Maximum Likelihood Analysis
of the Total Least Squares Problem with Correlated Errors

John L. Crassidis™
University at Buffalo, State University of New York, Amherst, New York, 14260-4400

Yang Cheng’
Mississippi State University, Mississippi State, MS 39762

This paper performs a maximum likelihood analysis of the total least squares problem with
Gaussian noise errors and correlated element-wise components in the design matrix. This
analysis also includes a derivation of the Fisher information matrix and the error-covariance
for the parameter estimates. Furthermore, the error-covariances of the associated coefficient
and output estimates are also derived. These error-covariances can yield a much improved
covariance approximation than would be achieved using naive least squares. The results
are compared with previously derived results for the uncorrelated element-wise component
with non-equal row variance case. Simulation results using three-dimensional bearings-only
localization are shown to quantify the theoretical derivations, which show that the derived
error-covariances are more consistent than those given by the naive least squares solution.

L. Introduction

The total least squares (TLS) problem expands upon the standard least squares problem by incorporating noise not
only in the measurements but also in the basis functions themselves. Since noise exists in the design matrix, then the
standard least squares solution is not optimal from both a minimum variance and maximum likelihood (ML) point
of view. Thus a different loss function must be used other than the standard least squares loss function. The TLS
problem without constraints can basically be broken down into four categories: 1) un-weighted or scalar weighting,
2) element-wise uncorrelated with equal variances for the row vectors of the augmented matrix, 3) element-wise
uncorrelated with non-equal variances for the row vectors of the augmented matrix, and 4) element-wise correlated
noise processes. Here the “element-wise" terminology refers to the rows of the augmented matrix formed using the
noisy design matrix and measurement vector.

Problems involving the first category correspond to the case where the covariance matrix of the “vectorized"
augmented matrix is an isotropic matrix, i.e. a scalar times the identity matrix. A closed-form solution for this case is
given by using a singular value decomposition (SVD) approach [[1]. Problems involving the second category correspond
to the case where the covariance matrix of the vectorized augmented matrix is a block diagonal matrix with each block
sub-matrix being equal to each other. A closed-form solution for this case is also given by using a singular value
decomposition approach via re-scaling the data [2], which is a slight modification of the solution for problems involving
the first category. The third category also involves a block diagonal covariance matrix, but each block sub-matrix is not
restricted to be equal with another. The fourth category is the most general case where the covariance matrix is possibly
fully populated. Problems involving the last two categories do not have closed-form solutions, and thus must rely on
iterative algorithms.

It is well-known that several TLS estimators have infinite moments [3]]. That is, many TLS estimators have no
expectation, and therefore, the covariance matrix of these TLS estimators is not well defined. The only reason that
the estimators have infinite moments is that the values of the estimates can become infinite with positive probability,
which occurs when the estimators are singular. For example, the SVD solution, used for the isotropic error case, can
become singular when the denominator, the last component of the last singular vector, is zero. In [3]] a simple line fitting
example is used to show the singularity issue. This work further shows that, in all cases of practical interest, the TLS
estimate of the slope coefficient, which has infinite moments, is more accurate than the least squares estimate of the
slope coefficient, which has finite moments [4]. Series expansions are commonly used to determine moments. In [3]] it
is argued that all moments derived from series expansions should be regarded as moments of some approximations,
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rather than “approximate moments." The analysis performed in the present paper implicitly makes this assumption.
From a practical point-of-view it is can be shown that constructing approximate distributions of TLS estimators provides
virtually identical results as found from assuming the singular conditions do not exist, which arise from highly ill-posed
cases [4]. These cases involve unrealistic signal-to-noise ratios and/or extremely low probabilities of obtaining a singular
solution, which are beyond the scope of this paper.

The error-covariance of the estimate errors in the standard linear least squares problem is straightforward to derive.
Standard least squares can easily be shown to produce an efficient estimate, i.e. its state error-covariance achieves the
Cramér-Rao lower bound (CRLB) [5]. The equivalence of the TLS to maximum likelihood estimation is shown in [2]]
and [6]. A CRLB is derived in [6]. However, the derivation is a mix of Bayesian and non-Bayesian approaches, and is
done by introducing nuisance parameters with a prior distribution. Strictly speaking, the likelihood function in [6] is not
the likelihood function because of the use of the prior distribution on the nuisance parameters. A more correct form is
presented in [7], but this is limited to cases where the covariance of the noise on the coefficient matrix is isotropic. The
classic text of [8]] presents first-order error-covariance approximations for the TLS estimate. A detailed discussion how
the TLS estimate error-covariance is related to simple least squares error-covariance is also presented. However, like [7]],
the error-covariance is only valid for isotropic noise errors for the coefficient matrix and measurement vector. Reference
[9 derives a ML solution based on a certain structure for the covariance matrix, and shows some interesting cases.
Reference [10]] derives the CRLB for the element-wise uncorrelated case with non-equal variances for the row vectors.
Also, a closed-form expression for the estimate error-covariance for the element-wise uncorrelated equal-variance case
is derived using a perturbation approach of the singular value decomposition. Furthermore, the error-covariances of the
estimated design matrix and output, as well as their cross-covariance terms, for this case are derived. This provides
useful results to quantify the expected errors for real-world applications where the truth is not known.

This paper extends the work of [[10] for the most general unconstrained TLS problem: the fully correlated case. The
CRLB, given by the inverse of Fisher information matrix, is derived for the parameter estimate vector. This derived
result is rigorous in the sense that it is derived using a complete ML approach. Also, the error-covariance of the
vectorized form of the augmented matrix formed using the estimated design matrix and output vector is derived using a
perturbation approach. It is shown that the element-wise uncorrelated with non-equal row variance case of [10] is a
special case of the derived error-covariance here. All other cases can easily be shown to be a special case of the results
presented in this paper. Furthermore, the error-covariances derived in the paper may yield statistical bounds that are
more consistent with the actual errors than using results obtained using naive least squares.

The organization of this paper proceeds as follows. First, a review of maximum likelihood estimation is given
with a particular emphasis on the linear least squares problem. The Cramér-Rao inequality is also shown. Then, the
relationship of the fully correlated TLS problem to maximum likelihood estimation is shown, including a derivation of
the Fisher information matrix for the parameter vector. Next, the error-covariance for augmented matrix formed using
the estimated coefficient matrix and measurement vector is derived. This is followed by a proof that the derivations
shown in this paper reduce to previously derived ones for the element-wise uncorrelated with non-equal row variance
case. Finally, simulation results using three-dimensional bearings-only localization are shown to validate the derived
CRLB.

