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A novel method for nonlinear filtering based on a general@adssian cubature
approach is shown. Specifically, a new point-based nonlifiéer is developed
which is not based on one-dimensional quadrature rulesrather uses multi-
dimensional cubature rules for Gaussian distribution® fféw generalized Gaus-
sian cubature filter is not in general limited to odd-ordegrées of accuracy, and
provides a wider range of order of accuracy. The method regtiie solution of a
set of nonlinear equations for finding optimal cubature [mibut these equations
are only required to be solved once for each state dimensamlorder of accu-
racy. This rule is also extended to anisotropic cases whererder of accuracy is
not isotropic in dimension. This method allows for tuningloé cubature rules to
develop problem specific rules that are optimal for the gju@ilem. The general-
ized Gaussian cubature filter is applied to benchmark pnobla astrodynamics,
and it is compared against existing nonlinear filtering rodth

INTRODUCTION

Sequential state estimation has been successfully appliadmber of problems in many dis-
ciplines including; aircraft tracking, satellite orbittdemination! spacecraft attitude determiRé,
and many other$>%7 The main goal of sequential state estimation is to use measnts of the
system of interest along with dynamic model to determine stiimate of current state and some
measure of error in this estimate. The Bayesian framewakigles a mechanism to completely
determine the probability space of the system state butdhgien is not in general solvable for
nonlinear systems. Several approach

Optimal integration approximation theory in one dimens®well-known, and many rules have
been developed for different weighting functions and iraéign domains. In this work two distinc-
tions are made; one between rules in one dimension and rufesltiple dimensions, and another
between whether rules that are based on classical typesafytior more generalized forms. Inte-
gration rules in one dimension are referred to as “quadzatules” and integration rules in multi
dimensions are referred to as “cubature rules.” Likewisegration rules are referred to as classical
or generalized defined by their individual based theory.
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The Gaussian quadratures rules in particular involve thienapintegration of polynomials with
the minimum number of nodes. It is well-known how to constt@aussian quadratures for one-
dimensional integrals. Rules based on orthogonal polyalsnare also well-known, and are referred
to as Classical Gaussian Quadrature (CGQ) in this work. iRigce different class of quadrature
rules has been developed that is not based on orthogonalgmoigls, but rather on the integration of
general classes of functions. These rules are referred@easralize Gaussian Quadrature (GGQ)
in this work?

For higher-dimensional problems optimal integration sudee very important. Integrals for di-
mensions greater than one still remain a challenge. The stagghtforward way to construct
these rules with tensor products of one-dimensional Glas§iaussian Cubature (CGC) rufe¥) 1!
These tensor products produce rules that are far from optand require much more nodes than
needed to achieve a pre-selected desirable precision. riicydar the number of nodes increases
rapidly with dimension, making these rules un-usable faratisions greater than 20. This current
work investigates a technique called generalized Gaussilature where the rules are constructed
to integrate a set of function exactly. Also, this work deypsl an approach to form generalized
Gaussian cubature rules for Gaussian mixture distribgtion

PROBLEM STATEMENT

For Gaussian nonlinear filters the key computational chglleis evaluating Gaussian integrals
of the following form:

T(o) = | aGON (xlu.P)dx @

wherex € R?, g : R? — R!, andV (x|u, P) denotes a multivariate normal probability density
function for x with mean and covariancg and P, respectively. The sigma-point filtering and
smoothing methods in general can be viewed as methods whgrbxamate the integral in Eq1)

as

/R GOV (x|, P)dx = Y Wiglx) 2)
=1
wherelV; andx; are predefined weights and sigma points, respectively. Tehes§dan integral has
a solution in general using a change of variables, callechaftic decoupling, where sigma-points
are developed to solve the following integral:

/R SN (nl0. 1) dn = > Wiglm) 3)

i=1

whereg = g(u ++/Pn) andP = VPP . Sigma-point methods differ in the selection of sigma-
points,n, and weights}¥;, to solve the integral in Eq1J. In general the functiof can take on any
form. Therefore sigma-point methods are designed with da @ be exact, and/or accurate for a
class of functions with the hope thais well approximated by this class.

