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For accurate inertial navigation, an accelerometer should be calibrated
before usage to reduce error accumulation. However, if limited or no trans-
lational observations are available, which is a technical challenge for many
applications such as Mars exploration missions, the accelerometer calibra-
tion must be conducted using alternative approaches. This paper proposes
a novel accelerometer calibration method using attitude and angular veloc-
ity information only. In the algorithm, angular acceleration is measured by
a gyro-free inertial navigation scheme to propagate the attitude dynamics
and kinematics. The attitude, angular velocity, and accelerometer biases
are regarded as states of the calibration system. An extended Kalman fil-
ter is employed to estimate the states using attitude and angular velocity
outputs from the attitude determination system. A discrete-time model
and corresponding covariance matrix are derived. Also the observability of
the calibration system is analyzed. It is shown that the biases are not all
observable; only a linear combination of them is observable. Therefore, a
recalculation process is introduced to improve the calibration performance.
Furthermore, the covariance intersection method is used to determine a
consistent estimator. Simulation results demonstrate that the proposed
method can effectively calibrate accelerometers with high accuracy and im-

prove the performance of the attitude estimates.
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Nomenclature

= direction cosine matrix from inertial reference frame to body frame
= acceleration, m/s?

= vector of accelerometer biases, m/s?
= non-gravitational acceleration, m /s
= accelerometer measurement, m /s
= gravitational acceleration, m/s?

= sensitivity matrix

measurement equation

= moment of inertia, kg-m?

= observability matrix

= covariance of state vector

= covariance of the process noise

= quaternion
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Il

= position matrix of accelerometers

=
I

position vector of accelerometer, m
= direction cosine matrix from accelerometer reference frame to body frame
u. = control acceleration, m/s?
C Y
= state vector of calibration system
vector of observations

09 = attitude error, rad

<
Il

= measurement noise

= white noise of accelerometer
= standard deviation of noise
error-state transition matrix

= angular velocity, rad/s

& &€ & 9 3 X
I

= angular acceleration, rad/s?

I. Introduction

Many applications require the use of dead reckoning for navigation purposes, including,
but not limited to, spacecraft, air, sea, automotive, pedestrian, and robotic systems nav-

igation. The Mars landing problem is an example of a spacecraft navigation application.
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To date, all Mars landing vehicles rely on some kind of dead reckoning navigation system
using an Inertial Measurement Unit (IMU) during the entry phase.! Because the duration of
entry phase is only about four to six minutes, high enough accuracy can be achieved as long
as the initial entry states are accurately determined. The drift and/or bias in the gyro and
accelerometer, which may accumulate with time, are the main contributors to the navigation
accuracy.? Therefore, accurate calibration of the gyros and accelerometers is indispensable
before Mars entry. Because no frequent attitude or orbit maneuvers are conducted during
the Mars approach phase, a relatively stable flight condition can be achieved. This makes
the Mars approach phase an ideal period to perform gyro and accelerometer calibration.

The attitude and translation estimation systems, which use different kinds of sensors, are
usually separated. For the attitude estimation system, star trackers can be used to calibrate
the gyros with high accuracy. On the other hand, for the translation estimation system,
infrequent navigation information, such as limited ground-based tracking used for position
and velocity determination, makes the calibration of the accelerometers much more difficult
than the attitude estimation system. Therefore, it is useful to develop an accelerometer
calibration method using attitude sensors. From an estimation theory point of view, if
a relationship between the accelerometer biases, the vehicles’s attitude, and the angular
velocity can be found, then the aforementioned accelerometer calibration problem can be
solved using a filtering algorithm.

The concept of determining the attitude kinematics of a rigid body based on accelerome-
ters has been vigorously investigated in the past. References 3 and 4 proposed the initial idea
of measuring angular velocity without using gyros, and introduced the preliminary scheme
of an inertial navigation using only accelerometers. Reference 5 further improved previous
research by proposing two schemes including six and nine accelerometers. In this work it
is concluded that if the configuration of accelerometers can be properly chosen, then the
minimum number of linear accelerometers to determine the angular acceleration directly,
without involving angular velocity terms, is nine. These results also laid the foundation of
the following investigations. The stability of the approach in Ref. 5 is discussed in Ref. 6.
Furthermore, Ref. 7 uses the six-accelerometer approach to compute the angular accelera-
tion, and integrated the attitude dynamics to achieve attitude determination. Also using
six accelerometers, Ref. 8 proposes a strapdown and gyro-free inertial navigation approach
which computes the angular acceleration and location of a vehicle, and presents a theoretical
minimum workable accelerometer configuration.

Recently, more attention has been paid to improving the performance of a gyro-free
inertial navigation system. Reference 9 develops an IMU-based approach with twelve ac-
celerometers which can directly determine the angular velocity, and determine the location

and direction of the accelerometers by minimizing the numerical conditioning of a coefficient
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matrix. In Refs. 10 and 11 a sufficient condition is presented to determine the feasibility
of the configuration of the accelerometers, and to analyze the effects of accelerometer loca-
tion and orientation errors. Reference 12 investigates the configuration of a gyro-free IMU
with noisy accelerometer measurements in order to obtain the best observability. Further-
more, a multi-position calibration method to determine the orientation and position errors
of accelerometers is shown in Ref. 13.