I1. Linear Least Squares Review
Consider the following linear model: § = H x + Ay, where H is an m X n matrix, known as the design matrix, which
contains no errors and Ay is an m X 1 vector which is a zero-mean Gaussian white-noise process with covariance Ryy.
The goal of the least squares problem is to determine an estimate for the n X 1 vector x, with n < m. The covariance of ¥
is given by cov {¥} £ E {(y —n) (¥ - p)T} = Ry, where E { } denotes expectation, and p denotes the mean given by
H x. The conditional density function of § given x is [5]

1 -
exp {—5 (¥ = HX)" R}, (3 - Hx)} (1)

In the ML approach an estimate of x, denoted by X, is sought that maximizes Eq. (I}). Due to the monotonic aspect of the
function, the ML solution can be accomplished by also taking the natural logarithm of Eq. (I). The solution for this ML
problem leads directly to the classical least squares solution for the estimate: %(§) = & = (H” R;yl H) 'HT Ry_yl y. The mean
of % is given by x, which means the estimator is unbiased. The error-covariance of % is given by cov {%} = (HT R;yl H)!,
which can be used to develop 30~ bounds on the expected estimate errors.



The Cramér-Rao inequality [[L1] can be used to provide a lower bound on the expected errors between the estimated
quantities and the true values from the known statistical properties of the measurement errors. The Cramér-Rao
inequality for an unbiased estimate X is given by

PEE{&-x)&-x"}>F" (2)

where the Fisher information matrix (FIM), F, is given by

F = £ (2 i) (£ mipepon) ——E{ o 1n[p(~|x)]} 3)
a Ox Py Ox Py B Ox 0xT y

The partial derivatives are assumed to exist and to be absolutely integrable. A formal proof of the Cramér-Rao inequality
requires using the “conditions of regularity” (see [12] for details). The least squares estimate achieves the CRLB, and is
thus an efficient estimator [5]].

I1I. Total Least Squares
For the general problem, the TLS model is given by

y=y+Ay (4a)
H=H+AH (4b)
y=Hx (4¢)

where ¥ is an m X 1 measurement vector, y is its respective true value, Ay is the measurement noise, HisanmXxn
matrix of basis functions with random errors, H is its respective true value, and AH represents the errors to the model
H. Define the following m X (n + 1) matrices:

D£[H§], D2[Hyl, AD=[AH Ay], D2£[HA §] (5)

where A and § are the estimates of H and y, respectively. The TLS problem seeks the maximum likelihood estimate of
the n x 1 vector x, denoted by X, as well as the maximum likelihood estimates of y and H, satisfying § = H% and which
maximizes

p(DID)

1 1 N s
= T (g (R exp {—EvecT(DT - DT R 'vec(DT - DT)} (6)

where Dz = 0 withz £ [x” —1]7, vec denotes a column vector formed by stacking the consecutive columns of the
associated matrix, and the R is the covariance matrix defined by

R 2 E {vec(D" - D")vec" (D" - D)} (7

The negative log-likelihood now leads to the following loss function:
A 1 . A - N R
J(D,%) = EvecT(DT -DNYR vec(DT - D7), st. Dz=0 (8)

where Z £ [f(T - l]T. For the estimates D and 2 to be unique, it is required that the rank of D (and the rank of H ) be n,
which means 2 spans the null space of D.

Equation (8)) represents a constrained optimization problem to determine D and &, which can lead to a computational
expensive solution. An easier problem involves rewriting the loss function as a function of X. A solution for the
minimization of Eq. (8] is given by using the method of Lagrange multipliers [13], leading to the following Lagrangian:

. 1 A A 1 4
J'(D,%) = EvecT(DT - DTYR 'vec(DT - D7) + E/lTDi )

where A is an m x 1 Lagrange multiplier vector. Taking the partial derivatives of J’ with respect to % and vec(D), and
setting their resultants to zero to obtain the necessary condition for a minimum, gives

4l .
i ATa=0 (10a)




oJ’

— =R Nec(DT = D) + (Lyyseyy @ 2)A = 0 10b
B ( )+ U 1) (10b)

where [, is an m X m identity matrix and ® is the standard Kronecker product operator. Equation shows that
the Lagrange multiplier must be in the null space of H”. Although this is not particularly useful in theory, it may
be useful to ensure that a numerical solution has converged to a correct value. Solving Eq. (TOb) for vec(DT), and
substituting the resultant into Dz = (I ® 27 )vec(DT), with Dz = 0, yields

A = =07 (Lo ® 2 vec(D') (1)

where
012 (Insm ® 27 )R (Lnsem ® 2) (12)

Substituting Eq. (T) into Eq. (TOB) leads to

vec(DT = D) = R (Lyxm ® i)Q/_il(Imxm ® 2 )vec(DT) (13)
Substituting Eq. (T3)) into Eq. (8) gives

1 ~ -

J®) = vec” (D) (Lyxim © D)0} (nm © 2" )vee(D") (14)

which is now only a function of . From Eq. (13), vec(DT) is given by
ATY — 21 -1 5T AT
vee(D") = | Ltnstyeminsty = R Uin ® DO U ® 27| vee(D) (15)

Another way to write the probability density function and the loss function is to use vec(D — D) instead of
vec(DT — DT). Define the following matrix:

[ R Ry | fe

A I S
hy vy (16)
—— ——

where Ry, = E{vec(AH) vec(AH)T } is the (mn) x (mn) covariance matrix of vec(AH), Ry, = E{vec(Ay) vec(Ay)” } is
the m X m covariance matrix of vec(Ay), and R,y = E{vec(AH) vec(Ay)! } is the (mn) X m cross-correlation matrix. The
covariance matrix given in Eq. (T6) is useful for the correlated TLS problem because it nicely partitions the covariance
elements of AH and Ay. Also, vec(D) is nicely given by

H
vee(D) = | VeH) (17)
y
The matrix R and vector vec(D”) are related to R and vec(D) through
R= Kn+l,mR K;{.;.]’m’ VeC(DT) = Kn+l,mveC(D) (13)

where K, ,,, for any positive scalars p and g, is the commutation matrix [14], also known as the permutation matrix. So,
the probability density function can be written as

~ 1 1 - _ -
p(D|D) = — exp {——VecT(D — D) R 'vec(D - D)} (19)
(zﬂ)m(nu)/z [det (R)]1/2 2
where det (R) = det (R) has been used.
Using the identity
(Lnscm ® 2" )vec(D") = (2" ® Lysm)vec(D) (20)



in Eq. (T4) yields
J8) = 36! (D) ® hn)0 B © Ly vec(D) e

Also, substituting Eq. (I8) into Eq. (12)) leads to
Q; = (@ & Luxm)R (2 ® L) (22)

where 27 ® I, can now be partitioned as 2T @ Lyym = [f(T ® Lyxm — Imxm]~ Several iterative algorithms to
minimize Eq. (ZI) are shown in [13].
Substituting vec(DT) = K,111.mvec(D), vec(DT) = K,41.mvec(D) and Eq. (T8) into Eq. (T3)) leads to

Vec([j) = [Im(n+1)><m(n+1) -R (i ® Ime)Qil(iT ® Imxm)] VeC(D) (23)

Note that in practice Eq. (I2) would be used for Eq. (I3)), because it is a function of R, while Eq. (22) would be used for
Eq. (23)), because it is a function of R.

