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Traditionally, attitude estimation has been performed using a combination of external
attitude sensors and internal three-axis gyroscopes. There are many studies of three-axis
attitude estimation using gyros that read angular rates. Rate-integrating gyros measure
integrated rates or angular displacements, but three-axis attitude estimation using these
types of gyros has not been as fully investigated. This paper derives a Kalman filtering
framework for attitude estimation using attitude sensors coupled with rate-integrating
gyroscopes. In order to account for correlations introduced by using these gyros, the state
vector must be augmented, compared with filters using traditional gyros that read angular
rates. Two filters are derived in this paper. The first uses an augmented state-vector form
that estimates attitude, gyro biases, and gyro angular displacements. The second ignores
correlations, leading to a filter that estimates attitude and gyro biases only. Simulation
comparisons are shown for both filters. The work presented in this paper focuses only
on attitude estimation using rate-integrating gyros, but it can easily be extended to other
applications such as inertial navigation, which estimates attitude and position.

Introduction

Strapdown gyroscopes have been used for many applications, including spacecraft attitude estimation
[1], inertial vehicle navigation [2], underwater vehicle navigation [3], robotic navigation [4], and human
navigation systems [5], to name a few. All of these applications require attitude information. Traditional
attitude estimation uses a combination of attitude sensor information, such as star trackers, with angular rate
sensors, commonly known as gyroscopes [6]. Many spacecraft, including virtually all spacecraft with stringent
pointing and/or maneuvering requirements, are provided with accurate gyros, which are the most crucial
of all the attitude sensors. A great number of attitude filters incorporate gyro information as part of the
dynamic model rather than using the gyro information as a Kalman measurement update. This alternative
is often referred to as using gyros in the dynamic-model replacement mode [7]. The reasons for favoring this
method are twofold. Firstly, gyro information may well be much more accurate than the available models of
rotational dynamics and torques, and inaccurate dynamic models could actually corrupt the gyro data. The
second reason for using gyros in dynamic replacement mode, which is particularly important for onboard
filtering, is that it requires much less computation.

The attitude kinematics differential equations are a function of the attitude and angular rate. Therefore,
using traditional gyros in dynamic-model replacement mode can be done theoretically by simply replacing
the angular rate in the kinematics model with the gyro measurement model. Many types of gyros exist, which
can be broadly classified by the physical mechanisms they use: spinning-mass gyros, optical gyros, or Coriolis
vibratory gyros. Strapdown rate-integrating gyros (RIGs) can employ any of these physical mechanisms, and
generally offer a number of unique advantages compared to conventional rate gyroscopes, including mechan-
ically unlimited dynamic range, low noise due to degenerate mode operation, and exceptional scale factor
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stability [8]. These gyros do not directly measure angular rate, but rather accumulate angular displacements
by integrating the feedbacks required to null internal gyro motions [9]. The earliest RIGs were floating type
that had a capability of achieving a drift performance of around 0.01 deg/hour [10]. They also exhibit angle
output white noise, also known as readout noise or electronic noise, in addition to the usual white noise asso-
ciated with standard gyros [6]. Some modern-day RIGs have been developed using micro-electro-mechanical
systems (MEMS) devices. One MEMS-based RIG uses a standing wave free to rotate under the effect of
Coriolis forces [8]. Another MEMS-based RIG uses a magnetic field to couple mechanical resonators that
can be separated by long distances compared to coulombic/electrostatic coupling [11].

The most common attitude estimator is based on the Kalman filter. For example, the Kalman filter
has been used on numerous spacecraft as the main algorithm to determine attitude and angular rates [1].
Gyros that read angular rates can easily be put into the Kalman filter framework [12]. However, this
is not straightforward with RIGs. Readout noise may be large in some RIGs, which causes estimates to
degrade. Therefore, this noise must be properly accounted for in the filter design. A recent reference shows
a steady-state Kalman filter formulation using spacecraft attitude sensors coupled with RIGs and a state
vector containing the attitude and RIG biases [13]. However, as shown in this paper, that approach ignores
correlations which may overestimate the contributions of the RIG output noise to the angle variance.

An analytic steady-state solution of the expected performance of the Kalman filter using RIGs has been
found for a single-axis case [14]. That work shows that when the readout noise is zero, then the expected
performance is identical the single-axis solution for gyros that read angular rates [15]. The purpose of the
present work is to extend the RIG analysis to the three-axis case. This involves an augmentation of the
standard gyro model state-vector in order to use the angle outputs of the RIGs in dynamic-model replacement
mode. The attitude parameterization here is based on the quaternion [16] in a multiplicative extended
Kalman filter framework [7,12]. A reduced-order filter is also derived that ignores the aforementioned
correlations. This form is different from the previously developed steady-state filter using the attitude
matrix for the attitude parameterization [13]. Simulation results are shown to assess the attitude estimation
accuracy, and are also compared with the analytic single-axis solutions.

The content of this paper is organized as follows. First, the attitude kinematics and sensor models are
reviewed. This is followed by a revisit of single-axis analysis that shows the effects of ignoring correlations
for the reduced-order state formulation. Then, the equations for the three-axis attitude estimation using
RIGs are derived. Both the augmented and reduced-order forms are shown. Finally, simulation results using
a star tracker and RIGs for spacecraft attitude estimation are shown.

Attitude Kinematics and Sensor Models

This section presents a brief review of the attitude kinematics equation of motion using quaternions, and of
attitude-vector and RIG sensor models. The quaternion is defined by q £ [QT q4] T, with 0 £ [¢1 @2 qg]T
ésin(¥/2) and g4 = cos(¥/2), where & is the axis of rotation and ¥ is the angle of rotation [16]. Since a
four-dimensional vector is used to describe three rotational degrees of freedom, the quaternion components
cannot be independent of each other. The quaternion satisfies a single constraint given by q7q = 1. The
attitude matrix is related to the quaternion by

A(q) =E"(q)¥(q) (1)

with
=) & |10 2 (22)
W(q) 2 [qd?’_;i@ﬂ (2b)

where I3 is a 3 x 3 identity matrix, and [gx], called the cross product matrix because a x b = [ax]b, is
defined as

0 —as as
[ax] 2 | a3 0 —a (3)
—asg al O
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Successive rotations can be accomplished using quaternion multiplication. Here the convention is adopted for
which the quaternions are multiplied in the same order as the attitude matrix multiplication: A(q’)A(q) =
A(qd' ® q) [12,16]. The composition of the quaternions is bilinear, with

qeq= [\Il(q’) : q’} q= [E(q) : q} q (4)

The inverse quaternion is given by q~! = [—QT q4} T, and the quaternion kinematics equation is given by
. 1w Al

— — = _ 5

4=5|,|®9=zlwela (5)

where w is the 3 x 1 angular rate vector.
Discrete-time unit-vector attitude observations for a single sensor are given by

b; = A(q)r; + v; (6)

where b; denotes the i*" 3 x 1 measurement vector in the body frame, and r; is the i*" known 3 x 1 reference
vector. The sensor error-vector v; is assumed to be zero-mean and approximately Gaussian, satisfying

E{v;} = 05 (7a)
Ri é E {UiU?} = 02 [13 — (AI‘Z')(AI‘i)T} (7b)
where F{} denotes expectation, and where 03 denotes a 3 x 1 vector of zeros. The measurement model
expressed by Eq. (7b), known as the QUEST measurement model [17-20], is quite accurate for small field-
of-view sensors and has been expanded for large fields-of-view [20]. Equation (7b) gives a rank-deficient R
matrix, which would appear to give rise to problems in an estimator such as the extended Kalman filter
(EKF) [21], so this paper uses the simpler, full-rank form
R =0%I3 (8)

which has been shown to give equivalent results in this context [7,17,22]. A set of N vector measurements
can be concatenated to form the (3N x 1)-component vector

