[

−̺
q4

]

(36)

Using the result of Eq. (35), the error GRP sigma points are computed as

δp−
k+1(i) = f

δ ˆ̺−k+1(i)

a+ δq̂−4k+1
(i)

(37)

Angles data can be used to determine the unknown position andvelocity of a SO. However, if the
position is coupled with the attitude dynamics, then anglesdata can assist with attitude estimation
as well. However if position is known accurately, then usingonly light curve data is sufficient to
determine the orientation.

11



Table 1. UKF for Rotational, Translational, and Parameter States

Initialize with

x̂
δp
o = E{xδp

o } x̂
q

o = E{xo} P
δp
o = E{

(

x
δp
o − x̂

δp
o

)(

x
δp
o − x̂

δp
o

)T
}

Calculate GRP Sigma Points

χ
δp

k =
[

x̂
δp

k x̂
δp

k + γ
√

Pk−1 x̂
δp

k − γ
√

Pk−1

]

Calculate Quaternion Sigma Points
χ
q

k =
[

x̂
q

k x̂
q

k + γ
√

Pk−1 x̂
q

k − γ
√

Pk−1

]

Propagate Quaternion Sigma Points
χ
q

k = F
[

χ
q

k−1, t
]

Calculate GRP Sigma Points

χ
δp

k =
[

x̂
δp

k x̂
δp

k + γ
√

Pk−1 x̂
δp

k − γ
√

Pk−1

]

Time update
x̂−
k+1 =

∑2L
i=0W

mean
i χk+1(i)

P−
k+1 =

∑2L
i=0 W

cov
i [χk+1(i)− x̂−

k+1] [χk+1(i)− x̂−
k+1]

T +Qk+1

Measurement update
γk(i) = h

[

χk(i), q̂
−
k

]

ŷ−
k =

∑2L
i=0W

mean
i γk(i)

P yy
k =

∑2L
i=0W

cov
i [γk(i) − ŷ−

k ] [γk(i)− ŷ−
k ]

T

P υυ
k = P yy

k +Rk

P xy
k =

∑2L
i=0W

cov
i [χk(i)− x̂−

k ] [γk(i) − ŷ−
k ]

T

Kk = P xy
k (P υυ

k )−1

x̂+
k = x̂−

k +Kk [ỹk − ŷk]

P+
k = P−

k −KkP
vvKT

k

Quaternion update
q̂+
k = δq̂+

k ⊗ q̂−
k (0)

Set GRP to zero
δp = [0 0 0]T

Summary of UKF

The UKF algorithm is described in Table1. The process starts by first defining two initial state
vectors, one that includes quaternion states and one that includes error GRP states. The error GRP
states are initially set to zero. The initial covariance matrix is defined as the initial error covariance
for the state vector that includes the GRP states, the translational, rotational and parametric states.
The covariance matrix is then used to form the error GRP sigmapoints. The error GRP sigma
points are converted to quaternion sigma points by creatingerror quaternions from each error GRP
and then adding the error quaternion to the initial mean quaternion using quaternion multiplication.
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Next the quaternion sigma points are propagated through thesystem dynamics in Eq. (27). The
estimated acceleration and torque due to SRP are calculatedwith Eqs. (10) and (12), respectively.
After propagating the sigma points, the error GRP states arecomputed with the propagated quater-
nion sigma points. The propagated mean sigma point quaternion, q̂−

k+1(0), is computed and stored,
and error quaternions corresponding to each propagated quaternion sigma point are computed. The
non-attitude sigma points are the propagated non-attitudestates.

After setting the error GRP for the mean sigma point to zero, the propagated sigma points are
recombined, and the propagated mean and covariance are calculated as a weighted sum of the
sigma points, whereQk+1 is the discrete-time process noise covariance. As previously discussed,
measurements are available in the form of azimuth, elevation and apparent brightness magnitude,
ỹ ≡ [m̃app ãz ẽl]T . Estimated observations are computed for each sigma point using the ob-
servation models discussed previously. The mean estimatedoutput are computed, and the output,
innovations, and cross-correlation covariance are computed using the sigma points.

Finally, the Kalman gain is calculated from the sigma point and is used to update the estimated
state vector that contains the error GRPs. The quaternion update is performed by converting the
error GRP states of̂x+

k to a quaternion,δq̂+
k , via Eq. (32), and adding it to the estimated quaternion

using quaternion multiplication.
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Figure 4. SO State Estimation Results
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SIMULATION RESULTS

A simulation is presented to determine the estimator’s performance. An equatorial ground station
is chosen as the site of the observer for the truth model. In addition, the scenario uses a shape model
which contains six sides. The SO is simulated to orbit in a continuously sunlit near-geosynchronous
regime. This is accomplished by inclining the orbit by30 degrees and choosing an appropriate time
of the year, thereby avoiding the shadow cast by the Earth.

The initial inertial position and velocity are chosen asrI = [−1.4365×104 3.8969×104 7.2715×
103]T km andvI = [−2.8906 − 1.0318 − 0.1811 × 10−1]T km/s. The geographic position of
the ground site is0◦ North,172◦ West with0 km altitude. The time epoch of the simulation is May
8, 2007 at 5:27.55. The initial true quaternion attitude mapping from the inertial frame to the body
frame is chosen asqB

I = [0 0.1256 − 0.4101 0.9033]T . A constant rotation rate, defined as the
body rate with respect to the inertial frame, represented inbody coordinates, is used and given by
ωB
B/I = [0 0.00262 0]T rad/s.

For the simulation scenario, measurements are generated using zero-mean white-noise error pro-
cesses with standard deviation of0.5 arc-seconds for azimuth and elevation. The initial errors for
the states are1 km and0.001 km/s for the position and the velocity, respectively. The initial condi-
tion error-covariance values are set to12 km2 and0.0012 (km/s)2 for the position and the velocity
errors, respectively. The time interval between the measurements is set to20 seconds. Data are
simulated for1 night where observations of the SO are made over a2 hour period.

The estimation errors, along with their respective3σ bounds calculated from the covariance for
attitude, position, velocity, rotation rate, are shown in Figure4. The attitude is estimated to within
10◦ 3σ of uncertainty, and attitude rate is found to within20 deg/hr 3σ for thex-axis,y-axis, and
z-axis. Position and velocity are estimated to within10 m and0.0028 m/s, respectively.

The control point displacements are estimated to within5 percent 3σ. Figure6(b) shows the
estimated shape and figure6(a) shows three shape parameter estimates with their respective 3σ
bounds. Figure5 shows the standard deviations for each of the 48 parameters and shows that some
of the parameters are not completely observable. This is dueto the fact that the spin of SO does
not allow the observer to see this part of the SO’s geometry. Although these parameters are weakly
observable, the filter can still observe the remaining control point displacements.
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CONCLUSION

An UKF estimation scheme using light curve and angles data was used to estimate the control
points of an octant triangulation shape model, where the points are used to form a convex hull shape
model made of triangular facets. The SO’s associated rotational and translational states are included
in the estimation process. Using a UKF to employ photon flux and angles data, the estimator was
able to determine the control point displacements of an SO towithin 5 percent. Simulations were
conducted to study estimate accuracy. Adequate performance was found for the estimator and the
errors were within the 3σ bounds.
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