The loss function in Eq. (8) can be viewed as one of vec(H) and x as well. The corresponding TLS model is given
by

vec(H) = vec(H) + vec(AH) (24a)
§ = (x" ® Lyxm) vec(H) + Ay (24b)

Solving the necessary condition for the estimate of vec(H) gives

T
R7" vec(D) (25)

I(mn)x(mn)

vec I:I =
@) T ® Lxm

T
Limn)x(mn) l el

I(mn)x(mn)
R ® Lnxm

%7 ® Lyxm

Note that the estimate ¥ is computed as § = (R ® I,,1x,) vec(H) = HX. Substituting this solution of vec(H) to the loss
function leads to another equivalent form of J(X):

1 L - ~
J(R) = 5vecT(D)F vec(D) (26)
with
I 1 ! 1 B I !
c_ p-l 5—1 (mn)x(mn) (mn)x(mn) 5—1 (mn)x(mn) (mn)x(mn) 5—1
F=R'-R'| ™ T R i R 27)
X' ® lmxm X' ® Lmxm X' ® Lmxm X' ® linxm

IV. Fisher Information Matrix

Because the ML estimator is asymptotically efficient, the estimate error- covariance matrix can be approximated by
the inverse of the FIM when a sufficient number of measurements are included. The Cramér-Rao inequality is only
valid for unbiased estimates. It is well-known that the TLS estimate is biased though [[15]]. A derivation of the TLS
bias is shown in Appendix A. It shows that for all practical noise cases, the bias is second-order in nature. Thus, it is
assumed here that this bias is neglected in the FIM derivation. To derive the FIM for the TLS estimate X, it is possible to
determine the FIM for the TLS estimate D from the likelihood function given by Eq. (6) and then retrieve the FIM for %
from it. It is difficult, however, to derive the FIM for D because of the constraint D z = 0, which explicitly involves x.
The FIM for the joint TLS estimate of {x, H} will be derived instead.

Recall that the associated likelihood function using vec(D) as the measurement is given by

1

D|D) =
PoID) Q@ry D2 | det (R

)] 777 &XD {—%VGCT(D - D) R‘lvec(ﬁ - D)} (28)

The likelihood function in Eq. (28) is now treated as a function of {x, H}:

1

D|x,H) =
p( X ) (zﬂ)m(n+l)/2 [det (R)]

73 €XP {—%VCCT [D - D(x, H)| R 'vec D - D(x, H)]} (29)



with D(x, H) £ [H Hx]. Now, the FIM of the likelihood function p(D|x, H) is derived. Define

= lVCC)zH) , p(Dl|a) £ p(D|x,H), D(a)= D(x, H) (30)

The FIM, F¢, for a is
re = 2 (2 wipiBlan) (£ mipoia) .
S Tr— .

Taking the partial derivative of the natural logarithm of p(D|a) leads to

T
%]H[p(bla)] _ [ Opxc(mm) H R lvec [D _ D(a)] (32)

I(mn)x(mn) (X ® Im><m)

where 0y, (nn) denotes an n X (mn) matrix of zeros. Because E {vec[D — D(a)]} =0, then E {% ln[p(DIa)]} = 0. This
means the regularity condition

£ Zniplal} 2 [ 2 nip(Dla] pDla)aveetd)

_ / [_apgz 'a)] dvec(D) = 0

(33)

is satisfied, which is prerequisite for the derivation of the CRLB. Post-multiplying the term @ In[p(D|a)]/da in Eq.
by its transpose, taking the expectation and using E {vec[D — D(a)]vec’ [D — D(a)]} = R leads to

F*=E 9 In[p(D]a)] 9 In[p(D]a)] '
B da da
T (34)
— On><(mn) HT R_l Onx(mn) HT
I(mn)x(mn) (X ® Imxm) I(mn)x(mn) (X ® Imxm)
Note that F¢ is an (mn + n) X (mn + n) matrix.
The next step is to derive the FIM for X, denoted by F. The FIM for a is partitioned as follows:
Fa S Fxx Fxh (35)
FL Fu
with
D 0 mn)xXn
Fax = [Onsouny HT| R [ l (36a)
H
_ I
Fan =0 HT| R e 36b
xh nx(mn) (XT ® ]mxm) ( )
_ I
Fop = [1 & L ] RV| mmxnn 36¢
hh (mn)x(mn) (X X ) (XT ® ]mxm) ( )

where Fy is an n X n matrix, Fy, is an n X (mn) matrix, and F,j, is an (mn) X (mn) matrix. Applying the Sherman-

4
Morrison-Woodbury formula [5] to F¢ leads to F~! = (Fxx - FunFy)) FxTh) ,or equivalently F = Fy — FxpF, )l F7, |

which gives the FIM for &. The FIM for vec(H) can be obtained similarly.
Before the expression for F is simplified, it is shown that the same F can result from other parameter vectors a’.

Suppose
el ¥ 37
vec(HT) 37)



Since vec(H) = K[, vec(H" ) then

I Onx(mn) |, Oa I, Opnx(mn
a= nxn x; ) , = nxn x} ) (38)
O(mn)xn Kn,m da O(mn)><n Kn,m
Hence, the FIM for a’ is
T
Faf _ (6_5’;) Fa( ai’lT) _ In><n Onx(mn) Fa In><n Onx;mn) (39)
Oa Oa O(mn)xn Kn,m O(mn)><n Kn,m
Substituting Eq. (33) into this equation gives
, F. Fu KT
Fa — xx , xh n,mT (40)
Kn,mFxh Kn,thhKn,m
Applying the Sherman-Morrison-Woodbury formula to F¢' leads to the identical FIM for %:
-1
F = Fux = FarK (KnnFunKD ) K5 = Fox = FaFp F, (41

In fact, if a is chosen as [x7,g? (H)]7, where g(H) is an invertible transform of H, the FIM for % remains the same.
Now the FIM for % is simplified. The inverse of R can be partitioned into

ﬁhh ﬁhy mn
e |
RE Ry | fm (42)
—— ——
with
5 51 5 15T p-1
Run = th (I(mn)x(mn) + RhyZ Rhthh) (438.)
ﬁhy = _R;;;I,Rhqu (43b)
Ryy = 27" (43c)
Z2 Ry - RER; Riy 43d)

where Ry, Ryy and Ry, are defined in Eq. (T6). Explicitly multiplying the quantities in Eq. (36) yields

Fix = HTQYY H (442)
Fo = HT (ﬁzy + ﬁnyI) (44b)
Fun = Ry + QR + Ry Qo + OxRyy O (t40)

where Q. £ X ® Lyxm. Note that Fy is the FIM for the standard least squares estimator when no errors exist on H.
Computing F = Fy — FenFl F1, gives

F=H'Q'H (45)
where
Q'ER,y, - (ﬁ;fy + Rnyg) (ﬁhh + Qxﬁ]];y + Rny Q% + Qxﬁnyg)_1 (Rny + OxRyy) (46)
The inverse of Q! is given by
Q=7+ (z RE + QZ;) G (RuyZ + Q) 47)



where
G 2 Run + QxRE, + Ry QL + 0,27 0T — (Rhy + sz—l) z (ﬁ,fy + Z—IQ§)
= R~ Ry ZRL,

(48)

Substituting Eq. (@3) into Eq. (@) leads simply to G = R;|. Then substituting this equation and Eq. (#3) into Eq.
yields . . ) )
Q = QL RunQx — Rj,0x — QL Ruy + Ryy (49)