A(q)ry vy
- A(q)r2 V2
Yi = ) + | . (9a)
AqQ)ry e UN] |y,
Ry, = blkdiag [021; 02T, ... 012\,13} (9b)

where blkdiag denotes a block diagonal matrix.
The vehicle is assumed to be equipped with n RIGs, which accumulate an n-component vector ¢ of
angles modeled by [14]

$=Mw+pB+n, (10a)
B =1 (10b)

where 3 is an n-component vector of biases, and M is an n X 3 matrix containing nominal gyro alignments,
gyro misalignments, and scale factors. It is a general matrix, with the proviso that it must have rank three.
In the simplest case, there are three gyros and M is the 3 x 3 identity matrix. The n-component vectors n,,
and 7, represent uncorrelated Gaussian white-noise processes satisfying

E{nu(t)m, (1)} = Qud(t — 1) (11a)
E{ny(t)n, (1)} = Qué(t — 1) (11b)

where §(¢t — 7) denotes the Dirac delta function, and where @, and @, are diagonal n x n spectral density
matrices. Measurements of ¢ are given by

G =p+v. (12)
where v, is a vector of n uncorrelated Gaussian gyro output measurement errors with diagonal covariance

Qe-
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Single-Axis Analysis

In the standard attitude estimation EKF [12] the state vector consists of the attitude and gyro biases. In
this section, the single-axis analysis is revisited to show the reason why an augmented state vector should be
employed when using RIGs in the EKF setting. The true single-axis attitude angle ¥ obeys the kinematic
equation

0 =w (13)
where w is the true single-axis angular rate. The single-axis RIG model is given by

p=w+B+m (14a)

B =1 (14b)

where the spectral densities of 7, and 7, are given by o2 and o2, respectively. The state vector is given by
x =[9 B ¢]T, and the corresponding estimate is given by x = [ 8 ¢]T. Thus the three-component state
x obeys the discrete-time propagation equation

1 0 0 1] 0
X1 =10 1 0l x4+ 10 / w(T) d7 + | Ny (ths1, tr) (15)
0 ot 1 1| 7 No(titt, tr)

where 6t £ tx+1 — tr is not assumed to be infinitesimal, and the quantities N, and N, are defined by

No(tsn, t) = j/ () dr (168)
Nyt t) = / () + (s — ()] dr (16b)

Some computations from the Appendix have been used in deriving Egs. (16).
The last line of Eq. (15) shows that the unknown quantity f::“ w(7) dr is given by

tr41
/ w(T) dT = @r41 — {0 ot 1} X — No(tp1, tr) (17)

ty

The RIG measurement at the end of the propagation interval is modeled as

Pk+1 = Prt1 + Ve (18)

where v, is a zero-mean Gaussian measurement noise with variance Ug. It is assumed that 7,, n,, and v,

are uncorrelated. Substituting Egs. (17) and (18) into Eq. (15) to eliminate unknown quantities gives [7]

1 —Ny(thyr, th) — ve
Xpt1 = P(0t)xk + |0 Prg1 + Ny (tert, tr) (19)
1 —Ve
where
1 =it -1
dBt)=10 1 0 (20)
0 0 0
The state estimate obeys
1
)A(kJrl = (I)((St) Xp+ |0 Pk+1 (21)
1
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Defining the state error vector Ax £ x — % leads to

_Nv(tk-i-lu tk) — Ve
Axpy1 = P(0t) Axp + | Nu(tegr, t) (22)

—ry
The error-covariance P 2 E{Ax AxT} propagates according to
Pyy1 = ®(6t) P, @7 (6t) + Q(6t) (23)

where the process noise covariance () is the covariance of the second term on the right side of Eq. (22):

o2t + 1o26t> + 02 —L026t? o?
Q(ot) = 152612 025t 0 (24)
o? 0 o?

The superscripts — and +, which are generally used to distinguish pre-update and post-update quantities, do
not appear in these equations because the dynamic model replacement mode effectively combines a dynamic
propagation and a gyro measurement update in a single step. These superscripts will make their appearance
when a discrete-time attitude measurement update is considered.

It is easy to show by mathematical induction that propagation by ¢ steps gives

Piy o = O(£65t) PL®T (£5t) + Q(L61) (25)

This equation has two interesting properties. The first is that it depends only on the total propagation time
£0t, not on £ and 0t separately. The second is that the noise term o, does not accumulate, so the covariance
only depends on the output noise of the last readout.

Equation (19) obtains ¢y from the state vector xi. Another approach is to assume that ¢ = @k, and
App = ve,, where v, is zero-mean Gaussian measurement noise with variance o2 independent of v, ,,
which has simply been called v up to this point. With these modifications, i can be omitted from the
state vector, leaving a two-component (reduced) state vector x” = [¢ £]T, and

(Prs1 — Pr) (26a)

_Nv(tk+l7 tk) - U€k+1 + Uek

Axy . = O(5t)Ax) +
i (01) A Nu(trsi, tr)

(26b)

where

(5t) = Ll) ‘ft] (27)

This would seem to be an improvement, because it reduces the size of the state vector and covariance matrix.

It is somewhat ad hoc, though, because it is not completely clear what to use as a replacement for Eq. (19).

Another and more significant problem is that the measurement noises at times t; and t;1 are correlated.
The reduced error-covariance follows

Pl = ®(6t)Pr o7 (6t) + Q" (dt) (28)

where Q" is the covariance of the second term on the right side of Eq. (26b):

25t + L0261 + 202 —1o26t2
Qre) — 3026t o5t (29)
Iterating this equation ¢ times gives
- - 2(06t) + 202 (U5t)3 + 2002 —L102(06t)?
PrL, = &5t PraT (e5t) + | 70 3%u e 2% 30

5 of 24

American Institute of Aeronautics and Astronautics



This shows that ignoring the correlations in the measurements greatly overestimates the contributions of
the RIG output noise to the angle variance. The upper left corner of Q(¢6t) in Eq. (25) contains the
contribution o2, while the upper left corner of the corresponding matrix in Eq. (30) contains the contribution
2002, Correct handling of the correlations causes the successive measurement output errors to cancel out,
leaving only the last one. This provides the motivation for augmenting the state vector employed in the
standard attitude estimation EKF [12], which assumes direct measurements of the angular rate instead of
the RIG-type measurements that are assumed here.

Rate-Integrating Gyro-Based Kalman Filter

In this section, the RIG-based multiplicative extended Kalman filter (MEKF) is derived. First, the
propagation equations are derived, and then the update equations are shown.

Propagation Equations

The 4 4 2n-component “global” truth state vector is given by
_ q
x"e = |3 (31)
©

where 3 is an n-component vector of gyro drift biases, and ¢ is the n-component vector of angles accumulated
internally by the RIGs. The components of the global state vector obey the following truth-dynamics
equations:

a=lwela (322)
B=n. (32b)
¢ =Mw+B+n, (32c)

where w is the true angular rate vector. Equation (32) is the generalization of Egs. (13) and (14) to three
space dimensions and n gyros. Note that the angular rate vector does not appear as a component of the
state vector. The global state estimates obey the following dynamic equations:

i = 3lesla (332)
é =03 (33b)
p=Mo+8 (33¢)

The finite-time propagation of these equations is

Qi+1 = exp <l {/tkﬂ w(r)dr ®D ax (34a)

2 tr
Br+1 = B (34b)
(2281 R
Pr+1 = Pr + M/ (;J(T) dr + 36t (34C)
123

Equation (34a) requires the customary assumption that any change in the orientation of the rotation axis
over the time interval 6t = txy1 — tx is negligible. The quantity ﬁ is written without a time argument
in Eq. (34c) and all the subsequent equations, because Eq. (33b) shows that it is constant between gyro
measurements.