Typically the class of functions considered are polynorfigctions of several variables. For
the purpose of this work the order of the multi-dimensionallypomials will be defined by its the

monomial with the largest multi-indek! norm. The multi-index is denoted ky = (ay, ..., ayg),
where eachy; is the order of!" variable in a given monomial. Then for a givarthe set of variables
x monomial in variablesy, ..., x,, of indexa is given by

X% = (21" ... 2d?) 4)



The numbefa| = Zle «; isthen called the degree gf* and the order of a polynomial in multiple
dimensions is determined by its highest degree monomia. ntimber of polynomial functions in
d variables of degree less théis given by

(£ + d)!

Ne=—a

(5)
The number of polynomials of degree greater tlagrows rapidly with dimension. This rapid
growth is referred to the “curse of dimensionality.” In th@lédwing sections nonlinear Bayesian
filters based on Gaussian assumptions will be discussedsoffgmoduct and sparse gird tensor
product cubature approximations to Ef) will be shown. This will followed by a new generalized
Gaussian cubature approach.

NONLINEAR GAUSSIAN FILTERING

In the general nonlinear filtering problem the goal is to daiee an estimate of the state vector
x from observationy, where the following dynamic and observation models arergiv

xp = f(xp—1) + Wi (6a)
vk = h(xp) + vi (6b)

wherew;, andv;, are zero-mean Gaussian noise processes with covari@}cesE{wkwg} and
Ry, = E{vyv}}, respectively. Sequential Bayesian state estimation theea priorp(xy|y1.x—1)
(state uncertainty based on previous measurements) afikiefiteood p(y|xx) (uncertainty based
on measurements) to calculate the posterior probabilibsitie function (pdf) of the state condi-
tioned on the current measurements through

<  p(yexe)P(Xk|y1:k—1)
POk 1k) = T e p(ely Lot )0 @)

In between measurements the conditionalygetf |y1.,—1) is found using the Chapman-Kolmogorov
equation:

P(Xk|yik—1) = /p(Xk\Xk—1)p(Xk—1\yhk—l)dxk—l (8)

The nonlinear filtering problem given in Eg)(can be solved with Eq.7f and Eq. 8), but in
general this problem is difficult to solve. Therefore, apmate Gaussian-based filters are of-
ten used. In the Gaussian filtering approach the likelihawdl teansition pdfs are assumed to be
p(Xk[xp-1) = N (xx — f (xx-1); 0, Qx) andp(yx[xi) = N (yr — h(xx); 0, Ry), respectively.
Then the nonlinear filter problem becomes estimating paatgpand post-update means and co-
variances {Xy—1, Prjk—1} and{Xy, Py, }, respectively). The pre-update mean and covariance
is found via propagating the state and covariance from tbeiqus time-step to the current time-
step, which is given by

Xplh—1 = /Rd f(xp— )N (Xp—1; Rp—1jk—1, Poe1jk—1) dXp—1 (9a)

Pyjp—1 = /Rd £(x—1)f (k1) N (k13 Ri—1jp—15 Pro1jb—1) dXk—1 — Rpjp—1X4 1 + Qk
(9b)



Then given measurements, the post-update mean and came&ggunations are given by

Xlk = Xkt + L [y — e (Xp-1)] (10a)
Py, = Py—1 — L P, (10b)

where these equations follow the Gaussian filtering assomgtand therefore have the Kalman
filter structure. The terms in EqLQ) are calculated as follows

Ly = Py (R + Pyy) ™" (11a)

= /Rdh(xk)./\f(xk; Kio1s Prjot) dx (11b)

Py = /Rd (31 — %pgp—1) (h(x) = %) " N (x5 K1, Prje—1) dxi (11c)
Py = /Rd (h(xk) = &) (h(xx) = F&)" N (%5 Kije—1, Prjp—1) dxi (11d)

Finally, all the integrals in Eqs 9}, (10), and (L1) can be determined by solving the integral in
Eq. 3). This paper proposes an improved solution to nonlineariiilyy by improving the solution
of Eqg. 3) with the method discussed in the next section.