On the other hand, very little research has been conducted on how to calibrate the biases
of accelerometers, which may have a major impact on the navigation accuracy. The use
of star trackers and a gravity field gradiometer to calibrate six accelerometers is shown in
Ref. 14. In the algorithm, the attitude of the spacecraft is determined by a star tracker which
is then used to determine the angular velocity and acceleration by employing a quadratic fit.
Then based on a model of the accelerometer output, the biases can be estimated by a least
squares method. However, even though the attitude can be accurately determined by a star
tracker, the computation of the angular velocity and acceleration might introduce additional
errors which may reduce the accuracy of the bias estimation. Reference 15 also introduces
a calibration approach using a gyro-free IMU. Given the vehicle’s angular velocity and ac-
celeration, the positions, orientations and biases of the accelerometers can be determined
by solving a least squares problem. Then the angular velocity and acceleration are further
estimated using an unscented Kalman filter. Nevertheless, the accuracy of the calibration
method heavily relies on the number of accelerometers and on the accuracy of the attitude
estimates.

In order to overcome such shortcomings of previous calibration methods, this paper inves-
tigates the possibility of accelerometer calibration using only attitude and angular velocity
information. It is also the first known attempt to calibrate the accelerometer biases based
on a filtering method. This is a valuable issue for applications with limited translational
observations too. From the output model of multiple triaxial accelerometers, the angular
acceleration containing the information of accelerometer biases can be measured and used
to propagate the attitude dynamics and kinematics. Then the information of attitude and
angular velocity from the attitude determination system can be used to estimate the biases
of the accelerometers, as well as other states such as attitude and angular velocity using a
filtering algorithm. Based on an observability analysis, a recalculation process is added to
improve the calibration performance.

The content of this paper is organized as follows. First, the accelerometer output model,
attitude kinematics, and observation models are introduced in Section II. Then the new cal-
ibration method, including an extended Kalman filter (EKF) and a recalculation process are
developed in Section III, which is the main part of the paper. Also, an observability analysis

is conducted. Next, in Section IV an accelerometer calibration procedure is considered where
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three accelerometers are calibrated based on the proposed method. The optimality of the
calibration system is also analyzed using a covariance intersection method. Furthermore, the

accuracy of the proposed calibration method is discussed.

II. Underlying Kinematics

A. Accelerometer Output Model

In this section, the basic principle of a gyro-free IMU is reviewed, and the output model for
the accelerometers is also introduced. In theory, in order to measure the angular velocity
and acceleration terms, multiple accelerometers mounted at different positions on a vehicle,
regarded as a rigid body, are required. Considering n triaxial accelerometers at points

Py, ..., P,, the acceleration of each point is given by
a,=a.+wxritwx (wxmr),i=1,...,n (1)

where a. is the total acceleration including the gravity, w and w are the angular velocity and
angular acceleration of the vehicle, respectively, and r; indicates the position vector of P;
relative to the mass center. For a spacecraft, the acceleration exerted at the mass center can
be divided into a gravitational term g and a control term wu., determined from the control
system. Similarly, the acceleration at point P; also contains the gravitational term g; and the
non-gravitational term f;, which can be measured by triaxial accelerometer. Because the size
of a spacecraft is commonly not large and the estimation convergence time is fast, the gravity
gradient term can be typically ignored, which leads to g; = g. Therefore, the relationship
between the output of the accelerometer and the angular velocity and acceleration can be
established through

Tibfi:uc—l—(Qz—i-Q) r; = u.+ Or; (2)

In this equation, T} refers to the direction cosine matrix that takes the accelerometer’s

reference frame to the body frame. Also, the antisymmetrical matrix €2 is given by

0 —w, wy
Q=1 w, 0 —w,
—Wy Wy 0

where w,, w, and w, are components of w. Furthermore, Q? and () represent the square and
derivative of 2.

The principle of the gyro-free IMU is shown in Figure 1, where Oy is the inertial frame,
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X; Y;
Figure 1. Principle of a Gyro-Free IMU

and Oy is the body frame. The accelerometer measurements are modeled by

Ji=Ffi+bi+nu (3a)

where f; is the output of accelerometer, b; is the bias, and n,; and 7,; are the corresponding

measurement and process noises modeled by uncorrelated Gaussian white-noises satisfying

E{nu (t)ny; (1)} = 00 (t —7) I (4a)
E{mui (), (1)} = 00 (t = 7) I (4b)
where 0 (¢t — 7) is the Dirac delta function and I3 is a 3 x 3 identity matrix. It is assumed

here that the spectral densities of n,; and n,; are the same on all axes, so that o,; = o, and

04 = 0,. Discrete-time accelerometer measurements can be simulated by!®

. 1 o2 1 12
fik+1 = fik+1 + §(bik+1 + bik) + (Kt + Eai At) Nvik (5&)
b, . = b, +o0,At"* N, 5b
k+1 k k

where the subscript k& denotes the k" time-step, and N,;, and N,;, are zero-mean Gaussian
white-noise processes with covariance each given by the identity matrix.

Considering n triaxial accelerometers, the accelerometer model is given using an appended
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matrix form:

QR=F—-B-V (6)
where R = [ry,..., 7], F = [lefl —uc,...,Tﬁfn — uc}, B = [lebl,...,Tf;bn], and V =
[leml, ey Tﬁnm}. If more than three accelerometers are used, then the matrix ) can be

computed using

- (7)
Q- BR - VR

where R* is the pseudoinverse of R satisfying R* = RT (RRT)_l.