The essence of using RIGs in dynamic-model replacement mode is to obtain the angular rates from the
gyros. Thus the integrated rates are regarded as the unknowns rather than ¢pi1 in Eq. (34c), and this
equation is solved for these quantities to obtain

tet .
Yri1, w2 / w(r)dr = M* (¢k+1 — Pk — ﬁ5t> (35)

tr
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where M7 is a left inverse of M, i.e. a matrix satisfying MM = I3. This matrix will be discussed in detail
later.
Substituting Eq. (35) into Eq. (34a) leads to [7]

. 1. - .
Qi+1 = €xp (§[¢k+1, k®]> Ak

) ) (36)
= {COS (%) Iy + sin <w> [ék+17k®]} Ak

where I is a 4 x 4 identity matrix, and the rotation angle z/AJ;CH, % and rotation axis unit vector &1, have
the explicit forms

G,k = IM @ria — Mg — MPB6t| (37a)
bri1 k= | M Gri — M"@p — M3 515} k41 k (37b)

These forms are chosen to show that the attitude estimator does not need to know the n-component vectors B
and ¢, but only the three-component vectors M~ B and MT@. Thus the effective state is the ten-component
vector
q
MEy

Equations (36) and (37) show that the quaternion propagation needs the quantities M L3, MLy, and
M"Yy, 1. The values of M* ﬁ and ML, are retained from the previous update, which may be from a gyro
measurement or a measurement by some different sensor. The dynamic-model replacement mode for RIGs
sets M@y = MEP@yy1, where @p1 is the vector of RIG outputs at time t5,1. This substitution makes
it unnecessary to propagate the estimates of the RIG accumulated angles, and it has the result that the
propagation of the state estimates is straightforward with the usual fixed-axis approximation for closed-form
quaternion propagation.

This is analogous to using the vector of rate gyro outputs, denoted by @(t), to compute the rate estimate
W(t) = ME[&(t) — B] when rate gyros are used in dynamic-model replacement mode [12]. In this application,
the integral in Eq. (34a) is evaluated continuously in principle, but uses some kind of low-order hold of
discretely sampled rate gyro outputs in practice. The RIG propagation does not require any kind of hold,
because the RIGs actually perform the continuous integration of the components along their input axes of
the true body rates over the time interval ot.

The MEKF represents the attitude error in terms of a three-vector 69 as [7,12]

q=0q(d9) ® q (39)
so that a reduced, nine-component, “local” error-state vector can be used, which is given by

69
Ax = | MEAB (40)
MEAp

where AB 2 38— 3 and Ap £ ¢ — ¢. Note that the MEKF defines 69 by Eq. (39), not as the difference
between a true value and an expectation. The components of Ax obey the dynamic equations [7,12]

09 = —[wx]69 + Aw (41a)
MLYAB = MEn, (41b)
MEAp = MY (MAw + AB +n,) = Aw + MPAB + MEn, (41c)
where Aw 2 w — .
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Equation (41) can be written in matrix form as

I3 03
Ax = FAx+ [03y3| Aw+ [ MIn, (42)
I3 MLT"U

where 033 is a 3 X 3 matrix of zeros, and

—[wx] 03x3 0O3x3
F£ | O3x3 0O3x3 Oaxs (43)

03x3 I3 0343

If ®(t, to) is the solution of ®(t, tg) = F (¢, to) with initial condition ®(tg, to) = Iy, then

tht1 I3 03
Axk-i-l = (I)(tk.g.l, tk)AXk +/ (I)(tk_H, T) 03x3 Aw(T) + ML'r]u(T) dr (44)
e I3 MEn,(7)

The state transition matrix ®(tx41, tx) is given by

Doy (trri, tr) O3x3 O3xs

O(thg, th) = 03x3 I3 033 (45)
03x3 otls I3
where ., (t, to) = —[WX]|Pyy(t, to) with initial condition ®yy(to, to) = Is. Assuming again that any motion

of the rotation axis over dt is negligible gives [7]

Do (trrt, te) = I3 — sin(Yps1, 1) [€rr1, ] + [1 — cos(Drr1, )] [€k41, 1 %] (46)

with z/AJ;CH, r and ég41,, given by Eq. (37). Substituting Eq. (45) into Eq. (44) yields

trsr | Pow(trsr, 7) 03
Axpp1 = (g1, te) Axy, +/ 033 Aw(r) dr + | MENy (trgr, tr) (47)
e I3 MENG (Lt )
where
thy1
tk-i—lu tk / (48&)
tk+1
s t) = [ )+ (b = () dr (48b)
t

e

The bottom three rows of Eq. (47) give

tht1
/ Aw(7) dT = |03x3 0O3x3 13} Axpi1 — {03x3 otl3 13} Axj, — MPNy(tiyt, tr) (49)

tr

This equation follows directly from Egs. (33¢), (34c), and (35), and the definitions of A3, A¢, Aw, and N,,.
It is not possible to simply substitute this into Eq. (47) as was done in deriving Eq. (19), because the first
three rows of Eq. (47) contain the integral f::“ Dyy(tpt1, 7) Aw(T) dr. Accomplishing this substitution
requires the approximation:

tht1

/ o (I)ﬂﬂ(tk+1, T) Aw(T) dr ~ (i)(tk_;,_l, tk)/ Aw(T) dr (50)

tr tr
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where @(tkﬂ, tr) represents some kind of average of ®yy(tx+1, 7) over the integration span. The following
form is chosen for ®(tx11, tx):

B 1 tht1
D (tgr1, tr) = E/ Dyy(tit1, 7) dr (51)
tr
This form has two advantages. The first is that if Aw is constant over the integration span then it provides an
exact representation f::“ Dy (trr1, 7) Aw(T) dr. Tt is not expected that Aw is constant over the integration
span, and the fact that this quantity is unknown is what requires the use of Eq. (49), but the choice for
®(t41, tr) at least assures that any constant part of Aw is correctly accounted for. The second advantage
of this choice for (i)(fk+17 tr) is that it leads to an estimator that most closely resembles the conventional
MEKF with rate gyros in model replacement mode, as will be seen later. The approximation that @ is
constant in both magnitude and direction over the integration span allows the integral to be evaluated in

closed-form to obtain

- 1 — cos(¢) A
D(tpt1, tr) = I3 — w[ekﬂ,kx] +

Vg1, i — sin(pi1, k) £ 2
Vit 1, k Wit 1, k

€k+1,kX (52)
Some special care must be taken to avoid division by zero if the rotation angle is zero.

Although approximations of the kind used here for the quaternion and covariance propagation are often
made simply for computational convenience, something like Eq. (50) is absolutely necessary in this RIG
formulation, because the RIGs do not know that they are in a rotating frame; they just integrate the
components of the angular rates on their input axes without knowing anything about the rates on the cross
axes or Eulerian kinematics.

Using the approximation of Eq. (50) and then substituting Eq. (49) into Eq. (47) give

O(tyr, th))| _— 03
Axpiq ~ (I)(thrh tk)AXk + 033 / Aw(T) dr + MLNu(t;H_l, tk)
L B tk MiNy (tg+1, t)
P (thr, t)
= O(tpyr, te) AXy + 03x3 {[03><3 03x3 13} Axpi1 (53)
I3

03
— |O3x3 Otl3 13} Axy, — MPN (tgi1, tk)} + | MEN (tryr, tr)
MLNy (trta, te)
which gives

I3 O3xsz —P(thtr, tr) Dy (trr1, t) —P(tpt1, th) 0t —P(tpt1, tr)
O3x3z I3 O3x3 AXjq1 = 03%3 I3 O3x3 Axy,
03x3 Ozx3 O3x3 7 O3x3 O3x3 O3x3 (54)
—D(tgs1, ) MEN, (tgg1, tr)
+ MLNu(tk+1, tk)
03

The bottom three rows of this equation give 03 = 03, so they contain no information. This is not surprising
because they have been used to substitute the integral of the angular rate vector into Eq. (47). The middle
three rows give a perfectly reasonable equation for ABj41. The top three rows give

891 — P(terr, ) M Apryr = |Dgg(tirs, tr) —P(tper, tr) 0t —B(tprr, fk)} Axy,

_ (55)
— (I)(tk_;,_l, tk)MLNv(tk-i-lu tk)