The matrix Q; in Eq. (22), evaluated at the true values, is defined by

Q/l £ (ZT ® Ime)R (Z ® Imxm)
th Rhy
R}{y Ryy

= [Q§ _Ime]

_Ime

o} l (50)

where Eq. (I6) has been used. Explicitly carrying out the matrix multiplications in Eq. (30) gives
01 = Oy RunQx — Rj O — O\ Ruy + Ry, (51)
Comparing Eqs. (@9) and (51)) shows that Q = Q4. Thus the FIM for X is given by
F=H"Q}'H (52)
where Q, is given by Eq. (22) evaluated at the true values:
04 = (2" ® Luxan)R (2 ® Lnxom) (53)
The FIM equals the Hessian of a special loss function in x:
J(x) = %vecT(D)(z ® Ime)Q;l(zT ® Lyxm)vec(D)

= %ZTDTQ:IIDZ (54)
[l ol

Note that this function does not contain any measurements. Computing the Hessian at the true value of x gives

0%J

=H'O;'H 55
ox 0xT O (55)

Note that Q, is a function of x, but its partial derivative is not required because the constraint Dz = 0 (or equivalently
Hx =y) negates this portion of the Hessian. Equation (52)) is equivalent to Eq. (33).
The FIM can also be obtained using the loss function in Eq. (26) computed at true values:

T
1 _ 1 [vec(H)| - |vec(H)
J(x) = =vec! (D)F vec(D) = ~ F 56
(x) = svec’ (D) <)2[HX1[HX (56)
with F given by Eq. (27). Computing the Hessian at the true values gives
0%J _ T
axoxT o) HT] F [O"X('"'” HT] (57)

= Fyy — FuF) FY, = F

where the definitions of Fyy, Fxp, and Fp;, in Eq. (36) has been used. Note that F is a function of x, but its partial
derivative is not required.



V. Error-Covariance Matrices

The error-covariances of &, vec(D), and vec(D”) are derived using a first-order Taylor-series expansion approach.
The error-covariance of vec(H) is also shown to be equivalent to the inverse of the corresponding FIM.

A. Error-covariance of £
Applying this first-order expansion to Eq. (23) gives

a (2 ® Lnxm)Q7' @ ® Lyxm)vec(D)
vec(D) = vec(D) + G 6vec(?) ec(AD) — [ ]

aVe( )D ox

ox (58)
D.x

where 6x = R = x and G £ Ly 1yxm(ne1) — R(Z ® Lyxm)Q7' (2" ® Lyxm). The first partial derivative in Eq. (38) is
clearly the identity matrix. There are three terms (i.e. Z ® Lyxm, Q; and 27 ® I,,,x,n), that depend on % in the second
partial derivative. Since

(& ® Lpym)vec(D) = D2 (59)

then Eq. (58) can be rewritten as
0]® 03! D2

vec(D) = vec(D) + G vec(AD) — R P ox (60)

D.,x

Because all partial derivatives are evaluated at their true values, the partial derivatives involving first two terms
(i.e. Z® Lxm and Qil) will lead to zero terms because they satisfy D z = 0. Thus, these partial derivatives do not need

‘3Dz = I:I|H = H. Hence, Eq. is given by
X

to be computed. The remaining partial derivative term is given by
D,

vec(D) = vec(D) + G vec(AD) = R(z ® Lyxm)Q3' H 6% (61)

Since % minimizes the loss function J(X) given by Eq. (Z1), it can be shown that

021\ 8%
X ~ — AD 62
X (6‘x oxT ) dx dvecT (D) vec(AD) ©2)
where the Hessian ( oJ ) is given by E d
SeaT | 18 given by Eq. (55) an
T H' O ® L) 63)
dx dvecT (D) L man
It follows that
P2 E{6x6x"}
- 1
< (B Q3 H) " [HT Q3& © hysen)] R [(2® )07 H] (H7 07 H)
(64)
(HTQA H)
where the second equality uses the definition of Q,.
B. Error-covariances of vec(D) and vec(DT)
From Eq. (62)), the cross error-covariance Pyp is given by
-1 _
Pp 2 E {6x vec"(AD)} = - (HTQEIH) HT 072" ® Lyam)R (65)



Taking the expectation of Eq. (61)), and assuming unbiased parameter estimates shows that E{vec(D)} = vec(D). Thus,
the error-covariance of vec(D) is given by

cov{vec(D)} £ E { [vec(D) — vec(D)| [vec(D) - vec(D)]T}
=GRG" + R(2® Lusxm)Q'HH" Q7' H) 'HT 07" (2" ® Lusm)R (66)
— Rz ® L)1 HP.p G = [R(2® Lyxm)Q7 HPpGT]"
The last two terms vanish because
P.pGT = - (HTQ/‘,IH)_I HT 07" (& ® Lyem)R
X [In(ns 1yxmne1) = R(Z ® Lysm)Q7' (2" @ Imxm)]T

- _ (HTQ;IH)_I [HTQZI(ZT ® Ime)R

(67)
—HT 0" (2" ® Lyxm)R(Z ® L) Q7' (2 ® Lyscm)R]
=- (HTQEIH)A {HT 0" (2" ® Luxm)R — HT 03" (2" ® Lysm)R}
=0
Hence,
cov{vec(D)} = GRG" + R(z® Luxm)Q7 HH Q7' HY ' H' 07" (2" ® Lysem)R ©3)

=R+ R2® Lyxm) [0 HF'H' 07" = 037'] 2" ® Luscm)R

Using vec(D) = KT

il mvec(DT), and a number of matrix identities, the error-covariance of vec(DT) can likewise be
shown to be given by

cov{vec(DT)} £ E {[vec(DT) —vec(D")] [vec(D") - Vec(DT)]T}
= GRG" + R (Inxm ® )07 H(HT 07" H) " HT Q7' (Luxem ® 21 )R (69)
= R+ R(Lnxm ®2) [Q'HF'H' Q7' = 07| (Inixm ® 2R

where
G 2 L 1yxm(ns1) = R (Lnsom ® )07 (Inxm ® 2") (70)

As with their respective estimates, in practice Eq. (I2)) would be used for Eq. (68), because it is a function of R, while
Eq. (22) would be used for Eq. (69), because it is a function of R. Also, in practice the estimates or measurements must
be employed to compute the error-covariances of vec(D) and vec(D7).