The negative diagonal elements of {2 are only related to the angular velocity. Measure-
ment noise from the accelerometers may cause a violation of negativeness though. Therefore,
the angular velocity cannot be directly determined using only Eq. (7). However, the angular

acceleration can be calculated by defining

1= ()" (@) (@) (81)
hORb Ri

Rr=|: i (8b)
Ry By R

T
— [Ro (Th)" = Riy (T8) " R (Th)" = R (1) Ry (Th)" = Ry (1)) (80)

where (TZI;)T is the j*™ column of (Tf’)T. The angular acceleration is given by

1 932 - Q23
w = B Qg — QBl
Q2l - QlQ
-5232 - 5223

1= - 1< 1 (9)

:i ng—le _izrzbz_erlnm
~ ~ =1 =1

Q2l - Q12

E&—EZrb Zme

Equation (9) is the model for the accelerometer output. The vector of accelerometer biases
is defined by b= [b7,...,b7]".
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B. Attitude Kinematics

In order to calibrate the accelerometers based on attitude and angular velocity information,
the relationship between the accelerometer biases and the attitude of the vehicle also needs
to be found, which relies on the attitude kinematics model of the vehicle. In order to avoid
potential singularity issues caused by Euler angles, the quaternion q = [q{?),q}T is used
]T

to describe the attitude of the vehicle. Here g1.3 = [q1,q2,q3]" is the vector part of the

quaternion, while ¢ is the scalar part. The attitude kinematics of the vehicle can be modeled
bylﬁ

E(q)w (10)

. w
q =
0

N —

where ® denotes quaternion multiplication!” and the matrix Z(q) is defined by

[q13x] + ql3

T
—qi3

(11)

=(q) =

and [gy.3x] is the standard cross product matrix.

Furthermore, a three-component column state vector 419 is used in the EKF for the
representation of the attitude errors. The quaternion error defined in the body frame is thus
approximated by dq = [%619T, 1}T, and the relationship between the true and estimated

quaternions is given by

P B
q=090q~q+;=(q) 60 (12)
The propagation of the error quaternion satisfies
o1 w .
0q = - ®dq—0q ®
2110
- g (13)
wx|dq. l |lw—w
_ [wx]dq13 T
0 0

where dq;.3 is a vector made up of the first three components of dq. Therefore, the propa-
gation of 8§99 is defined by!®
69 = — [0x] 69+ w — & (1)

The state vector for the calibration system is @ = [§97, wT, bT}T. Equations (3), (9) and

(14) describe the continuous-time model of the calibration system.
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C. Observation Model

In the algorithm, both attitude and angular velocity information are considered as observa-
tions. It is assumed here that full three-axis estimated attitude and angular velocity can be
obtained from an attitude determination system. In practice, there are several approaches
to estimate the angular velocity and attitude. The most common way is filtering the at-
titude sensors (e.g. star trackers, Sun sensors, etc.) with gyro measurements to determine
the attitude and gyro bias. The angular velocity can be calculated by subtracting the bias
from gyro measurements.!® Another approach is to develop a model-based filter to estimate
the attitude and angular velocity only based on attitude sensors.!® Besides using filtering
approaches, it is also possible to estimate the angular velocity directly from the star tracker
body measurements based on a least squares method.?’ Instead of using the attitude from
an attitude determination system, the raw measurements from attitude sensors can also be

used to obtain attitude information.

i q
Attitude 1 p| Accelerometer Py <
Determination | - Calibration  —»
System > System b >

Figure 2. Overall Calibration Approach

The overall approach for the accelerometer calibration process is shown in Figure 2. The
attitude determination system provides quaternion and angular velocity outputs, denoted
by q and w, respectively, that are fed into the accelerometer calibration system, which pro-
vides estimates of the quaternion, the angular velocity, and the accelerometer biases. As
mentioned above there are multiple ways to determine the attitude and angular velocity
estimates. The more traditional attitude determination algorithm involves using gyros for
the angular velocity, which is the approach used in this work. It should be mentioned that
the approach shown in Figure 2 may lead to correlation issues because there are two de-
centralized filters which estimate the attitude running in parallel, and the attitude sensor
measurements are used in both systems. This problem will be addressed later using the co-
variance intersection approach. Another approach involves determining the angular velocity
from attitude reference system (e.g. star tracker) outputs, so that the known source of accel-
eration can be determined. The angular accelerations can then be derived from Euler’s rigid
body equations of motion in a torque-free environment. But the accuracy of this approach
may depend on how well the inertias are known. The formulation developed here avoids the
need to estimate inertias altogether.

Here, the quaternion and angular velocity outputs from the attitude determination system
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are considered as observations. The reason is that many modern-day star trackers output a

quaternion directly. The measured attitude error can be calculated by

0q=q®q" (15)

where ¢!

is the inverse of the quaternion § satisfying ¢! = [—cjf?),cj]T. The attitude
error can be determined by 59 = %5(11:3, where dq;.3 is a vector made up of the first three
components of dq. Therefore the attitude observation can be considered as the attitude

error itself, given by
Yy, = (5’l§k = 6'z9k + Uy, (16)

The observation model for the angular velocity is simply given by
Yu,, = ‘bk = wi + Vyy, (17)

Therefore, the observation model can be abbreviated by y, = [ygk, yffk]T = h (xy) + vy
The full 6 x 6 measurement covariance R;, of v, can be derived from the error-covariance
provided by the attitude determination system. Furthermore, the sensitivity matrix Hj, (a?:,;)
used in the EKF is given by Hj (ﬁ:,;) = [Is, Opx3n), which leads to h (ﬁ:,;) = Hyx, .