Tensor Product Cubature

The most straightforward way of developing cubature ruesising tensor products of one-
dimensional Gaussian quadrature rules. Tensor Producit@eb(TPC) rules can be derived for
Eq. (1) by noting that\ (n; 0, I) = N (15 0, 1) --- N (n4]; 0,1), and the integral can be written
as

/ngmmsz
Rd

(12)
/ N (1150, 1) - / N (m2; 0, 1)/ GN (m1; 0, 1) dmidny -+ dng
R R R
where the integral above allows for a telescoping evalodtio the integral, and one-dimensional
guadratures rules can be used for each ofrfthategrals. Then the multidimensional integral in
Eqg. (1) can be approximated using the tensor products of one-dgiimresl CGQ rules. Each inte-
gral in Eq. (L2) can be written as

m

/Rl 9N (3 0, 1) dn; = > g(n) W, (13)

1=1

where the one-dimensional nodajs and weightsWJ? are from one of the several known one-
dimensional rules. Alsoy: denotes the number of points for the chosen level of accurBlegse
rules include Clenshaw-Curtis, Gauss-Patterson, Gaassité¢, Gauss-Legendre, Gauss-Laguerre,
generalized Gauss-Laguerre, and Gauss-Jacobi. Eachsef thkes is a CGQ for a given weight
function contained in the integral and the domain of thegrdk In other words each rule is optimal
for a given form of the integral in Eq18).

Using the rule in Eq.X3), multidimensional rules are constructed with tensor potsl of the
one-dimensional rules. Each one-dimensional rule is eéeagiolynomials of degree less than or



equal to2m; — 1, wherem; is the number of points used for the rule in tfedimension. Different
rules may be used along each dimension and therefore the éiad&he multi-index is then given
by a = (a1, - - ay,), Which is used to define the accuracy level along each dirmendihe tensor
product cubature rule is then defined by

Qn

(o) m Y - > gl (wh @ 2w (14)

i1=1 in=1

The total number of cubature points required for the ruledn(iE4) is given by the product of each
one-dimensional quadrature rule:

d
Ntpc = H (i) (15)
=1

When the same level of accuracy is used for each dimensiemumber of points for the tensor
product quadrature rule is given by
Ntpc = m* (16)

From Eqgs 15) and (@6) it is clear that the number of points grows rapidly for boticreasing
level of accuracyn and dimensioni. This growth in numerical complexity of the tensor product
rule is related to the curse of dimensionality. The tensadpct rule uses more points than is
requires to achieve a given accuracy level. In general,ghear product rule is only feasible for
low-dimensional problems.
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Figurel. CubatureRules

Smolyak Sparse Grids

There are a number of applications that require the evaluatf the multidimensional integral
in Eq. @) for large number of integration variables. The number afa®in the tensor product
rule grows rapidly with accuracy level and dimension, bet ¢inowth rate is higher than required
for achieving a given accuracy level, as previously memtibnThe sparse tensor product method



is a popular cubature method which is more efficient thanotepsoduct-based rules. One sparse
tensor product method is the Sparse Grid Cubature (SGC)aahettrhich was first introduced by
Smolyak? and further developed by others. These methods reduce theemwof cubature points
drastically while maintaining the desired accuracy level.

The Smolyak isotropic formulas will now be described, falilog from a description in ReflLO.
The Smolyak isotropic formula operator is denotemfy), where/ is a level that is independent
of dimensionN. The Smolyak formulas reduce the number of nodes by onhgusimsor products
with relatively small number of points. The Smolyak formaikzre linear combinations of the prod-
uct formulas that limit the growth of the number of nodes loyiting tensor products which result
in large number of points. Another key property is in the d&éin of difference formulas:

A" =U; — Ui 17)

with Uy = 0. Fori > 1 the quadraturé/; can be written as
l .
Ui=) A (18)
i=1

The/™" degree quadrature can be written as the sum of differenoeifas. The use of the difference
formulas simplifies the sparse cubature formulas greatlynfaltidimensional cases. The isotropic
Smolyak quadrature formula is given by

QEN) _ Z (A" @ ... @ A%) (19)

|| <l+n

Note thatja| = a1 + - -+ + a,. Equivalently, the formula in Eq10) can be written as

¥V =3 (—1>w+d‘“< 0l ><U“1®---®Uan> (20)

w+d— |af
(+1<|al<+N

The form of Eqg. R0) is also valid for the tensor product cubature rule in B®).( This rule can be
written by