This has expectation

ki1 = Pog(tiy, tr)00), (56)

9 of 24

American Institute of Aeronautics and Astronautics



because A3, Ay, and N, are all defined to have zero mean. The MEKF has reset 89 to zero after the last
measurement update, so Eq. (56) says that it remains zero through all the following RIG propagation steps.
This obviates the need to propagate this expectation, as is always assumed in the MEKF, and it also means
that §49 really is an error. Equation (55) provides an equation for §95,1 — ®(txi1, t)MEApsy1, but not
for 09,41 and A1 separately. More information is clearly needed, which is obtained by recalling that
the dynamic-model replacement mode sets @r+1 = @ry1. It follows from Eq. (12) that

M Apry1 = M [pri1 — @ra1] = MY [prp1 — Gria] = —MFve (57)

This is used to replace the information-free bottom three rows of Eq. (54), and is also substituted into the
top three rows, giving

Doy (trst, th) —P(tpt1, tr) 6t —P(trrr, tr)

AXpy1 = 03x3 I3 03x3 Axy,
03><3 O3><3 03><3
_Nv(tk+17 tk) — Ve (58)
+ blkdiag ([@(tpr, 1i)ME ME ME]) | Nolte, t2)
—v,

£ Qogp(tigr, te)Axp 4+ G(tgs1, ti)Ng(6t)

where G(tg+1, tr) is the 9 x 9 block diagonal matrix and N (dt) is the nine-component process noise vector.
Equation (58) is the three-axis equivalent of Eq. (22).

Note that the quantity N, (tx+1, tx), which contains the gyro process noise contributions to the attitude
propagation errors, has moved from the bottom three rows (the M*A¢p rows) of Eq. (47) to the top three
rows (the §9 rows) in Eq. (58). This is characteristic of the dynamic-model replacement mode. This mode
takes the RIG data very seriously, possibly too seriously, believing that the only error in the RIG data is
the output noise v.. An estimator using rate gyros in the dynamic-model replacement mode has nothing
analogous to the ML A rows, so it puts the gyro process noise in the only available place, the §79 rows.
That estimator takes the gyro data equally seriously, if not more so.

The error-covariance propagates according to

Piy1 = Cegi(tist, th) P @Lg(tisrs tr) + Gteg, te) Q GT (tita, th) (59)
The process noise covariance @ is given by
Qvét + %Qu6t3 + Qe _% u6t2 Qe
Q=E{|[N.ooNT@n|}= |  —LQuer Quit Oz (60)
Qe O3><3 Qe

These equations are the three-axis equivalents of Egs. (23) and (24). Using the notation Q.2 MEQ.(ME)T
and

Pyg Pl Pgﬁ P Pgﬂ
P=|Psy Pppg DPpo| = Fse (61)
Pﬁa'& szp wa Pwﬁ Pg:p nggp
where
B T
s |Poo Py (62)
Pgy  Pgp
Eq. (59) can be written as
P D(tps1, t) Qe
k1
Pii = 03x3 (63)
Qe®T (tys1, tk) Oszxs Qe
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with
Pii1 = O(tht, tr) [Pk + AP (tht1, tk)} ST (ty1, th) + Qtrt1, tr) (64)

where é(tk_i_l, tr) and Q(tk_H, ti) are the upper left 6 X 6 corners of the matrices ®eg(tit1, tx) and
G(tks1, tr) Q GT (g1, tr), respectively, and

D(trs1, th) Popp @7 (tht1s th)  Osxs

O (tyi, ty)
03x3 03x3

AP(tps1, tr) = @ (trpa, t)

Pgﬁk(i)T(tk+17 tx) Osxs
PBS%(I)T(tk—i-la tk) O3x3

D(tpi1, th) Ppo,  ®(trtrs te) Piy,
03x3 O3x3

] O (t1, tr) (65)

— & N typa, tr) [

Equations (46) and (52), and [ék+11k><]37: —[€k+1, k%] show that ®yy(tgt1, tr) is orthogonal and the
multiplication ®%(tx+1, te)®(tit1, tk) = 7 (tgs1, tr), O

- &L (tpar, t) DT (tksn, tr) Ot
&ty th) = o (k1 k) (tkt1, tr) (66)
O3x3 I3
Equation (65) can now be re-expressed as
. 2 &7 T
AP(tgsr, t) = APﬂﬂ(_thrla tk) Q7 (ths1, te) Py, (67)
—Pgyp, O(tetr, th) O3x3

where

APyy(tett, tr) 2 O (ter1, th) Pogy ®(trrt, tr) — Py, (s, tr) — 7 (trga, t) Ppo,, (68)

Equations (63), (64), (67), and (68) are computationally less expensive than Eq. (59), and they also serve
better to show the relation between the RIG formulation and the conventional formulation.

Cancellation of Gyro Measurement Output Noise

The one-dimensional case shown previously has the property that the gyro measurement output noise does
not propagate forward in time, which is to say that the output noise added at one gyro propagation step
exactly cancels out in the next propagation step. This is reasonable because a measurement error in one
RIG output leads to an incremental angle error at that step but also to an incremental angle error of equal
magnitude but opposite sign at the next step. It is useful to see if this property holds in the three-dimensional
case. Consider two successive gyro propagation steps, from ¢ to txy; and from ¢x41 to txyo. Equation (63)
states that Pg,,., = 03x3, Poy,,, = Qe®” (tpy1, 1), and Popriy = Q.. so Egs. (63), (65), and (67) give

D(tr2, thr1) Qe

Pito
Py = " 03x3 (69)
Qe®T (tyt2, tit1) O3x3 Qe
with R R ~ _ _ ~
Pryo = ®(try2, thy1) | Pry1 + AP(tryo, tk-i—l)} ST (trgas thr1) + Qtasa, trgr) (70)
and ~
_ APyy(tpis, t 0
AP(trrs, trr) = 99 (tkt25 ter1)  03x3 (71)
03x3 03x3
where
APyy(thya, the1) = [‘I)T(tk+2, thr1) — P(tey, th)] Qe [@(thsa, tres1) — 7 (g1, tr)] (72)
— ®(tis1, tr) Qe @ (trta, tr)
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The Qe terms in Eq. (69) and the Q(tk+2, ti+1) term in Eq. (70) contain RIG output noise only from ¢42,
so RIG output noise from t;41 can find its way into Pyyo only through Pk+1 and AP(thrg, ti+1). The
only contribution to Pk+1 from RIG output noise at t41 is a term D (ty1, tr) Q. d T(tg11, tx) in the upper
left 3 x 3 corner coming from the same corner of Q(tk+1, tr), and this term is exactly cancelled by the
—®(tpyi1, tr) Q. ®T (t.41, tg) term in APM(tkH, tk+1) Thus the contribution to Pyio from RIG output
noise at ;4 vanishes if and only if ®7 (tg 1o, tpr1) = P(trt1, tk) Examination of Eq. (52) shows that this
cancellation requires that éxio k+1 = €k+1, % £ & and either 1/1k+2 k1 = —1/)k+1 L Or 1/)k+1 r = 27mn and
¢k+2, k+1 = 2mm, where n and m are nonzero integers. The matrices [1/:;€+1) £ ®] and [1,bk+27 k+1®] commute
in both of these cases, so Eq. (36) gives

Qk+2 = €xp (% {(Tﬁkw,kﬂ + i, k) ®D Ak (73)

The case 03 = 1,&1%2, k+1 +1/Afk+1, k= ft "1 &(7) dr, which gives 42 = g, includes the special case that @ =
03 over the entire span from t to tx4o. It is not surprising that the output error does not propagate forward
if @ = 03, because the estimator has no coupling between the coordinate axes in this case, so the three-
dimensional case looks like three independent single-axis cases for which it is known that the cancellation
is exact. The less likely case that 1/;;6“1 k= 2mné and 1/A)k+27k+1 = 2mme gives Qo = (—1)"T™qy, so the
attitude matrices at ¢ and tg1o are identical in all the three-axis cases for which the cancellation is exact.