III. Accelerometer Calibration

A. Discrete-Time Model

Although a continuous-time model has been defined previously, for filtering purposes it
is desired to derive a discrete-time model. Based on the continuous-time model of the

calibration system, the linearized model is given by
Ax(t) = F(t)Ax(t) + G(t)n(t) (18)

where Ax(t) is the linearized state vector associated with x(t), and n (t) is the process noise
satisfying 9 (t) = [ (8) - %on ) s 7u1 () 5 - - -, 7un (£)]7, which is a zero-mean Gaussian
noise process with spectral density given by Q(¢). The matrices F' (t), G (t) and @ (t) are
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given by

— [(;J (t) X] Ig nggn
F(t) = Osxs Osx3 —%F (19a)
03n><3 O3n><3 O3n><3n

O3><3n O3><3n
G(t) = —%F Osx3n (19b)

O3n xX3n I3n

2In Oan
Qty=| Tviim e (19¢)

2
Oi’m x3n Uu I?m

where I' = [I'1,...,T",]. Assuming that F'(¢) is constant over the sampling interval, a closed-

form discrete error-state transition matrix can be derived using a power series approach:

A Py, P, D13,
Oy = WA =N (1) = | Oy Iy —LAT (20)

— j!
—0
’ O3n><3 O3n><3 ]3n
where
(1) A# (@, x|
Oy, = Z 1) .' (] (21a)
=0 I

2L (=1 A [ x )
Qqa, ZZ( ) i (] (21Db)

J=1

by, = 3 AP @] (_ 1 F) (210)

g! 2

It is important to note that the antisymmetric matrix [wy x| has the following identities:

[@px ] = (= 1)F [l | [wrx] (22a)
(@i x 2 = (=1)" [|@p | [@r x]? (22b)
k=0,1,...
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Substituting Eq. (22) into Eq. (21) gives

o0 Ap2k+2 [d)kx]%H 0 Ap2k+1 [c&kx]zkH
Oy, =1 -
e = A +§% 2k 1 2)! 2T @k + 1)l

— I _'_f: (—1)’f At2k+2”d}k”2k [(jjkx]z B i (_1)k At2k+1||®k||2k [(;ka]

puurd (2k +2)! £t (2k + 1)
4 2P 5 O U2 A7 ] §5 (Z1" (e an™
el & @kt 2)! Jox] 4 (2k +1)!

Power series expansions for sine and cosine are given by

o J 2]+1
SlIl = 2 1
Jj=0 ‘7 T
COS =
Z Qj
7=0

Using these expansions, the submatrix ®4;, can be simplified to

00— con (a) — 5 et

Using the same approach, both ®5, and ®,3, can be calculated by

Dy, =I5+

by = Atk + DD 1At — sin (20} — 250 (1 cos (e an)

ok f? k[
AR fax]? RN
O3, = — I —14 — oi|| At
13k (4 3+2||‘:Jk||4 + 9 + cos ([Jwe[|At)
[wrx]

- 2@ ||3{|| wy||At — Sin(||®k||At)})F

(23)

(24a)

(24D)

(25)

(26a)

(26b)

The conversion from the spectral density @ (¢) to discrete-time covariance @y is given by

o= | ()G (1) Q 1) GT (1) " (1) dt
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Substituting Eq. (20) into Eq. (27) yields

W) =2(t)G1)Q )G ()" (1)

iO’g(I)lgFFT(I){Q + O'g(blgq){g iqu)lQFFT - %O'th)lng 02(I>13

‘ (28)
= | 302ITT®], — 102l o], LOITT + Lo TTT —Lo2T
o2l —soulT 0213,

The lower right blocks can be directly calculated by

At 1 1
Qggk = / —O'gFFT + —O'zt2FFTdt
, 4 4

| ) (29a)
2 3 A3 T
= <4avAt—l— 120uAt ) N
At 1 1
Qa3, = Qls, = / ——o?tdt = —=02 AT (29b)
0 2 4
At
@33, = / Uidtlgn = UZAtIg,n (29¢)
0

Assuming that the sampling rate is below Nyquist’s limit,'® the calculation of other blocks

in () can be approximated by

At
1
Qui, = /0 iag%rr%g + 02 P30T dt

NS SPT S T
~ -0t —ot* | dtTT 30a
/0 <4av + 6 ) (30a)

1, 1
= [ =c?At* + —c2A | ITT
(12“” T 30%

At

1 1

Quz, = Q3, = / ZUS%JFT — §o—3t<1>13FTdt
0

At 1 1
~ / (—o—gt + —a§t3) dt T (30D)
0 4 8

1 1
= (—o—ﬁAﬁ + ﬁaiAt‘l) rrt

At
Q13, = Qngk = / oo Pt
D oary X (30¢)
2,2 2 A 43
~— —oit?dtl = ——o2At’T
/0 g 127
Finally, the discrete-time attitude kinematics model is given by!6

Qi1 = O (wi) @ (31)
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where the matrix © (wy) can also be derived using a power series approach, which is given

by

COS

O (wy) =

(llwrll &) Is — [
—yl cos (3
- sin (3 [|wg||At) o
[lwl]

B. Extended Kalman Filter

A multiplicative EKF is used here as the estimator.!

8

vy,

32a
lwil[At) o)

(32b)

The filter proceeds in two steps:

propagation and measurement update. The propagation step propagates the estimated states

to the next observation time, while the measurement update step updates the propagated

states based on the measurements from the sensors.

estimator are shown in Figure 3.