Q§N) _ Z (UM ® .. @U™), max || = max{¢y, ..., Iy} (21)

max |a| </

The difference between the full tensor product rules angpaese tensor product rules is the index
« used in the summation. The full tensor rules sum over a hyperof a multi-index space, and
consider much more terms than are necessary for the given acduracy, whereas the sparse rules
sum over a simplex of terms less than or equal to the desirger.orThe simplex used for the
sparse rules is defined bg| < ¢. An example of a tensor rule and sparse rule is shown in Figure
1. Here one can see that the tensor rule uses far more poims#tessary, whereas the sparse
rule tends to focus the points more in areas of importancersgprules require nesting of one-
dimensional rules, and are limited by the properties ofd¢hmse-dimensional rules. For example,
one-dimensional rules can achieve an order of accuracystRat — 1, which means that only odd-
order orders of accuracy can be achieved. The work in thisrgagerives a general approach for
developing cubature rules that reduces the number of naael thereby controlling the growth of
nodes with increasing dimension. An adaptive multi-indeace can be used to optimize the rule
for the problem to be solved.
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GENERALIZED GAUSSIAN CUBATURE

The extension of the classical theory of orthogonal polyiadsrio multiple dimensions is far from
complete. By far the clearest approach seems to be exte@dd@ to multidimensional functions.
Throughout this work this extension will be called Genamlizaussian Cubature (GGC). The GGC
for multidimensional cases is designed to evaluate theviatlg multidimensional integral:

m

| r@put@)de =~ 3 Ws@) (22)

1=1

wherelV; andx; are the multidimensional GGC weights and nodes, respégtifes an integrand
defined ovel?, andw is the pdf weighting function. As in the one-dimensional G&® GGC is
designed so that Eq22) is exact for all functions for a pre-selected set. Classibaices of the
pre-selected set of functions include polynomials up toréage degree, trigonometric functions,
and basis functions of a particular function space definef?.ohhen the GGQ equation is written
as

Jo e1 () w(z)dx o1 (1) @r1(x2) ... @1 (2n) Wi
Jo ¥2 (x) w(z)dz 2 (x1) @2 (2) .. w2(mn) W
Jo om (x) w(z)dx on (1) on(x2) ... ©N(Tn) W

whereyp; () are the pre-selected functions aNds the function of functions used. Not that if the
functions are selected toorder polynomials ind variable thenN = N,. The equation above can
be casted into a minimization problem to determine the wisighd nodes as follows

N m 2
J = Z (Z Wip; (x;) — /Q @; () w(a:)da:) (24)

This work focuses on polynomials as the pre-selected seiraftibns so thaf; () are poly-
nomial functions. From Eq2Q) it is seen that this system of equations hasnultidimensional
integrals that must be solved. Solving these integrals ifgii-dimensional space can be arduous.
To simplify the process this work will focus on multi-dimémsal Gaussian distributions. The ben-
efit of Gaussian distributions is that the multidimensional integrals in Eq28) have closed-form
solutions.

The GGC for a Gaussian distribution can take a simple forimeif; () functions are chosen to
be Hermite polynomials for a multidimensional Gaussiartrithistion. The orthogonal polynomial
for a Gaussian distribution can be written as a product ofdimensional Hermite polynomials. To
determine these polynomials, a coordinate transformasiarsed to covert the Gaussian distribu-
tion into a product of unit variate normal distributions. egically, given the following Gaussian
distribution

p(z) = N(x; p, P) (25)

the square-root facta$ is computed fromP (using a Cholesky factorization), and the following
transformation is defined:

u=5"(p—-x) (26)



Then the pdf ofu can be written as
p(u) =N (u(1); 0,1) -+ N(u(n); 0, 1) (27)

whereu(j) denotes thg™ component of1. Then the multidimensional orthogonal polynomials for
variableu is written as the following product of polynomials:

d
Po(u) = [ [ Ha, (u(5)) (28)
j=1

where the subscript of the Hermite polynomial denotes tberasf the one-dimensional polynomial.
The multidimensional orthogonal polynomial is a productinivariate Hermite polynomials, given

by
Ho(r) = (1) exp (¢ /2) - exp(—?/2) (29)

whereH,,(x) is the orthogonal with respect to a one-dimensional umiat@ zero-mean Gaussian
distribution. The mean off,,(x) is given by

E{Hn(x)} = p" (30)

where is the mean of the Gaussian weight function used to defiigtkr). From the defini-
tion in Eqg. @6) it is noted thatu has zero mean, and therefabq H,,(u;)} = 0 for n = 0 and
E{H,(up)} = 1for n # 0. Define the following vectoL = [L; ... L], where