If m = n and H is invertible, then cov{vec(D)} = R and cov{vec(D”)} = R because

(03 HH" Q7' H)'HT 03! - 03] = 07! - 03! =0 (71)
in this case. In general, the rank of cov{vec(D)} — R or cov{vec(DT)} — R is (m — n). That is because

rank {cov{vec(ﬁ)} - R} = rank {cov{vec(ﬁT)} - R}

_ e _ _ (72)
= rank {Q'H(H" 0;'H)'H" 07" - 03'}
which is due to the fact that R, R, Z ® L, and I, ® z in Eq. and Eq. are full-rank matrices. Since
[0 HHT 0 H) 'HT Q' -0 |H=0'H-0'H=0 (73a)
HT [QEIH(HTQEIH)—IHTQEI _ Q;l] — HTQzl _ HTQzl — O (73b)

and the m X n matrix H has rank » (for the TLS problem to have a unique solution), the rank-deficient m X m matrix
[Q;lH(HTQEIH)_lHTQE1 - Q;l] has rank (m — n). Therefore, the rank of cov{vec(D)} — R or cov{vec(DT)} — R is
(m — n). The (mn + m) X (mn + m) error-covariance matrices cov{vec(D)} and cov{vec(D”)} are rank-dificient, too,
and have rank (mn + n), the minimal number of parameters to represent D.
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C. Error-covariance of vec(H)
The quantities vec(H) and § can be extracted from vec(D) using vec(H) = C vec(D) and § = Dvec(D), where

C £ [[(mn)x(mn) O(mn)xm] and D = [Omx(mn) Imxm] (74)

The error-covariance matrices of vec(H) and § can be readily retrieved from either cov{vec(D)} or cov{vec(D”)}:

cov{vec(H)} = C cov{vec(D)}CT

- . - T (75)
= [CK(mn+m)><(mn+m)] COV{VCC(D )} [CK(mn+m)><(mn+m)]
cov{§} = D cov{vec(D)} DT
r - - T (76)
= [DK(mn+m)><(mn+m)] COV{VeC(D )} [Z)K(anrm)X(anrm)]
It is now proven that the error-covariance cov{vec(H)} can be approximated as the inverse of the FIM for vec(H):
cov{vec(H)} ~ (Fun — F1, F} Fun)™ (77)

with the right-hand-side matrices defined by Eq. (36). Using the Sherman-Morrison-Woodbury formula on Eq.
gives
cov{vec(H)} ~ F,;! + F; ) F, PF.,F;) (78)

where P ~ F~! = (F! = Fy F;;) F7,)™" has been used. The error-covariance matrices given by Eqgs. (73) and (78) are
identical. That is,
Ccov{vec(D)}CT = F,}! + F,,|F!, PF.,F;)} (79)

This result is now proved. Using Eq. (68) with P = (HT Q7'H)™! gives
C cov{vec(D)}CT = C{R + Rz ® Lnxm) [0' HPHT 03" - 07'| 2" ® Luxm)R}CT (80)
Rearranging terms gives

C cov{vec(D)}CT = C [R = R(z ® Luxm)Q3' (2" ® Lyxm)R] CT

_ - ) T 81)
+ [CR(2Z ® Luxm)Q7 ' H| P [CR(Z ® Lyxm)Q7' H|
Therefore, the following sufficient conditions for Eq. to be true are given:
C [R - Rz ® Luxm)Q3' (2" ® Luxm)R| CT = F (82a)
CR(Z® Luxm)03'H = F;y F, (82b)

Note that [R = R(z ® Lyxm)Q}' (2" ® Iuxm)R] = GR. Equation (82a) is now proved. Pre-multiplying Eq. (23) by C
gives

vee(H) = C [ nustpmtns1) = RS Lnn) 03 B ® L) vee(D) (83)
On the other hand, substituting the definition of Fh‘h1 into Eq. (23) gives

T
A 1 _ .
Vec(H)th_h1 A(Tm")x(m") R7' vec(D) (84)
'

Ime

Since the two estimates of vec(H) are identical, then

T
I(mn)x(mn)

R7! 85
XT ® Lnxim ( )

o [Im(n+1)><m(n+1) -R (Z ® Ime)QZI(ZT ® Ime)] = Fh_h1

11



Post-multiplying both sides of Eq. (83) by RCT gives

T
- _ 1
C [R = Rz ® Lyxm)Q7' (2" ® Lnsm)R| CT = F| X;m;)i("‘")l c’=F;) (86)
mxm
where the last equality is derived using
I, ! I,
;mn)X(mn) CT = [I(mn)x(mn) X® Ime] (mmxmm) | I(mn)X(mn) (87)
X' ® Lxm Omx(mn)

This proves Eq. (82a). Post-multiplying both sides of Eq. (83) by [0x(mny H' |" and using the definition of F!, gives

¢ || - C R (2 Lm) Q7 B ® D) [0(”’;1’*”1 = Fi Fly (88)

Substituting
c O(’”;’I’X’”l = Ouunyom (89)
& ® L) [0(’”;;*”1 = [xT ® Ly —Ime] [Ow;;ml =-H (89b)

into the left-hand-side of Eq. (88) gives Eq. (82b). This completes of the proof of Eq. (79).
Finally, it is pointed out that the error-covariance cov{y} can be derived from

§ = A% = (X7 ® Lyxm) vec(H)

oT B (5 15T A (90)
= ® @ Luxn)C | Inws1pmins1) = R@® L) 03 B ® L) | vee(D)
where Eq. (83) has been used. Linearizing around the true values gives
§ =¥+ [(x" ® Lusxm)CG]| vec(AD) + [ L — (X" ® Lnsn)CG(Z ® Lnxm)Q5' | HOX 91)
It can be shown that
(I ® Iyxm)CG = DG (92a)
Lusim = (X° ® L )CG(Z ® Lysim)Q7' = DR (2 ® L) 07" (92b)

So, § can be rewritten as § = Dvec(D). Therefore, the error-covariance cov{§} = Dcov{vec(D)} DT .

VI. Element-Wise Uncorrelated Case
Equation (T4) is useful for analysis purposes to relate the general TLS to the element-wise uncorrelated case shown in
[10]. For this case the covariance matrix is given by the following block diagonal matrix: R = blkdiag [R; Rz -+ Rul,
where each R; is an (n + 1) X (n + 1) matrix given by

Rin;  Rny,

R, =
Rz;yi ﬂyyi

(93)

where Ry, is an n X n matrix, Rpy, is an n X 1 vector and Ry, is a scalar. Partition the matrix AH and the vector Ay by
their rows:

6h{ 6y1
6h§ 6y2

AH=1 |, Ay=]| . O4)
6h2 OYVm

12



where each 6h; has dimension n X 1 and each 8y; is a scalar. The partitions in Eq. (93) are then given by

Run; = E {6h;6h] } (95a)
Rny, = E{0y;0h;} (95b)
Ryy, = E {5yl'2} (95¢)

Note that each R; is allowed to be a fully populated matrix so that correlations between the errors in the individual i
row of AH and the i element of Ay can exist. When Rny, is zero then no correlations exist.