Initialize

A

+_ A Ay oA v o1 +
qO _q()’ wO _wO’ bO _b()’})() _1)0

N
>

Y

Details of the multiplicative EKF

Propagation

G0 =O(d; )d;, 0% =0, b, = b;,

by =y + Ay, —%Atzllll"il;;,
P, =® PO, +0,

K+l

v

K

k+1 k+1

=P H/

Gain

k+1 (&]\T‘Fl )|:Hk+1 (&l;rl )})kjrlHkTJrl

("21;1 )+ Rk+1 :|71

v

Update
Py =[1-KH, (%) B
= K [ e —h(%)
=i 55 ()00,
Q0 =dia)

N
U

v
Next Observation Time

Figure 3. Flowchart of Multiplicative EKF Estimator
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C. Parameter Specifications

In this section, the parameters for the following simulations of a Mars approach scenario are
specified. Assuming that no control force is exerted, the control acceleration at the mass
center u. equals to zero. Furthermore, to simulate a change in rotational motion of the
vehicle, the control torques are assumed to be zero so that M = [0, 0, O]T. The propagation

of the true angular velocity is governed by
w=M—J ' wx (Jw)) (33)

where J = diag(Jy, Jy, J;) is the moment of inertia of the vehicle. Therefore, given the
initial quaternion and angular velocity, set to gy = [0, 0,0, 1]T and wo = [0.1, 0, O.Ol]T deg/s,
respectively, the true quaternion, angular velocity, and angular acceleration can be generated.

The attitude determination system, shown in Figure 2, consists of a star tracker and
three-axis gyro sensor suite. A multiplicative EKF is used to estimate the attitude and gyro
biases.2! The star tracker is simulated to generate the vector observations as well as their
associated measurement noise. The optical axis of the star tracker is assumed to be aligned
with the 2z axis of the body frame. The sensor field of view is 6 degrees, and the sensor
precision is 0.005 degrees (30). The maximum number of allowable measurement stars at
each time is 10. The spectral densities for the three-axis gyro are given by U;ulg and O'gvlg
respectively. In the following simulations, the values of 0,4, and oy, are set to V10 x 10710
rad/s*? and v/10 x 1077 rad/s'/?, respectively. More details on the attitude determination
can be found in Ref. 16. The other parameters for the simulation are summarized in Table 1.
The time duration of one simulation run is 200 seconds. The true biases of the accelerometers,

quaternions, angular velocity, and the number of available stars are illustrated in Figure 4.

Table 1. Parameters for the Simulation

Parameter Value Unit
I, 261 kg-m?
Jy 294 kg-m?
J. 212 kg-m?
b, (3% 107425 x 10741 x 104" m/s?
by 2% 1074, —1.5 x 1074, =2 x 107" m/s?
by [—1x 1073 x 1074, —2.5 x 107" m/s?
Ou 1x10°6 m /s%/?
o 1 x 1075 m/s3/2
At 1 S
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Figure 4. True Biases, Quaternions, Angular Velocity, and the Number of Available Stars

D. Observability Analysis

For the observability analysis three accelerometers are calibrated using the EKF without
modification. The parameters from Table 1 are used. The simulation is run 500 times, and
the estimation errors and 3o error bounds for the attitude and angular velocity are shown
in Figure 5, while the calibration errors and 3¢ bounds of the biases from four randomly

selected simulations are shown in Figure 6.

-3 -3 — Estimation Error
2X 10 2X 10 0.02] = = — 30 Error Bound
) )
) \ [}
A | =1
E: OWWWWN fg 0
E—l,f—~*"' é’—l
-2 -2 .
0 50 100 150 200 0 50 100 150 200 0 50 100 150 200
Time, s Time, s Time, s
x 10
= z @ 2o
g g g1 Tt
5] M o S el -
0 50 100 150 200 0 50 100 150 200 0 50 100 150 200
Time, s Time, s Time, s

Figure 5. Attitude and Angular Velocity Errors Based Solely on the EKF

The simulation results show that both the attitude and angular velocity can be accurately

estimated from the EKF, and the estimation errors are well bounded. Comparing with Figure
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Figure 6. Calibration Errors Based Solely on the EKF

4, it is also found that the number of available stars is the main contributor to the attitude
estimation performance. That is, more vector observations from the star tracker generally
leads to more accurate attitude estimates. However, the estimation errors of both d19 and w
in the z axis are larger than those in the x and y axes. This is due to the fact that the optical
axis of the star tracker is aligned with the z axis of the body frame, and the sensor field of view
is narrow. This will ultimately influence the performance of the accelerometer calibration
system because the attitude and angular velocity from the attitude determination system are
used as observations. From Figure 6 it is clear that the simulation results also demonstrate
poor estimation of the accelerometer biases. The errors in the biases are mostly based on
the initial values, and the 30 bounds diverge with time. Therefore, the accelerometer biases
cannot be determined based solely on the EKF. This situation can be explained by the
following observability analysis.

Based on the discrete-time model, a first-order approximation of the state transition

matrix is used here to simplify the derivation while reflecting the feature of the calibration
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system:

Ig — At [(;)kX] Atlg nggn Ak Atlg nggn
P, ~ Osxs Iy —IAIN| = | 0505 Iy —3AIT (34)
O3n><3 O3n><3 ]?m O3n><3 O3n><3 I?m

Powers of &, can be calculated by

N OAY AT ARSI () AT
= | Og.4 Iy —4AID , J>1 (35)
Ognxg O3n><3 I,

where A} = I3. Because the dimension of the state vector is 3n+ 6, the observability matrix
is given by
Hy,
Or = : (36)
H @35
where
A AL AT AP G- AT

Osxs I3 —2Atl (37)
= [T54, 7L, T4

H, @), =

The left, middle, and right blocks of this matrix indicate the relationship between the obser-
vations and the states of 819, w, and b respectively, which can be used for the observability
analysis. It is evident that the rank of Y}, and Y7, equals to three which means that §¢
and w are observable. Furthermore, because the matrix Y3 is constructed by the linear
combinations of I', the rank of the T{, is equal to the rank of I'. Because the dimension of by
is 3n, while the dimension of I' is three at most, the accelerometer biases are not observable.
This explains why the estimation errors in the biases do not converge. However, it is evident
that a linear combination I'b;, of these biases is observable.