Lj= / Po, (u)p(u)du
Q
= /OO /OO Hy, (1) ... Hop, (un)N (ui; 0, 1) ... N (up; 0, 1)duy . .. du;

:/ He, ()N (uq; 0, 1)du1.../ H,, (un)N (ug; 0, 1)du,

d
=[] £{Ha, (u)}
i=1

Form Eq. 81) it can be seen that ifx;| # 0 thenL; = 0. This simplifies the problem greatly
since theN-dimensional integrals involved in E6BY) do not need to be calculated. Therefore, the
following equation is true:

Jo Pay (W)p(u)du 1
Lo | Ja et | o )
Jip Per, (w)p(u) 0
Equation 23) can be written in matrix form by defining the following matri
P, (u1) P, (ug) ... Py (uy)
Vo POQ-(ul) P,,(u) ... Pa,(uy) (33)
Panu) Pa(u) .. P (u,)



Finding the GGC solution for the system of equations giveBdn 23) involves finding bothw =
Wi, ..., W)t andz = [uf, ..., ul]T, which are combined into the vector defined ®y=
[wT  zT]T. The cubature rule is then given by the solution to the follhgaminimization problem,
Occc = ming J(O), where the objective function is given by

J(©®) == [L— M(z)w]" [L— M(z)w] (34)

Then the Jacobian matrix is calculated%@ = —[M(z) ®]"[L— M(z)w], whered is given
by
wlgpll(ul) <o wncpll (um)
= 5 : (35)
wl‘P;n(ul) e wn‘P;n(um)
Thencp;-(u) terms are calculated by

’ !

Pi(x) = ( H, (w(1))... Ho,(ui(d) ... Ha(wi(1))...H, (u(d)) ) (36)
From the properties of the Hermite polynomialg, () has a simple expression given by
H,(z) = nHy, 1 (x) (37)
Then the minimization problem can be rewritten as follows
J(©) =w'K(z,z2)w — 2w  MTL +1 (38)
whereK (z,z) = MT M. Then the first-order optimality condition can be written as

8.J(©)

=K(z,z)w — MTL =0 (39a)
ow
9J(8) =T Mw=0 (39b)
0z

where MTL is a vector of ones for Hermite polynomials. From Eg9)(it can be noted that
if L = M(z)w the first-order optimality conditions are meet. Using thetfarder optimality
condition given in Eq.39) the weight vector can be solved by

w=K(z,z) 'MTL (40)
Then substituting Eq4Q) into Eq. 38), the objective function can be written as
J©)=1-LTMK(z,2z) 'MTL (41)

Equation 41) reduces the dimensionality of the minimization problemiparameters. Then using
Eqgs B2) and @3) the objective function in Eq4() can be minimized, and a solution for the GGC
can be found. This minimization does not require the evalnadf the N-dimensional integrals

in L, and can be vectorized for rapid evaluation of the objediivietion and the Jacobian. With
Jacobian information efficient Newton-based methods camskd. These methods can be used to
find Gaussian distribution cubature rules for different eiitsions and order. More importantly, the
definition of a can used to find adaptive sparse rules to limit the growth efilmber of points,
and temper the curse of dimensionality.

10



COMPARISON OF CUBATURE METHODS

The GGC method is compared to both TPC and SGC method by atitegpolynomial functions
of two variables. The approaches discussed earlier fomgnd@PC, SGC, and GGC rules are used
to find rules for distributionV" (p = [z y]”; 0241, I2x2), and those points are shown in Figie
Then these points are used to approximate the followingiats:

laga, :/ / Yy N (p; O2x1, I2x2) dz dy (42)

where o, and o, are the orders in the and y dimensional, respectively. Then the integral in
Eq. @2) is computed symbolically in closed-form for polynomiahfitions up to order 10. The
closed-form solutions is then compared to the approximatgiven by TPC, SGC, and GGC rules
for orders 3, 5, and 7. Figurg shows the resulting errors for the TPC, SGC, and GGC rules.
From Figures3(a), 3(b) and, 3(c) it is seen that the TPC rule captures the high-order polyabmi
integral for Eqg. 42). This is expected since this rule is considered to use moiggpthan is
required for the designed order. Therefore TPC will alsotwa&porders higher than its design
order with the cost of requiring more points. For a two-disienal example this might be a small
drawback, but for higher-dimensional cases TPC rules arklgmatic since the number of points
will increase drastically with dimensionality. The SGC egmch overcomes this limitation by using