If €442 k+1 = €xy1,x but 1/A)k+17k and 1/A)k+27k+1 do not satisfy either of the conditions for cancellation
specified above Eq. (73), the contribution to Pyx1o from RIG output noise at t41 does not vanish because
@T(tkH, tht1) # @(tkﬂ, tr). The lack of cancellation in this case is somewhat surprising, because the
matrices [y 11 x®] and [Yry o, k11®] commute, Eq. (73) holds, and Eq. (37) gives

Qr+2 = exp (% [ML(95k+2 —¢r— 28 575)@}) ar (74)

with the RIG output at time 5,1 canceling out. Closer examination of &7 (tht2, tht1) — i)(tk_H, t) reveals
two interesting properties, though. The first is that the contribution of RIG output noise at tx11 to Pyy, ..,
Py, ,,, and Pgg, , in this case is entirely in the plane perpendicular to €. This is consistent with the
observation that if @ is always along a fixed axis, this axis decouples dynamically from the other two axes,
so estimation of the rotation about this axis is just like the one-dimensional case for which RIG output noise
does not propagate forward in time. The dynamics of the two axes perpendicular to w are coupled by the
rotation, though; and the fact that the contribution of RIG output noise at tx41 to the covariance at tyo is
in the plane perpendicular to @ may help to explain why it vanishes only if the attitude matrices at ¢; and
tr+2 are identical. The second interesting property is that the contribution of RIG output noise at 511 to
the covariance at 4o is of order (1/)k+27 k1 + 1/)k+17 %)? for small rotations.

Cancellation is not exact in the general case, but there is near-cancellation for small rotations, and the
fundamental function of the additional three components of the state vector in the RIG formulation is to
ensure this cancellation or near-cancellation.

Angular Rate Estimate

As was observed below Eq (32), the angular rate is not part of the state vector of this estimator. The rate
is an important quantity of interest, however, and is typically used in a controller. Rate-integrating gyros
do not output an instantaneous rate measurement, but they can provide an estimate of the average rate
between times t; and txy1. Equation (35) with @g11 = Prt1, gives

. 1 - 5 5
Wht1,k = &M (sok+1 - P — 55t) (75)

Equation (32) gives the true average rate over this time interval as

1 tht1 tr41
Wtk = &/t w(r)dr = 5tM {<Pk+1 - Pk —/t [B(T) + 0y (7)] dT} -
1
= EM [r+1 — @k — Brot — Ny (teg1, tr)]
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The error in the angular rate estimate is

AWpt1,k = Wht1,k — Qk+1,k

1 (77)
= &M [—Ve — Apr, — ABROt — Ny (thg1, tr)]
The covariance of the angular rate error, P, _, £ E{Awp11k AwkTH)k}, is given by
1 /~ 1/~ 1~
Powyy = 5 (Qe + PW;C) +5 (QU + Pup, + P@Tﬁk) + Pgp, + gQu& (78)

where Q, 2 MLQ,(M™)T and Q, 2 M Q,(M")”. The Appendix contains details useful in this derivation.
Equation (63) gives some simplifications if Py is the covariance immediately following a gyro propagation.

Gyro Output Matrix Inverse

The left inverse M” is now discussed. This is the usual inverse if there are only three gyros, leaving no
opportunity to assign weights to the gyro measurements. With more than three gyros, the left inverse can
be written as

MY = (MW M) *MTW (79)
where the symmetric positive semi-definite weight matrix W must be chosen so that the inverse in Eq. (79)
exists. The simplest choice is W = I,, but it might be better to choose gyro weights inversely proportional to

their error variances. The form of the upper left 3 x3 corner of Q) suggests that W = (Qvét + %Qu6t3 + Qe) !
be chosen. The components of the diagonal matrices @, @, and Q. can be different on the different axes,
but the more common case is that all the gyros have identical noise characteristics, so Q, = 021,,, Q, = 021,
and Q. = 02I,. In this case, the above choice for W makes it a multiple of the identity matrix, and it is
clear from Eq. (79) that choosing W to be any multiple of the identity is equivalent to choosing it to be
equal to the identity matrix. If all the gyros have identical noise characteristics, then, there is no reason to
choose W to be anything other than the identity matrix.

Measurement Update Equations

The measurement update equations generally follow the the conventional MEKF [7]. This section presents
only the special features of the RIG-based estimator with the m-component attitude measurement model of
Eq. (9). The detailed equations can be found in Table 1.

The state estimate and covariance prior to the measurement update are denoted by

q
X = |ML3- (80)
Mt~
and P~ respectively. These can follow either a gyro propagation or an attitude measurement update with
no intervening propagation step. The sensitivity matrix for the measurement vector of Eq. (9) is

Hk:{f{k 03N x3 03Nx3} (81)

with [7,12]
[A(ay, )r1 ]
Hy & : (82)
[A(q, )rn %]
The Kalman gain and the covariance update are given by

B B 1 - T - - —1
Ky = P HT (HPLHT + Ry) ' = P, {Hk oww} (HkPWkaT + Rk) (83a)

Pf = (I~ Ki A Osnwo] ) PP (83D)

where the superscript + indicates a post-update quantity.
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Gyro Measurement Output Noise-Free Case

This subsection compares the filter in the limiting case of negligibly small gyro measurement output noise
with the conventional MEKF [7]. When Q. = 033, the rightmost three columns and the bottom three rows
of the 9 x 9 covariance matrix Py are identically zero, as is the matrix A]S(tkﬂ, tx). The matrix (i(thrl, tr)
is the same as the matrix ®; in the traditional MEKF, so the covariance propagation is the same as the
traditional MEKF except for a different computation of Q. For comparison with prev1ous analysis, assume
that there are three gyros with identical noise characteristics, so M = I, Q, =0 2[5, and Q, =0 215.
The conventional MEKF, with notation changed to agree with this paper, gives the process noise covariance
matrix as [7]

Qk _ Q;}k Q12k (84)
12 Q22k
with
Qggk = (0’26t)13 (85)
1 —
Qi2, = —5055#{ ‘f’kﬂ £ —sines, o) [€k+1, k%]
1/’k+1 k
oy + 2cos(z/;k+1, k) —2
Lt e [€rs1,6%]° (86)
k+1, k
L oo Lo L 2
~ —§Uu5t I3 — g['l,bk-i-l,kx] + E[‘/’kﬂ,kx]
and

1 6k-t1, 1 — 65in(Ppy1, k) — U3
Qui, = (0566)I3 + 503&3 {13 - PR [y, o x]?

Ytk (87)
1 1, -
~ (050t) I3 + 00 6t% < Is + —=[thri1, k%]
3 20
The approximations are the lowest-order terms in 1/A)kir17 k-
The corresponding matrix in the RIG case using ®(tx11, tx) is
. @12] (59)
12 Q22
with ~
Qgg = (0’36t)]3 (89)
~ 1 -
Q12 = —5(035152)(1)(151, to)
1 1 — cos(v) . — sin
_ —50’36t2 I3 _ w[ekﬁ_l’kx] wk"rl k (wk-i_l k) [ek-‘rl kx]2 (90)
Vht1, k Drs1, k
L oo L. L 2
~——0.0t° S Is — —[ry1, 6X] + = [Wrt1, 6 X]
2 2 6
and
O = ( 25t + = 3 26t3) (t1,t0)®T (t1,10)
+ 2 cos -2
= < 25t+ = 26t3 {13 + Vi G €41, k><]2} (91)
7/’k+1, k
~ < 26t + = 025t3) {13 + = 1/Jk+1 K ¥)? }

14 of 24

American Institute of Aeronautics and Astronautics



The process noise covariance is the same in lowest (zeroth) order in 1&;@+17 k but Q11 and Q12 differ in higher
orders. The zeroth order approximation is generally adequate in practice [7]. The similarity of the two
approaches is misleading, because they compute the incremental angle 1 5 2 J. tt:“ w(7) dr differently, in
principle. In the conventional method, the rate gyros are assumed to output a continuous rate w(t), which
is integrated by the estimator. The RIG estimator, in contrast, computes 1/3;€+1) r as a finite difference of @y
values output by the RIGs at discrete times.