In order to demonstrate the analytical result, consider the simplest case: three accelerom-

eters mounted at positions

(38)

T =

c o =~
=
no
Il

o~ o
=
w
I

— o o

such that the position matrix R is the identity matrix. Without loss in generality it is
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assumed that the reference frame of each accelerometer is identical to the body frame, so
that T? = I5. Therefore, I' is given by

00 000 -1 0 10
'=10 0 100 0 —-100 (39)
0 -1 010 0 0 00

The observable linear combination of the biases is

b3y - b2z
Fbk = blz — ng (40)
b2:c - bly

ty

Equation (40) is now used to calculate the linear combination of the estimated biases from
the full filter, which provides estimates for all the (unobservable) biases. The relationship

between each estimated and true accelerometer bias is given by

biv = big + €1y i=1,2,3 (41a)
by = biy + €y, i=1,2,3 (41b)
bin = bis+ €, =123 (41c)

where b;,, by, and b;, are estimated biases, and €;,, €;, and ¢;, are their respective estimation

errors. The symmetrical covariance matrix Pry of I'by can be calculated by

Pro,, = E{(esy — €)'} = E{€},} - 2B {egye0:} + E {6} (42a)

PFblz = Prtm =F {(€3y - 622) (€1z - €3x)} (42b)
= E{esye1.} — E{ease1.} — E{esyesn} + E{eaz€3,}

Proy, = Proy, = E{(e3y — €2:) (€22 — €1y) } (42¢)

= E{esyern} — E{ea.€0. ) — E{esyery} + E{eozc1y}
Pry,, = E{(e1: — €32)"} = E{el.} — 2B {even} + E {65, } (42d)
PFb23 = PFb32 =F {(Elz - 63:(:) (€2x - €1y)}
= E{er.€0:} — E{espeon} — E{ere1y} + E{esnery}
Prog, = E{ (€2 — €1y)2} = E{e,} — 2B {easery} + E {Eiy} (42f)

(42e)

Therefore, the covariance matrix Py can be simply calculated by the elements of the co-

variance matrix Py from the filter, i.e. all the expectations in Eq. (42) are given from the
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elements of P,. The estimation errors and 3o error bounds of the linear combination of the

biases are shown in Figure 7.
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Figure 7. Estimation Errors of the Linear Combination of the Biases

The simulation results also prove that the linear combination of the biases can be accu-
rately estimated. Furthermore, according to Eq. (9) the matrix I' is given by
ow
I'= _20? (43)
This indicates that an accurate estimate of the linear combination of the biases may lead
to accurate angular acceleration estimation. To demonstrate the improved accuracy in the
angular acceleration estimation process, a comparative scenario in which the angular accel-
eration is computed directly from the accelerometer outputs is considered. The estimation
errors of the angular acceleration estimates from the two methods are generated and illus-
trated in Figure 8. Here, the filtering method denotes the linear combination estimates
derived from Eq. (40) using the estimated biases, while the direct method denotes using
Eq. (9), which includes the unfiltered biases.

Filtering Method
— — — Direct Method
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Figure 8 Angular Acceleration Estimate Errors Using the Filtering Method and Direct
Method
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It is concluded that the filtering approach indeed improves the estimation accuracy for
the angular acceleration. Because no information on the accelerometer biases is provided in
the direct method, the angular acceleration is poorly estimated due to the unknown biases.
Note that this is also true for the full filter that produced the bias estimates represented by
Figure 6 because they are poorly estimated. Furthermore, the estimation result for the direct
method is very sensitive to the measurement noise in the accelerometers. However, based on
the previous analysis, although not all biases can be determined in the filtering approach,
accurately estimating a linear combination of the biases improves the accuracy and stability
of the angular acceleration estimates. Based on this discovery, a recalculation process after
the filtering approach is introduced using these more accurate angular acceleration estimates

to further eliminate the estimation errors from the accelerometer biases.

E. Recalculation Process

In the recalculation process, the biases for the accelerometers are computed by the updated
biases and angular velocity from the estimator. First, based on Eq. (9), the angular acceler-

ation is estimated by

Wy = Wg, — % zn: N (44)
i=1
Then together with the updated angular velocity, the matrix €, can be estimated by
O = OF (@) + (o) (45)
According to Egs. (2) and (3), the accelerometer biases are recalculated using
br* = f, — ()" (uck + ri) (46)

Discrete-time equations are required for f; and . Substituting Eq. (5b) into Eq. (5a) and

using one time-step back leads to

where
o2 1 , \" 1 "

Note that N,;, and N,;, are supposed to be evaluated at time t;_;, but because they are

white-noise processes they can be written at time ¢;. Using the same approach to derive
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Eq. (47), the discrete version of Eq. (9) is given by
s = o — ~Tlyy — & zn: r (49)
k k 9 k 9 -~ iMuviy,
Substituting Eq. (47) and Eq. (49) into Eq. (46) yields