a sparse tensor rule, which reduces the over-use of poimtsn Figures3(d), 3(e), and 3(f) it

can be seen that SGC does capture its designed order. Alitttbagadditional number of extra
high-order polynomials required for SGC is less than TP§&l}jlitcaptures the higher orders terms.
Finally, from Figures3(g), 3(h), and3(i) it can be seen that the GGC approach is very precise in
the orders that it captures, and it does a good job at iniagratgh orders. Also, its accuracy level
has a sharper cutoff at its design order. This translatesaintefficient number of points used for
integration.

NUMERICAL RESULTS
Fixed Transformation

An important test case for sigma point methods is the tramsition related to conversion from
polar to Cartesian coordinates. This transformation isl isdnighlight the utility of the Unscented
Kalman Filter (UKF). The importance of this transformatieithat it is used for observation models
in many sensor scenarios, such as radar, line-of-sightaaedrange finding. The sensor will return
bearing,f, and range information;, and this is converted to the target’s positign, y), is some
global Cartesian coordinate frame. The transformatiorivisrgby

x \ [ rcos(0)
<y>_< rsin (6) ) (43)
This transformation becomes especially difficult for laegeors in bearing or large errors éh For

this test case the mean of the polar coordinate positiontitosee 0 degrees and m, and the
standard deviations are set tode= 15 degrees and, = 0.2 m, respectively.

The results for the GGC are shown in Fig@&eSince the initial distribution in polar coordinates
is Gaussian the Gaussian distribution GGC approach is @eldrs 3, 4, 5, and 7 are compared for
accuracy. From Figurit can be seen that as the order increases the mean and ocesgigtimates
approach the Monte Carlo estimates. From this figure it caaeba that as the order increases more

11
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nodes are used in the GGC approach, which captures the ‘@asiaape of the Monte Carlo points
more closely.

Uncertainty Propagation: Nonlinear Spring Mass System

To test the performance of the new GGC rules for propagatiemecertainty through a dynamic
system, a simple nonlinear two-dimensional example is.uSdds example models a nonlinear
spring-mass system with a nonlinear friction term. Theeaystlynamics for this simple example
are written as

T1 = X9 (448.)
To = Ky + i + b (44b)

The parameters, x, andb affect the system behavior to varying degrees. For this|sition these
values are selected to be= 0.1, k = 1e4/27r, andb = 0.05. The simulation time considered is 200
seconds with a sampling interval 0.1 seconds. The initakss given byxy = [0.2  0.3]7. The
initial state covariance is given by = diag([0.12  0.1%]). Monte Carlo simulations are conducted
to test the GGC approaches. The Monte Carlo samples are fi@kerihe initial distribution, and
1,000 samples are used in the comparisons.

The errors in the means andzx, that are computed for the different order GGC are compared
to the means calculated from the Monte Carlo samples at @aehstep. These errors are shown
in Figures7(a)and7(b) for the x; andzs means, respectively. The norm of the state error is also
calculated and is shown in Figuic). From these figures it can seen that as the order increases
the approximation of the mean is improved. During the ihjartion of the simulation the errors
are large for all the models since the nonlinear spring isrlygreatly (as seen in Figu but the
higher-order GGC still has better performance. As the gndisgipates the system fluctuation is
lower but the higher-order models still show better perfance.

Example 1. Nonlinear Spring-Mass System

The first filtering example is a nonlinear spring-mass mod#i wonlinear measurements. The
nonlinear spring-mass model is the same as the one used {@#41qo test the uncertainty propa-
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Figure5. Polar to Cartesian Coordinates Transformation Example

gation performance of the GGC approach. The state variabéas andz-, which are the position
and velocity of the spring-mass system. The following measent function is used:

U = exp (z1, — ¢) + vg (45)

wherev;, is the measurement noise, which is defined tajpe- (0, 0?), with o = 20 andec = 3
for the simulation example. The initial true state usedliis example is given by, = [0.2  0.3]7.
The initial state covariance is given by = diag([0.12 0.1%]) and the initial state estimate is
%o = [0.3 0.4]7. Measurements are sampled at 0.1 second intervals for laofo280 second
simulation time. The measurement for this simulation sgena given in Figure9.