A. Loss function analysis
This section shows that the loss function in Eq. (T4) is equivalent to the one derived in [[10] for the element-wise
uncorrelated case. Since R is now block diagonal, then the quantity R (/,,x» ® 2) in the matrix Q ; is explicitly given by

Riz 0 0
0 Rz --- 0
R(Lypxm ®2) = | . . (96)
0 0 R
Then Q ; reduces down to
Q;=diag[2"Riz 2Rz - 2R, (97)

Also, the quantity (1;x,, ® i)Q;(Ime ®2") in Eq. (T4) is given by

(Inxm ® 2)Q7 (L ® 27) = 07' @ (227)

5 5T 5 5T 55T (98)
- blkdiag | o2 22 .. 2%
2TR1Z2 TR,z 2T Rz
Partition the matrix D, D and D by their rows:
a7 a7 T
d, d; d,
_ o |d? . |dr a’
b=\’ b=|"|. p=|" 99)
d, d, d,

where d;, &i and d; each have dimension (n + 1) X 1. Then the loss function in Eq. reduces down to

m_ (3T 5\2
J(%) = %; (;RZ)Z (100)
which is equivalent to the one derived in [10].
For the element-wise uncorrelated case Q, is given by Eq. evaluated at its true values:
Q. = diag [zTﬂlz ZTR2z zTRmz] (101)
Substituting Eq. (I0T)) into Eq. (32) gives - .
S

i=1

where h[.T is the i row of H. Equation (T02) is equivalent to the FIM for the element-wise uncorrelated case derived in
[10]. If Rpp; and Ry, are both zero, meaning no errors exist in the measured basis functions, then the FIM reduces
downto F = 3", R;ylih,-hl.T, which is equivalent to the FIM for the standard least squares problem.
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B. Error-covariance analysis
This section shows that the error-covariance in Eq. (69) is equivalent to the one derived in [[10] for the element-wise
uncorrelated case, which is first summarized here. Define the following matrices:

A bl‘XT bi
M | 5 e (105
N, &2 b, (103b)
he = TR z
T
Moa | Bx L B } 103¢
v TRz TRz (103¢)
B:h!
A 1
£ 103d
Y 2T Rz ( )
where §; £ ngix —Ryy, and b; £ Ry, X — Rpy. . The error-covariance of h; is given by
Py, = My, RiM| + Ny, P N]. (104)
The error-variance of y; is given by
Pyy, = My, RiM], + Ny, PN}, (105)
Also, the cross-covariance is given by
Phy, = My, RiM;, + Ny, PN}, (106)
Finally, the error-covariance of d;, denoted by P44, is given by
Ppp;  Ppy,
Paa; = | r Y (107)
Phyl- Pyyi

The matrices in Eq. (I03) should be computed using the estimated values in practice because they are derived using
hl.Tx —y; = 0. The estimates also obey ﬁl.Tf(i — §; = 0 by virtue of the required constraint in Eq. (), but using the
measurements with fliTii — ¥: = 0 is not zero in practice. Therefore it is more accurate to use the estimates rather than
the measurements to compute these matrices. Also, note that P44, can be written by

T
My, Ny, R; 0 M. N,
Pddl- _ l h; h; . i (n+1)xn h; h; (108)
M)’i Nyi O(n+])><n p Myi Nyi
The i block diagonal matrix of Eq. (69) is given by
Ri TR,' RiZ hTP hiZTRi
Pag, = Ri — 22 ’ (109)

'Rz " (2T R;z)?

The quantity R;z can be written using the definitions of b; and B; by R;z = [b!’ ,Bi]T. Therefore, Py, , Phy, and Pyy,
are given by

bb”  b;h! Phb!

Pun. = Rup: — + 110
hh; hh; Rz @ Rz)? (110a)
B:b;  Bib/h! Ph;
Py, = Rpy. — 110b
e T T TR (2 Rz)? (110b)
B> p*h’Ph;
P,y =R,y — ! L 110
yyi YYi ZTR,'Z (ZTR,-Z)Q ( C)
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The next step is to show that the expressions given by Eqs. (I07) and (T08) are equivalent to the ones given by Eq. (TT0).
Explicitly multiplying terms in Eq. (I08) to determine Py, gives
(DX R, = DR+ R X BT = Ry, bl.T)
2T Riz
(DX R XBT = 20,RE XY + biRyy,bT ) by p b
+
(2" R;z)* (2" R;z)*

Pun; = Run; —
(111)

+

From the deﬁmtlon of b;, and using 2" R;z = X" Ry, x - 2R] 4. X+ Ry, it can easily be seen that Eq. (TTI) is equivalent
to Eq. (I10a). Explicitly multiplying terms in Eq. (I08)) to determlne Py, gives

(ﬂiﬂhh,-x = BiRny; + biRZ;yix - biR)’)’i)

Phy, = Ry, = T
zI' Rz (112)
(ﬂibixTthiX - ZﬂibiR}{in + ,BibiRyy,.) ﬁlblhfp h;
+ +
(2T R;z)? (2" R;z)?

From the definitions of b; and 3;, and using z" R;z = X" Ry, x — 2R} 1y X + Ryy, it can easily be seen that Eq. (TT2) is
equivalent to Eq. (TTOB). Explicitly multiplying terms in Eq. (I08) to determine Py,, gives

2 (,BiRZyix - ﬁivzyy,.)

Pyy, = Ryy, — T
z Rz (113)
(B2 Runx = 263RE, x-+ 2Ry, ) 20T P,
+ (2T R;z)? + (2T R;z)?

From the deﬁmtlon of B;, and using z' R;z = xI Ry, x — ZR hy X T Ryy, - it can easily be seen that Eq. (TT3) is equivalent
to Eq. (TT0c). This completes the proofs. It should be noted that using Eq. (T09) or Eq. (ITI) to compute P44, or its
sub-matrices involves less computations than using Eq. (T08).

Substituting R = blkdiag [R; R, --- Rp] into Eq. (70), and using Eq. (O8) evaluated at the true values, leads to

G = L1 xmins1) — blkdiag f;;i fﬁ;i . 7;;;:; (114)
Therefore, G R G" in Eq. (69) is given by
GRG" =blkdiag [GIRIG] GyRGL -+ GuRmGh| (115)
where —_—
Gi = Ins1 = leRiz (116)
This shows that the matrix G R GT has a block diagonal structure. However, the matrix
R (Lnsom ® 2)07"H P H" 07 (Iyisem ® )R (117)

does not have a block diagonal structure, even with a block diagonal R matrix. This means that even though the
measurements are element-wise uncorrelated, their corresponding estimates are correlated. The i estimate d; is given
by [10]

. Ri23T
d; = [I(n+1)><(n+l) - m] (118)
The cross-covariance terms are computed using
Paya, 2 E {(&,- - E{&,-}) (&j - E{&,})T} (119)
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For the element-wise uncorrelated case E {(Ni,-&jT.} = d,-dJT.. Then the only contribution in the cross-covariance terms
comes from the term R;227 d; /(2" R;2). The estimate 2 is related to its true value z through

Z=17+0z (120)
where 6z = [6x! 0]7. Substituting Eq. (T20) into R;22” d; and ignoring second-order terms gives

Ri227d; ~ Rizz'd; + Rizé6z' d; + R;622' d;

(121)

= R,’Z (5ZTdi

where the identity diTz = 0 has been used. Using the binomial series for a first-order expansion of (27 R; z)~! leads to
the approximation

@R 2)' ~ (2" R z)™" - 2(2" R; 62)(2" R; 2)2 (122)

A A

Then, to within first-order R;227 d; /(2" R;2) is given by

237d;, Rizd'6z R;zh!
Rjzz fll L NG _ NE o (123)
TR 2T R;z TRz

where the identity d 6z = h! 6x has been used. Equation (T23) indicates that £ {d,} = d, because the errors on d, are
zero mean. Using E{6x 6x’ } = P and the fact that E{d;} = 0 yields