I;Z’l;—i_ = ka + blk + Nuviy — (Tib)T Uey,

_ (Tib)T (Qz (@) + (wk + %Fbk + % meumk — %rég) x]) r;
i=1

— i+ by, — (T we, + (1) %] (wk + %Fbk) (50)
= (1) 0 (@) ri— 5 (1) [rox] T}
1

+ vy + 5 (Tib)T [1%] TN,

where 1., = [05,.-- .,nffmk}T. Several noise terms appear in Eq. (50). To derive its
covariance, possible correlations between noise terms should be investigated. Equation (50)

is abbreviated as

b = b (frwf b)) (51)
It is evident from the EKF that the output of the accelerometers are only used to propagate
the model used for the accelerometer calibration process, not to update the states. Therefore,

accelerometer outputs are related to the propagated angular velocity. The propagation and

update equations for angular velocity can be modeled by
w, =w" (‘;Jlj_p Bz_p fk—l) (52a)
wf =w' (80, @b ) (52b)

This indicates that in Eq. (50) w; is only related to fi_1, not to fi, so @; and f; are
uncorrelated. Furthermore, no correlation exists between l;,j and fk either.

Here only the biases of the accelerometers are recalculated, and the attitude error and
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angular velocity remain the same, so the sensitivity matrix can be defined by

7 ozt
k ~\T
o(zy)
I3 O3><3 03><3n (53)
03><3 I3 03><3n
O3n><3 Sw Sb
where
— (TE)" (11282 + 11,2 +11.9%)
S, = : (54a)
_ (Tf:)T (T2 4 Ty 2 + 7,.80)
1 (T?)" [ryx]T
(T)" [P x]T
In this equation, r; = [riz, iy, rz-z]T, and
[0 -0 —20t ]
O =lop af 0 (55a)
@ 0 W]
w 0
QO =|-20f 0 -2 (55b)
0 o Wb ]
[ o 0 o
B=1 0 of o (55¢)
|20, =20, 0]
By defining the matrix
1 (T?)" [ryx]T

(T)" [rux]T

the covariance matrix for the associated noise processes in Eq. (50) is defined by @Q%, which
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is a (3n +6) x (3n + 6) square matrix:

OGXG OG><3n

<= Osnxe 02, MMT 7
where 02, = U—gt + 302At. The recalculation of the covariance is thus given by

Pt = HPE (HY) + Q) (58)
After the recalculation process, both b and P are replaced with b+ = (b, bt r

and P, respectively, in the filter. Then the replaced biases are used to propagate the state
to time tx4 1, and the replaced covariance is used to propagate the covariance to time t;,, as

well.

IV. Simulation Results

In this section, the Mars approach scenario is simulated to demonstrate the feasibility
and performance of the proposed accelerometer calibration method. The same parameters

are also taken from Table 1.

A. Optimality Analysis

As mentioned before, the EKF in the calibration system is not an optimal estimator due
to the correlation problem. Actually, no matter what attitude information (the estimated
attitude or the raw measurements) is provided to the calibration system, the correlation
problem exists because the attitude is estimated in both systems. In order to determine a
consistent estimate of the attitude, and to examine the optimality of the calibration sys-
tem, a covariance intersection method?? is introduced to estimate the attitude by fusing the
estimation results from both the attitude determination and calibration systems.

Consider two estimated attitudes (g, g;) and associated 3 x 3 covariance matrices (P, ,
Pfk) of the vector error-quaternion parts. Here the value of P, can be calculated by the

covariance matrix of the attitude errors through P, = iPwk. A consistent estimate of the

fused covariance PqJ; is given by

(PL) = (PL) o (P2) (59)

dk

where the weights w; and wy satisfy w; +ws = 1. Values of w; and wy can be found using a

simple optimization scheme that minimizes the determinant of PqJ;. It has been proven that
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minimizing the determinant of PqJ; is a convex optimization problem, which indicates that
the cost function has only one local optimum of weighting in the range of [0, 1].!% However,
the traditional additive fusion of the quaternions cannot be used directly because the unit
norm constraint of the resulting quaternion may not be guaranteed. Reference 23 derives
a solution to this problem. In this reference, quaternion and non-attitude states are fused.
Here, only the quaternions are fused because the angular velocity is estimated using two
uncorrelated approaches in the decentralized estimation system shown in Figure 2. For this
subproblem the fused quaternion q,{ can be found by maximizing an appended objective

function using the method of Lagrange multipliers:
J(al) == wita)'=(a) (P) "2 () af + A [1 - @)l (00)
i=1

where ) is the Lagrange multiplier. The necessary conditions for the maximization of J are

oJ . i \—1— i
— = -2 Zwi = (qk) (qu) =T (qk) qlf — 2)\q,’: =0 (61a)
qj, i=1
oJ
BN =1- (q,f)Tq,f =0 (61Db)
This leads to
(Z+\L)gl =0 (62)

where
= (i i\ 1= i
Z=> we(a)(F) = (q) (63)
i=1
Equation (62) represents an eigenvalue/eigenvector decomposition of the 4 x 4 matrix Z.

The objective function in Eq. (60) can be rewritten as
J(al) =—~(a)"Zal + 2|1 - (a)"d]] (64)

From Eq. (62), Zq,]: = —)\q}:. Substituting this expression into Eq. (64) leads to J(q,]:) =\
The fused quaternion is thus given by finding the normalized eigenvector corresponding
to the minimum eigenvalue of the matrix Z, because the eigenvalue is given by —\ from
Zql = —\ql. The sign of g/ can be determined based on the sign of g} and q?.2* The
solution is equivalent to the matrix weighted average quaternion algorithm shown in Ref. 24.