Reduced Rate-Integrating Gyro-Based Kalman Filter

This section presents the reduced-order RIG-based MEKF. In this case the integral of the angular rate
is estimated using
o thta o
Y1,k = / @(r)dr = M* (@kﬂ — Pk — 5515) (92)
tr
The quantity ¢ can now be removed from the state vector, giving the following seven-component “global”
truth state vector and six-component “local” error-state vector, respectively:

x'=| 4| Ax"= 09 (93)
ML3 MEAB
The true rate is given by Eq. (32¢) using a finite-difference approximation for ¢
w = M* (W_ﬁ_@ (94)
This gives the attitude rate error as
Aw = M~ (%}f"ek ~AB— 77v> (95)
Inserting this into the error dynamics of Egs. (41a) and (41b) gives
—[& _ L(_ _ L
Ax" = [wx] Is AX" + M ( Vepa T ‘L'ek) /8t — M*m, (96)
O3x3  Osxs M*=n,
The same logic as that leading to Eq. (44) gives
N teyr — ML
AXy = Bty tr)AX] +/ O(terr, 7) |, ()| 4
tr M T’U(T)
- (97)
+ (I)(thrla tk)ML (_V8k+1 + Vek)
03
The covariance of the reduced state propagates by
Py = ®(teir, ) PLOT (tin, tr) + Q (98)

The process noise covariance Q" is the three-axis equivalent of Eq. (29). It is the sum of independent
contributions from the second and third terms on the right side of Eq. (97). The second term gives the same
process noise covariance matrix as the conventional rate gyro-based estimator, which is given by Eqs. (84)—
(87) if M = I3 and the gyros have identical noise characteristics. The third term gives an additional
contribution of 2® (4 1, tk)QeéT(tkH, i) to Q11,.-

The angular rate estimate is given by

.r 1 - - -
Wiy1k = EML (<Pk+1 — @k — Br 515) (99)
The error in this estimate is
1
AWy = &ML [~Ver s + Ve, — ABROt — Ny (tis1, tr)] (100)
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Table 1. Rate-Integrating Gyro Extended Kalman Filter

Initialize 616 (A}O
%) = By | = |Bo
Po %0

Py =F

Gain - Ty - -1
i = Py [Hu(x) O] [ Hn50) Py, AT (50) + R

[A(ay, )r1 %]

Hy (%)) = :

[A(ay, )rvx]

Update P/:_ = (IQ — Kk [Hk(f(];) O3N><6:|) Pk_
89
A% 2 Aﬁ,j = Ky, [Jx — hi(%;)]

Ap
|:1
q* =q; + 3

af = a/|a*)|

MLBF = MLB, + A3

(k rn
=(qy) 619+

ME gl = M ¢ + Ay

Propagation VYri1, o = MG — Mgy — ME B0t
Ak+1 = €xp (%wfkﬂ,k@]) A
ME By 1 = M By
ME@i = M@y

Pry1 = Pegi(tist, ti) Po @Le(trgr, tr) + Gltry1, te) Q GT (try, tr)

and its error-covariance is given by

(101)

Bl = &2Q8+ Qv+aﬂwk+- L Gust

This is simpler than Eq. (78), but the two expressions take the same form if Py satisfies Eq. (63).
The attitude measurement update equations are the same as those for the full order RIG-based Kalman

filter, except for obvious changes due to the reduced dimensionality of the state vector.
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Table 2. Reduced Rate-Integrating Gyro Extended Kalman Filter

Tnitialize s lag | _ fao
By ] LA
P =P

Gain 1

~ 177154 ST—\ DT— 17 ST B
Kj =P~ [Hk(fcz_) O3 x3 | {Hk(xk )Pjy, Hif (X,7) + Rk}
[A((A];)I'l X]

A6y )rnx]

dt T T I AP — T—
Update Pt = (16 - K, [Hk(xk ) 03Nx3D by

Propagation Yroi1, o = M@ — M@y — MP B0t
Qr+1 = €xp (%["ﬁlﬁ—l,k@]) a
MEBii1 = MEB;
Piyy = (tisr, tr) P 7 (b, t) + Q7

Algorithm Summaries

Table 1 shows the RIG MEKF algorithm for attitude estimation. First, the estimated quaternion, bias
vector, and RIG vectors, as well as the error-covariance are initialized. The table assumes that an update
occurs before any gyro propagation, but this assumption is not essential. The Kalman gain is computed,
and the state vector and covariance matrix are updated. Note that an explicit reset operation is not needed
because 619,; is always zero in this formulation. The updated estimates and error-covariance are then
propagated. It is important to realize that the sampling rate of the RIG measurement is usually higher than
the sampling rate of the attitude measurement, so there may be many propagation steps between successive
attitude measurements. For this reason, superscripts — or + are not shown in the propagation equations. A
series of propagations begins with X and PT from the previous update and ends with X~ and P~ for the
following update. Table 2 shows the algorithm for the reduced-order RIG MEKF for attitude estimation.
The steps are the same as the full-order RIG MEKF in Table 1.
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Figure 1. Availability of Stars

Star Tracker Simulation

This section shows the performance of the RIG MEKF using simulated RIG and star tracker data
to estimate the attitude of an Earth-pointing spacecraft in an equatorial 350 km circular orbit, which is
equivalent to a 91.5 minute orbital period. The spacecraft’s z-axis is pointed in the nadir direction, the
y-axis is pointed opposite to the orbit momentum vector, and the x-axis is pointed in the orbit velocity
direction. The true angular velocity is given by w(t) = [0 — 1.11445 x 102 0]T rad/sec.

The star tracker is not assumed to output a quaternion, but to return unit vector observations in the
body frame of individual stars that are simulated by

b= ——— | -5, (102)

where &; and B; are focal plane measurements. Their respective true quantities are denoted by «; and [3;.
Defining the 2 x 1 vector v; £ [a; f3;]7, then the measurement model follows

where v; is a zero-mean Gaussian noise process. A frequently used covariance for v; is given by [17]

FOCAL o2 (1 + dOéZZ)2 (dazﬂi)z
R! -7 (104)

where d is set to 1 and o = (0.005/3) x (7/180) rad. Note that Egs. (102)—(104) are used to generate the
simulated measurements, while Eq. (8) is used in the RIG MEKF, which approximates the actual covariance.
The star tracker can sense up to 10 stars in a 6° x 6° field-of-view, and the star catalog contains stars up to
a magnitude of 6.0, the assumed star tracker sensitivity limit. The star tracker’s boresight is defined by its
corresponding sensor z-axis, which is assumed to be along the negative spacecraft body z-axis. Star images
are taken at 1-second intervals. A plot of the number of available stars is shown in Figure 1.

The spacecraft is assumed to be equipped with three RIGs with their boresights along the spacecraft body
axes. The noise parameters for each axis of the RIG measurements are equal with Q. = 02I3x3, Q. = 02 I3x3,
and Q, = 02I3x3. The specific values for o, 0., and o, are 0. = 5x 1076 rad, o, = V10 x 10710 1raud/sec3/27
and o, = v10x 1077 rad/secl/Q. The initial bias for each axis is given by 0.1 deg/hr. The RIG measurements
are output every 0.1 seconds, i.e. 10 times faster than the star tracker measurements. The initial attitude
estimate is given by its true value. The initial bias estimates are all set to zero, and the initial RIG angle
estimates are set to their measured values. The initial error-covariance for the attitude-estimate matrix is
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Figure 2. RIG MEKF Errors and 30 Bounds

isotropic with a 30 value of 1 deg. The error-covariance for the bias-estimate matrix is isotropic with a 3o
value of 1 deg/hr, and the error-covariance for the RIG-estimate matrix is isotropic with a variance of o2.