RiZ thP hjZTRj

- (2" Riz)(z" R;z) (124)

P, d;

Setting m = 1 in Eq. gives (Ixm ® z) = Z. Then the cross-covariance terms computed using Eq. are given by
Pa,a; = Riz Q3] Ph;Q3 12" R; (125)

where Q,, = z! R;z and Q = 2/ R;z. This shows that Eq. (T24) is indeed identical to Eq. (123). Therefore, the

element-wise uncorrelated error-covariance expressions are identical to the ones derived from the generalized correlated
case shown in this paper.

i

X

Fig.1 Three-dimensional bearings-only geometry.
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VII. Bearings-Only Localization
Total least squares is applied to estimate the three-dimensional location of a stationary target point using passive
bearing measurements. The problem geometry is depicted in Fig. [l The goal is to estimate the point p from
bearings-only measurements, denoted by 6; and ¢;. The baseline points, denoted by X;, ¥; and Z;, are assumed to be
imprecisely known. The bearing measurement model and baseline point models are given by

0; = 6; + 66; (126a)
Gi = ¢i + ¢ (126b)
X; = X; +6X; (126¢)
Y, =Y +6Y; (126d)
Zi=Zi +6Z; (126e)

where 66;, 6¢;, 0X;, dY;, 0Z; are zero-mean Gaussian noise processes with variances 0'5_, 0'35_, 0')2(_, 0'%_ and 0'%_,
L i 1 L U

respectively. It is assumed that all these errors are uncorrelated with each other. The observations are modeled as

6; = tan”! (%) (127a)
¢; = sin”! i Zi (127b)
V=X + (v - %2 + (2= Z)?

Taking the tangent of both sides of Eq. (127a) leads to yg, = hgl_ X, with

Yo, = —X; sin(6;) + ¥; cos(6;) (128a)
hg, = [-sin(6;) cos(8;) 0]" (128b)
x=[xy z]" (128c¢)

The linear model form involving ¢; is derived in [16] for the case of X; = Y; = Z; = 0. Here the derivation is shown for
nonzero values of X;, ¥; and Z;. Taking the sine and squaring both sides of Eq. leads to

[(x = X)* + (y = Y)* + (z = Z;)*] sin’(¢y) = (z — Z)* (129)

Substituting y — ¥; = tan(8;)(x — X;) in Eq. (129) gives

[1+ (0] (x - X, sin(gr) = [1 - sin2(6)] (2 - 20 (130)
or 1
m(x - Xi)2 sin2(¢i) — COSZ(¢1’)(Z a Z,»)z .

Taking the square root of both sides of Eq. (I31)) leads to y,, = hgix, with

Yo, = —Xisin(¢;) + Z; cos(6;) cos(¢;) (132a)
hy, = [-sin(¢;) O cos(6;) cos(¢)]" (132b)

Note derivation of Eq. (I32) involves the process of squaring an equation and then taking the square root. This equation

is correct because the straight line satisfies P gigfés)(ei) = Cos((qﬁy,-_))s?r)l(ai) = gf;(ij; The matrix H and vector y are given by

H, yi
H, y2

H=| |, y=|. (133)
H,, Y
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where

T . ,
H, = h? _ |- s.m(Hl) cos(6;) 0 (134a)
h¢>.~ —sin(¢;) 0 cos(6;) cos(¢;)
v = | l | HXsinG@) + Yicos(@n } (134b)
Vi —X; sin(¢;) + Z; cos(6;) cos(¢;)

The matrix D is given by the usual TLS form of D = [H y]. The matrix D is formed by using the measurements in
place of D, and the matrix D is formed by using the estimates in place of D. The linear form of Eq. is preferred
over the nonlinear form for two reasons. First, a linear least squares approach can be used to determine an initial guess
of the point p. Second, the nonlinear form will result in a linearized H matrix that involves noise in its elements, which
leads to a nonlinear TLS problem. It is important to note that the solution to the TLS problem is only an approximate
one because the Gaussian measurement errors are no longer Gaussian through the transformation to a TLS form. Still,
the approximate TLS solution is good for the realistic case of having fairly large signal-to-noise ratios, as will be seen by
the results.

The two-row elements of D are denoted by D;, and are given by D; = [H; ¥:]. The covariance matrix of the vector
vec(D;), denoted by R;, is now shown. The procedure is shown in [10]. Only one term will be derived here, and
the same procedure to derive all other terms follows along the same lines. The 1-6 element of R; is given by Rjs, =
E{—sin(6;) cos(6;) cos(¢;)} + sin(6;) cos(6;) cos(¢;). The first-order approximations sin(a + da) = sin(a) + da cos(a)
and cos(a + da) = cos(a) — da sin(a) for any angle @ and small-angle perturbation Sa are now used. Using the
associated angles with these approximations gives

Ri6, = E{06; sin?(6;) cos(¢;) — 66; cos>(6;) cos(e;) + 691.2 sin(6;) cos(6;) cos(¢;)
— 86,6¢; sin>(6;) sin(¢;) + 66;6¢; cos*(6;) sin(¢;) — 6675¢; sin(6;) cos(6;) sin(¢;) (135)
+ 8¢; sin(6;) cos(6;) cos(¢;)}

Because 66; and §¢; are each zero-mean processes and are also uncorrelated, then Ry, = 0'6,2_ sin(6;) cos(6;) cos(¢;).
The matrix R; is given by

_Rn,- 0 Rz 0 0 R, Rz, Ris,

0 RZZ,— 0 0 0 R26L- 0 Rzgi

R, 0 Ry, 0 0 Ry, Ry, R,

_ 0 0 0 00 O 0 0
R; = (136)
0 0 0O 00 O 0 0

Ris; Ry, Ris; 0 0 Res;, Rer, Res,

Riz, 0 Ry;, 0 0 Rer, Ry, Rys,

[Ris;, Ros, Rag, 0 O Res, Rys, Ras,

The diagonal elements are given by
Ry, = o-éi cos?(6;) (137a)
Ry, = o, cos*(6) (137b)
R33i = 0'5,_ sinz(H,-) (1370)
Res, = oﬁi sin(0;) cos>(¢;) + (réi cos?(6;) sinz((/),-) + 0'31_ 0';1, sin?(;) sin2(¢,~) (137d)
Ry, = (Tgi {[Xi cos(6;) + ¥ sin(6;)]* + 0')2(1, cos?(6;) + o-%i sin2(0,-)} + a'i sin®(6;) + o-%i cos?(6;) (137¢)
Rgs, = o, sin®(0;) cos™(¢)[Z] + o7, + 075, |
+ O';i {[Xi cos(¢;) + Z; cos(6;) sin(¢;)]> + O')Z(i cos?(¢;) + o-i cos’(6;) sinz(gbl-)} (137f)
+ a'}z(i sin(¢;) + o-%i cos?(8;) cos>(¢;) + o'gzi o-él_ a’%i sin’(6;) sin®(¢;)
The off-diagonal elements are given by

Ry3, = o-é_ sin(6;) cos(6;) (138a)
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Ris, = o-i sin(6;) cos(6;) cos(¢;) (138b)