On the other hand, the correlation problem can be overcome if the attitude is not esti-
mated in the calibration system, and only the angular velocity is used as the observation.

A comparative calibration scheme is thus considered. In this scheme the state, which only
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includes the angular velocity and accelerometer biases, is also estimated using an EKF. The
attitude is estimated by the attitude determination system. Meanwhile the observation is the
angular velocity from the attitude determination system only. To distinguish these two cal-
ibration systems, the comparative calibration scheme is called Case 1, while the calibration

scheme proposed in Sections II and III is called Case 2.
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Figure 9. Comparison of 3¢ Error Bounds

First, the simulation is performed and the 3¢ error bounds of the attitude errors from
Cases 1 and 2, and the optimal ones are generated. The absolute estimation errors of the
attitude errors from the covariance intersection are also calculated. Comparisons of the
attitude errors with their respective 30 error bounds for 100-time Monte Carlo runs are
illustrated in Figure 9. It is seen in this figure that the estimation errors are well bounded.
The attitude estimates from Case 1 are less accurate than those from Case 2. Therefore the
proposed calibration method can help improve the attitude estimates over those obtained
using just the attitude determination system. That is, the use of accelerometers improves
the attitude accuracy in addition to using gyros from the attitude determination system.
Furthermore, even though the 30 error bounds from Case 2 are slightly lower than the
optimal ones, the differences are negligible. Therefore although the EKF in the calibration

system is a suboptimal estimator, the estimation accuracy is very close to the optimal one.

B. Calibration Accuracy Analysis

The calibration errors of the accelerometer biases and corresponding error bounds from Cases
1 and 2 are plotted in Figure 10. Simulation results indicate that the calibration accuracy in
both cases is greatly improved using the recalculation process. All the accelerometer biases
can be estimated with negligible calibration errors. A fast convergence is also achieved.
Therefore the recalculation process is very useful for accelerometer calibration. Furthermore,
it is found that the 30 error bounds of the accelerometer biases from both cases are almost

the same. Therefore, the introduction of attitude information cannot improve the accuracy
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Figure 10. Calibration Errors and 30 Error Bounds

of the accelerometer bias calibration. However, considering the improvement in the attitude
estimates, the proposed calibration method is a better choice. The calibration errors in
Figure 10 are based on the single time simulation. In order to show the consistency of the
proposed accelerometer calibration approach, an additional 100-time Monte Carlo simulation
run is performed. The calibration errors and corresponding 3¢ bounds are illustrated in
Figure 11. This indicates that consistent estimates are achieved.

It should be mentioned that the calibration method depends on position knowledge of
the mass center as well as accurate control of the mass center. This is in fact required for
any attitude estimation process that relies on accelerometers, e.g. see Ref. 8. For spacecraft
applications, even with a perfect weight report, fuel usage, solar panel flexure, and other
relative motions can change the mass center location. It should also be noted that the
calibration approach here is not limited to spacecraft applications. Therefore the uncertainty
of mass center is not particularly stressed here because often other applications, such as
robotic systems, will be less inclined to estimation errors of mass center. Still it is worthy
to see how mass center knowledge and other errors affect filter performance.

In order to account for the disturbances in the control acceleration as well as position

errors of the mass center, and determine the relationship between the level of disturbance
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Figure 11. Calibration Errors and 30 Error Bounds from Monte Carlo Simulations

and the calibration errors, the control acceleration is modeled as the true value plus noise:

u. = ul + 1, (65)
where u! is the true control acceleration, and 7). is the corresponding noise representing the
disturbance.

The noise n, is assumed to be a zero-mean Gaussian white-noise process with spectral
density 02I3. Furthermore, in order to account for different noise levels, the following scaling
factor is defined:

The value of v is separately set to 1, 5 and 10. For each case, the simulation is run 500
times, and the 30 error bounds of each bias are calculated, which are shown in Figure 12.
It can be seen that the disturbance of the control acceleration has a direct impact on the
calibration errors. Although the estimation errors of each bias has converged, the error
bound increases with the level of disturbance in the control acceleration. This analysis gives
a overall understanding of what control acceleration requirements must be in place to ensure

good accelerometer bias calibration.
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Figure 12. Calibration Errors with Different Levels of Noise

V. Conclusions

This paper investigated a new accelerometer calibration approach when limited or no
translational observations is provided. A novel accelerometer calibration method is derived
using only attitude and angular velocity information. Because multiple approaches are pos-
sible to obtain the angular velocity and attitude information, a general applicability can be
achieved. In the algorithm, three accelerometers were used to determine the angular accel-
eration, which are in turn used to propagate the attitude dynamics and kinematics of the
vehicle. Using observations of attitude and angular velocity from the attitude determination
system, the attitude, angular velocity and accelerometer biases can be estimated using an ex-
tended Kalman filter. Unfortunately, an observability analysis proved that the accelerometer
biases are not observable. However, a linear combination of the biases is observable, which
can be accurately estimated. This leads to an accurate estimate of the angular acceleration.
The recalculation process recalculates the biases with the updated angular velocity and ac-
celerometer biases. The simulation results demonstrated the feasibility and accuracy of the

novel calibration approach. Although the estimator is suboptimal, the estimation accuracy
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is very close to the optimal estimation using the covariance intersection approach. Improved
accuracy in attitude estimation from the original attitude determination system can also be
obtained. It is important to note that the approach developed here is not limited to just star
trackers. It can work with any attitude sensor system that provides full three-axis attitude

determination.
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