The results in Figure 2 show good filter convergence, consistent with results obtained using rate gyros.
All errors are within their respective 30 bounds. Figure 2(a) shows how the attitude errors slightly increase
at times when fewer stars are available, which is expected. The attitude 3o bounds for the off-boresight axes
at steady-state are about 16 prad. The single-axis case gives an analytical steady-state 3o bound of about
17 prad [7,14]. The bias 30 bounds for the off-boresight axes at steady-state are about 6.4 x 1073 deg/hr.
The analytic steady-state single-axis 30 estimate is about 6.5 x 1073 deg/hr. The RIG angle 30 bounds for
the off-boresight axes at steady-state are about 1.5 x 107® rad. The steady-state single-axis analysis gives
a 30 bound of about 1.5 x 107® rad. This shows how the steady-state single-axis results can be used to
accurately assess the performance of the full three-axis case.

Results of the reduced-order RIG MEKF using the same simulation parameters are shown in Figure 3.
The attitude errors in Figure 3(a) exhibit much more fluctuation due to the number of stars than the errors
shown in Figure 2(a). The single-axis case gives a 30 bound of about 77 urad, which is slightly larger than
the average errors seen in Figure 3(a). The bias 30 bounds for the off-boresight axes at steady-state are about
0.26 deg/hr. The single-axis case gives a 30 bound of about 0.27 deg/hr. Good filter convergence is again
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Figure 3. Reduced-Order RIG MEKF Errors and 30 Bounds

seen. All errors are within their respective 30 bounds, which seems to show that although correlations are
ignored in the reduced-order filter, the estimates themselves are at least consistent. However, the estimate
errors are much larger using the reduced-order filter than the full-order filter. This is consistent with the
single-axis analysis, which shows that ignoring the correlations in the measurements greatly overestimates
the contributions of the RIG output noise.

Figure 4 shows the results of a third simulation using the standard MEKF filter that does not take the
o term into account [7,12]. The RIG measurements are simulated using the same gyro noise parameters as
the other simulations: o, = 5 x 1076 rad, o, = /10 x 10710 rad/sec3/2, and o, = v10 x 1077 rad/secl/g.
A finite difference of the RIG angles is taken to produce angular rate observations. This filter is equivalent
to the reduced filter of Table 2 using RIG outputs while setting o, = 0 in the filter. The bias-estimate
errors and their 30 bounds agree very closely with the results plotted in Figure 1, except for some initial
transients. The attitude errors on all three axes and the 30 bounds on the star tracker’s boresight axis also
agree after initial transients have died out, but the standard MEKF filter underestimates the variance of the
attitude errors on the other two axes. This shows that naively ignoring a nonzero value of o, may produce
inconsistent estimates. Comparison of Figures 3 and 4 shows, though, that completely ignoring the RIG
measurement output noise can be preferable to including it in a filter that does not augment the state vector
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with RIG angle parameters.
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Figure 4. Standard MEKF Attitude Estimator Results

Conclusions

This paper presents two filters for attitude estimation that incorporate rate-integrating gyros. The
first filter uses an augmented state approach that accounts for correlations between contributions of the
rate-integrating gyro output noise to the angle variance, while the second one ignores these correlations.
Simulation results involving a star tracker coupled with rate-integrating gyros in a multiplicative extended
Kalman framework validate that both filters are consistent estimators, but that ignoring the correlations
results in significantly larger attitude estimation errors. This is consistent with analytical expressions for the
single-axis case, which show that ignoring these correlations overestimates the gyro output noise contribution
to the process noise covariance. These results are also compared with a rate-gyro-based filter using finite
differences of rate-integrating gyro outputs and ignoring the measurement noise in these outputs. This
comparison shows that naively ignoring the output noise can produce acceptable attitude and bias estimates
if it is not excessively large, but the filter may be inconsistent in producing erroneously small estimates of
its errors. The approach shown in this paper can easily be extended to other applications, such as inertial
navigation using rate-integrating gyros, by simply appending the state vector to estimate other states, such
as position, velocity, and accelerometer biases.

Appendix: Modeling Rate-Integrating Gyro Noise

Equations to model RIG noise in the single-axis case are derived here. These can be used in the three-
axis case under the usual assumption that the matrices Q., @, and @, are diagonal. In Farrenkopf’s gyro
model [15] the bias 8 and angle output ¢ of a RIG obey

tr41
B =Bt [ nalr) dr (A1a)
ty
tht1 tr41
oun=eit [ o dr=pit [ () +8(r) + ()] dr
tr 23
o - (A.1b)
—o+ [ [ty aans [ ar
tr tr tr
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where

tht1
@éwk—kﬂk&—l—/ w(T) dr

(A.2)

tk
The zero-mean processes 7, and 7, have autocorrelations E{n,(t)n,(7)} = 026(t — 7), E{nu(t) nu.(7)} =
02 §(t — 7), respectively, and E{n,(t)n.(t)} = 0. To obtain the correct means, the modeled quantities,
indicated by the subscript m, must be given by

tht1
Cmps1 = Pmy, + Bmy, 0t + / w(7) dr + zero-mean random number
tr

= @, + zero-mean random number
Bmiyi1 = Bm, + zero-mean random number

(A.3a)
drift bias is

where the random numbers, which turn out to be correlated, must be chosen so that the second-order
statistics of the modeled quantities agree with those of the true equations. The autocorrelation of the RIG

(A.3D)
tk+1 tk+1

E{ﬂiﬂ}_E{{ﬂk%—/ N (T) dr] {Bk+/ N () dT/:|}

t t

’ tht1 tht1 ’
:E{ﬂz}—l—ag/ / §(r—7')dr’ dr = E{B}} + oLt

tr tr

Therefore, RIG drift bias can be modeled by

(A4)

ﬁmk+1 = ﬁmk + Uu5t1/2Nu
given by

where N, is a zero-mean random number with unit variance. The correlation of the drift bias and angle is

(A.5)
teta
E{Bri10r41} = E{ Bk +/ N (") dr’

tr
tk+1 T tk+1
@ —|—/ / nu(7") dr" dr +/ ny(T) dr
tr tr tr

— = 2 bt fert T / 1" " /
= E{Brp} + o, o(r" = 7" dr" dr’ dr
tr tr tr

tr41
—E{fp)+ak [ (- t)dr = E{Gup) + 50260
ty
This equation is satisfied by modeling the RIG output as

X

(A.6)

1
Prmgpr = Pmy, + §Uu5t3/2Nu + CN@

1 tht1 (A7)
= Pm, + 3 I:ﬂmk+1 + ﬂmk} ot +/ w(7) dr + c N,
23
where ¢ is a constant to be determined, and N, is a zero-mean, unit-variance random number uncorrelated
with A,. To evaluate ¢ the autocorrelation of the RIG angle output is computed:
tot1 7’ tr41
E{pi 1} =B |? +/ / nu(7"") dr’" dr’ +/ ny(7") dr’
tr tr t

tk+1 T tk+1
@ +/ / nu(7") dr" dr +/ no(7) dr
tr tr t

(A.8)
tk+1 tk+1 T T/
=E{¢’} + Ui/ / / (" =71y dr"" dr" dr’ dr
tr tr tr tr
tht1 tht1
+ 012}/ / S(r—7')dr'’ dr
tr ty

X
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N

ow
tr41 tepr p7 0 pT tr41 tr41
/ / / (" =71 dr"" dr" dr' dr = / / min(7’ — tg, 7 — tg)d7r’ dr
tk tk tk tk tk tk

5t ot ot y ot
= / min(z, y) dz dy = / / xdr —|—/ ydr| dy (A.9)
o Jo 0 0 y

/6t12+ (6t —y)| dy= Lot
=) gy vty dy =3

and the o2 integral is the same as the o2 integral in Eq. (A.4). Therefore, Eq. (A.8) becomes
1 1
E{pi 1} =E{@’} + 503&3 + o025t =E{@*} + =025t + ¢ (A.10)

Since E {@?} = E {@2,} by construction, this means that

1 1/2
c= (026t + —o26t? (A.11)
12
Then Eq. (A.7) simply becomes
1 tht1 1 1/2
Prmpps = Pms + 3 [ﬂmk“ + ﬂmk] 5t—|—/ w(T) dr + <a§5t + EUZ(StS) N, (A.12)
ti

The modeled measurement is then given by @, = ©m, + ve, Where v, is a zero-mean Gaussian white-noise
process with variance o2.