Ry7, = 0'92,, cos(8;)[X; cos(6;) + ¥; sin(6;)] (138¢)

Rig, = crgl_ Z; sin(6;) cos(8;) cos(¢;) (138d)

Ra, = a'qzsi cos(6;) sin(¢;) cos(¢;) (138e)

Ras, = o, cos(@)[X; cos(¢) + Zi cos(6;) sin(¢7)] (138f)

Rss, = 07y sin®(6;) cos(¢b;) (138g)

Ry7, = o sin(8;)[X; cos(6;) + ¥ sin(6;)] (138h)

Rsg, = 0—6’21- Z; sin®(6;) cos(¢;) (138i)

Ry, = 0, sin(6;) cos(@:)[ X cos(6;) + ¥; sin(6;)] (138j)

Res, = 0, Z; sin’(0)[cos™(¢y) + o, sin’(¢7)] (1380
+ 0, cos(6;) sin(¢)[ X; cos(¢;) + Z; cos(6;) sin(4;)]

Ry, = o-éi Z; sin(6;) cos(¢;)[ X; cos(0;) + ¥; sin(6;)] + 0')2(1_ sin(6;) sin(¢;) (1381)

The measured values can be used in place of the true values, which leads to second-order error effects for large
signal-to-noise ratios. The matrix R used in the TLS solution is then given by

R =blkdiag [R; R, -+ Ry (139)

It is important to note that this example does not correspond to the element-wise uncorrelated case because the rows of
D; are correlated.

In the simulation the location of the point p is given at (1000, 2000, 1500) meters. The baseline points are
time varying with X; = 500sin(0.01¢;), ¥; = 300co0s(0.2¢;) and Z; = 200sin(0.2¢;). The variances are given by
0'3[ = o-(%i = (0.057/180)? rad? and 032([ = 0'%_ = 0-%[ = 1 m? for all i points. The final time of the simulation run is 10
seconds, and measurements of §;, &i, X;, Y; and Z; are taken at 0.05 second intervals. The number of measurements is
thus m = 201. One thousand Monte Carlo runs are executed in order to compare the actual errors with the computed
30 bounds using the inverse of Eq. (52). The iterative algorithm shown in the Appendix B is used to determine the
TLS estimate. The TLS initial estimate is given by using a standard linear least squares solution with the measurement

covariance given by Ry, = blkdiag[Ryy, Ryy, -+ Ryy, ], with
5 Ry7, Ry,
yyi = | 5 - (140)
Rz, Rgs;

Note that the inverse of Ry, is required. The fact that the inverse of a block diagonal matrix is another block
diagonal matrix, composed of the inverse of each block, can be used in order to reduce the computational load,
ie. R} = blkdiag[R;} Rj} --- R;} ]. Also, the dimension of R is 1608 X 1608, but its rank is only 804. This poses
no issues in the TLS solution because the matrix Q,, which has dimension 402 x 402, is indeed full rank. Thus, it is
invertible. The solution may not be guaranteed to be unique, though, because R is positive semi-definite. Methods to
overcome this issue are discussed in [17]], but are not required for this particular problem because the estimates are
shown to be consistent.

The matrix th,hy £ [Run Rhy] is defined differently for this specific problem due to the two-row concatenated
structure of H. This structure is chosen so that R is block diagonal, which results in Run,ny being given by

Run,ny = blkdiag [Runny, Runny, = Runnyp | (141)

with th,hyi given by the first six rows of R; in Eq. (136). For this simulation the matrix th,hy has dimension
1206 x 1608. Figure [2]shows the errors for the TLS estimates along with their respective computed 30~ bounds. This
indicates that using the inverse of Eq. (32)) can be used to accurately compute the 30~ bounds, and that the actual errors
are consistent with the 30 bounds. Also, Fig. @] shows the estimate errors for the D,; element of the matrix D, which
corresponds to —sin(¢ ), the first element of hy, , along with its computed 30~ bounds using Eq. (68). Again the estimate
errors are consistent with their associated 30~ bounds. Plots of the standard least squares errors are shown in Fig.[3| The
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Fig.2 Total least squares bearings-only estimation errors.

number of x-errors that are outside of their respective 30 bounds is 186 out of 1,000; the number of y-errors that are
outside of their respective 30~ bounds is 177 out of 1,000; and the number of z-errors that are outside of their respective
30 bounds is 189 out of 1,000. This shows that naively using the noisy design matrix in standard least squares can
produce inconsistent estimates. But the total least squares solution overcomes this issue.

VIII. Conclusions

The maximum likelihood analysis presented here applies to the most general case for the total least squares problem
where all the errors are correlated. The Fisher information matrix has been derived which is used to provide the
Cramér-Rao lower bound. Although achieving this bound cannot be easily shown in theory because no closed-form
solution for the solution of the most general total least squares problem exists, the usual maximum likelihood properties
can be invoked. These include the invariance principle, asymptotic consistency, and the asymptotic efficient property.
Furthermore, the derived error-covariance expressions are useful to analyse the quality of the estimates. Simulation
results using three-dimensional bearings-only localization showed that the derived Fisher information matrix can be
used to provide accurate bounds for the estimate errors.
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Appendix A: Bias in Total Least Squares Estimation
The derivation is based on the approach shown in [18]. To second order in measurement noise and model errors, the
bias B¢ in the TLS estimate of a = [x” vec” (H)]” is given by

HTR
B ﬁx —_pa|_ hy_ (A1)
ﬁh Rhy +X® Ryy
where the matrices are given by

Pox Puy
pe=| X e (pay! (A.2a)

P Ppp

_ L -1

Riy = ~Rip Ruy (Roy = R Rk Riy) (A.2b)



_ L -1
Ryy = (Ryy = RE Rk Ry (A2¢)

where Py, £ P, and Py, and Py, are sub-blocks of Pyp and cov{vec(D)}. The components m; of the m X 1 column
vector m are given by

mi = Py, (A3)
j=1

where Pp;; x; is the element of P“ associated with H;; and x;. It is the covariance between H;; and x; (to first order).

It follows from Eq. (A-T) that the bias in the estimate of x is

Bx = [PH Ry + Pup (Riy + x® Ryy)| m (A4

The estimation bias is small if the signal-to-noise/error ratio is large and the problem is well conditioned. In these cases,
the matrix P is a good approximation of the error-covariance matrix.

Appendix B: Iteration Solution for the Total Least Squares Solution
The iteration process described in [[19] is used for the TLS solution, which is reviewed here.
1) Begin with the initial estimate using least squares: %° = (I-NITRy_y1 I:I)‘II:ITRy‘ny.

T
i sie\T . . . e
2) Compute 27! = [(x’ 1) - 1] with the current estimate, and then compute the following quantities:

. . \T _ .
0} = [(z‘) ® Ime] R (57" ® Lo

where Ivec denotes the “inverse" vec operator, which forms an m X n matrix for £ ;1
3) End when ||&~! — &|| < € for a small threshold €, X = &'

This iterative algorithm provides a linear convergence rate based on a Gauss-Newton approach.
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