The state estimates for UKF, GGC order 3, and GGC 5 are showigure8. From Figure8
it can be seen that the UKF has the worst performance whil&BE method does a better job at
tracking the truth. All filters diverge initially, but the UKhas the largest divergence. Also the UKF
takes the longest amount of time to converge to the true. state
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Figure 6. Numerical Integration Example Simulation Results

Example 2: Bearings Only Tracking

A classical filtering application in which a moving objectiiacked by measuring only the bear-
ings (angles) of the object with respect to the position efgbnsors is shown here. There is one
moving target in the scene and two angular sensors for trgdki Solving this problem is important,
because often more general multiple target tracking problean be partitioned into sub-problems,
in which single targets are tracked separately at a time sfdte of the target at time stégonsists
of the position in two-dimensional Cartesian coordinatgsandy, and the respective velocities.
The state vector can be expressed as

xe= (o6 ye T U )T (46)

The dynamics of the target is modeled as a linear, discceWi¥ener velocity model given by

1 0 At 0 Tr—1
. 01 0 At Yk—1
00 0 1 o1

whereq,,_1 is Gaussian process noise with zero mean and covariance

A0 JAE 0
0 ia2 0 LA
T oy _ 3 2
Elar-19;_1} %Atz 0 At 0 q (48)
0 A2 0 At
wheregq is the spectral density of the noise, which is sej te 0.1 in the simulations. The measure-
ment model for sensaris defined as

i Yk — 5y i
0}, = arctan ) = | + vy, (49)
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Figure7. Dynamic System Propagation Example

where (s}, s) is the position of sensarandvj, ~ N(0, 02), with o = 0.05 radians. Figure
10 shows a plot of a one realization of measurements in radiatesned from both sensors. The
sensors are placed at locaticfsg, s,) = (—1, —2) ands2, s7) = (1, 1).

From the figure it can be seen that since the velocity erragslaage all the models diverge
initially. From Figure8 it can be seen that the UKF has the largest divergence wheléstBC
approach has smaller divergence. Also, as the order ireséagthe GGC methods the divergence
initially is less, and the filter does a better job trackingneavers.

Example 3. Attitude Estimation Example

This section discusses a simulation example that compheepdrformance of the GGC filter,
UKF, and the EKF. The GGC uses the approach for representengdf as sigma points discussed
earlier. Large initial errors are considered. It is impotte note that with large initial errors the
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attitude distribution becomes highly nonlinear.

The example shown here is taken directly from RefAttitude errors of-50, 50 and 160 degrees
for each axis, respectively, are added into the initialditbon attitude estimate. The initial attitude
covariance is set to (50 degree®)r each attitude component. The initiad and z-axes estimates
for the gyro biases are set to zero, however the initial g-&@xas estimate is 20 deg/hr. The initial
bias covariance is set to (20 deghfdr each axis. The initial particles are drawn using a Gaumssi
distribution with the aforementioned covariance matriedsch ensures that each filter is initialized
in a consistent manner.

A plot of the norm of the attitude errors for this simulaticase is shown in Figur#2. The EKF
does not converge for this case since the first-order appaiion cannot adequately capture the

large initial condition errors. The UKF does have betterveogence properties than the EKF for
this case, however the GGC provides the best convergenfterpance. Both the EKF and the UKF
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are more sensitive to the initial conditions than the GGCe parformance of the GGC is checked
by running the filter 100 times. It always converges and thtistics of the estimation results in the
100 runs are almost identical.

CONCLUSIONS

This paper investigated a technique called generalizeds$au cubature, where the rules are
constructed to integrate a set of functions exactly. Hexraitd Sparse Tensor products approaches
for multi-dimensional integral were discussed. The gdirma cubature approach was used to solve
multi-dimensional integrals of Gaussian distributionseBolution was simplified greatly by using
the generalized cubature technique along with properfi€sanissian distributions. Additionally,
the solution of nodes and weights for the generalized cubatfia Gaussian distribution was also
greatly simplified by using the multi-dimensional Hermitdymomials. Cubatures were derived for
a number of orders and dimensions and used for both undgri@iopagation and sequential state
estimation. Good results were shown with the new methods.
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