The variance of @,,,, is now derived. Substituting Eq. (A.5) into Eq. (A.12), and using @, ,, =
Pmyy, T Ve leads to

tht1 1
Pmpi1 = Pmy, + By, 61 +/ w(T) dr + 50u5t3/2/\/u
tk

. 12 (A.13)
+ (aﬁét + Eai&t?’) N, + v,
The expectation of this equation given ¢,,, and B, is
tht1
E {@karl |‘Pmk= Bmk} = ©m;, + Bm,, 0t +/ W(T) dr (A'14)
tr
The variance, denoted by Ry, ,,, is now computed through
1 3/2 ’ 2 L 53 2 2
Ry, = E Eaudt N + (026t + Eau& E{N?} + E{v2} (A.15)
Taking the expectations and collecting terms gives
1
Ry, = 026t + goi&f?’ + 02 (A.16)

Note that this is equivalent to the upper left corner of Q(dt) in Eq. (24).

References
1Crassidis, J. L., Markley, F. L., and Cheng, Y., “Survey of Nonlinear Attitude Estimation Methods,” Journal of Guidance,
Control, and Dynamics, Vol. 30, No. 1, Jan.-Feb. 2007, pp. 12-28, do0i:10.2514/1.22452.
2Savage, P. G., “Strapdown Inertial Navigation Integration Algorithm Design Part 2: Velocity and Position Algorithms,”
Journal of Guidance, Control, and Dynamics, Vol. 21, No. 2, March-April 1998, pp. 208-221, doi:10.2514/1.22452.
23 of 24

American Institute of Aeronautics and Astronautics



3Kinsey, J. C., Eustice, R. M., and Whitcomb, L. L., “A Survey of Underwater Vehicle Navigation: Recent Advances and
New Challenges,” Proceedings of the IFAC Conference of Manoeuvring and Control of Marine Craft, Lisbon, Portugal, Sept.
2006, Invited paper.

4Barshan, B. and Durrant-Whyte, H. F., “Inertial Navigation Systems for Mobile Robots,” IEEE Transactions on Robotics
and Automation, Vol. 11, No. 3, June 1995, pp. 328-342, doi:10.1109/70.388775.

5Fallah, N., Apostolopoulos, 1., Bekris, K., and Folmer, E., “Indoor Human Navigation Systems: A Survey,” Interacting
with Computers, Vol. 25, No. 1, Feb. 2013, pp. 21-33, doi:10.1093/iwc/iws010.

6Fallon, L., “Gyroscopes,” Spacecraft Attitude Determination and Control, edited by J. R. Wertz, chap. 6.5, Kluwer
Academic Publishers, The Netherlands, 1978, doi:10.1007/978-94-009-9907-7.

"Markley, F. L. and Crassidis, J. L., Fundamentals of Spacecraft Attitude Determination and Control, Springer, New
York, NY, 2014, pp. 46, 257-260, 263-269, doi:10.1007/978-1-4939-0802-8.

8Senkal, D., Ng, E. J., Hong, V., Yang, Y., Ahn, C. H., Kenny, T. W., and Shkel, A. M., “Parametric Drive of a Toroidal
MEMS Rate Integrating Gyroscope Demonstrating < 20 PPM Scale Factor Stability,” 28th IEEE International Conference on
Micro Electro Mechanical Systems (MEMS), Estoril, Portugal, Jan. 2015, pp. 29-32, doi:10.1109/MEMSYS.2015.7050878.

9Pittelkau, M. E., “Sensors for Attitude Determination,” Encyclopedia of Aerospace Engineering, edited by R. Blockley
and W. Shyy, John Wiley & Sons, Inc., Chichester, UK, 2010.

10King, A. D., “Inertial Navigation - Forty Years of Evolution,” GEC Review, Vol. 13, No. 3, 1998, pp. 140-149.

1Pai, P., Pourzand, H., and Tabib-Azar, M., “Magnetically Coupled Resonators for Rate Integrating Gyroscopes,” 13th
IEEE SENSORS Conference, Valencia, Spain, Nov. 2014, pp. 1173-1176, doi:10.1109/ICSENS.2014.6985217.

12Lefferts, E. J., Markley, F. L., and Shuster, M. D., “Kalman Filtering for Spacecraft Attitude Estimation,” Journal of
Guidance, Control, and Dynamics, Vol. 5, No. 5, Sept.-Oct. 1982, pp. 417-429, doi:10.2514/3.56190.

13Unhelkar, V. V. and Hablani, H. B., “Satellite Attitude Determination with Attitude Sensors and Gyros Using Steady-
State Kalman Filter,” Advances in Estimation, Navigation, and Spacecraft Control: Selected Papers of the Itzhack Y. Bar-
Itzhack Memorial Symposium on Estimation, Navigation, and Spacecraft Control, edited by D. Choukroun, Y. Oshman,
J. Thienel, and M. Idan, Springer-Verlag, Berlin, Germany, 2010, pp. 413-438, doi:10.1007/978-3-662-44785-7.

M Markley, F. L. and Reynolds, R. G., “Analytic Steady-State Accuracy of a Spacecraft Attitude Estimator,” Journal of
Guidance, Control, and Dynamics, Vol. 23, No. 6, Nov.-Dec. 2000, pp. 1065-1067, doi:10.2514/2.4648.

15Farrenkopf, R. L., “Analytic Steady-State Accuracy Solutions for Two Common Spacecraft Attitude Estimators,” Journal
of Guidance and Control, Vol. 1, No. 4, July-Aug. 1978, pp. 282-284, doi:10.2514/3.55779.

16Shuster, M. D., “A Survey of Attitude Representations,” The Journal of the Astronautical Sciences, Vol. 41, No. 4,
Oct.-Dec. 1993, pp. 439-517.

17Shuster, M. D., “Kalman Filtering of Spacecraft Attitude and the QUEST Model,” The Journal of the Astronautical
Sciences, Vol. 38, No. 3, July-Sept. 1990, pp. 377-393.

18Shuster, M. D. and Oh, S. D., “Attitude Determination from Vector Observations,” Journal of Guidance and Control,
Vol. 4, No. 1, Jan.-Feb. 1981, pp. 70-77, do0i:10.2514/3.19717.

19Markley, F. L., “Attitude Estimation or Quaternion Estimation?” The Journal of the Astronautical Sciences, Vol. 52,
No. 1 & 2, Jan.-June 2004, pp. 221-238.

20Cheng, Y., Crassidis, J. L., and Markley, F. L., “Attitude Estimation for Large Field-of-View Sensors,” The Journal of
the Astronautical Sciences, Vol. 54, No. 3/4, July-Dec. 2006, pp. 433—448, doi:10.1007/BF03256499.

21Crassidis, J. L. and Junkins, J. L., Optimal Estimation of Dynamic Systems, chap. 3, CRC Press, Boca Raton, FL, 2nd
ed., 2012.

22Shuster, M. D., “Maximum Likelihood Estimation of Spacecraft Attitude,” The Journal of the Astronautical Sciences,
Vol. 37, No. 1, Jan.-March 1989, pp. 79-88.

24 of 24

American Institute of Aeronautics and Astronautics



